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ABSTRACT

Some algebraic properties of the sharp points of the joint numerical
range of a matrix polynomials are the main subject of this paper. We also
consider isolated points of the joint numerical range of matrix polynomials.
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1- Introduction:

Let Al M, be the algebra of n" n complex matrices. The classical
numerical range of A is the set of a complex numbers W(A)={x*Ax:
xI C"x*x=1} where C" vector space (over C) of complex n-vectors [6].
There has been many generalizations and applications of the classical
numerical range, see, for exampleg6]. In the following,
we consider a generalization of the classical numerical range.
Suppose  p(l )= A, M+A, I "+ +Al +A, IS a matrix polynomial,
where Ao, ALA2,...,Aml My, and | is a complex variable.
Define the joint numerical range of p(l ) as

INR(p(1 ) ={(X" Agx,X AX,..x Ayx):x1 C":x x=1} [9].

This generalized joint numerical range has been discussed by [9]. On the
other hand The joint numerical range of matrix polynomials, being a
continuous image of the unit sphere, is compact and connected but not
necessarily convex; see Binding and Li [3]. Its convex hull is denoted by co
{INR( p(I )} and it plays an important role in the study of damped vibration
systems, with a finite number of degree of freedom [7] and it is useful in
various theoretical and applied subjects (se€[1,2,3,4 and 5]) and their
references. The aim of this paper is to give some algebraic properties of the
sharp points of the joint numerical range of matrix polynomials, we also
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consider an isolated point of the joint numerical range of p(I ) .The rest of

this paper is organized as follows: In section 2, we present definitions and
some basic results which will be used in this paper. In section 3, we prove
that if | , is a sharp point of the joint numerical range of the linear pencil

Al,-B,Al,-B,,..,Al ,-B, then zero is a sharp point of
INR(AI - B, A - By All o - By).and if | is an isolated point of
INR(p(1)), then p(l ,)=0 .
2- Preliminaries:

In this section, we present some definitions and basic results on joint
numerical ranges of matrix polynomials.

Definition 2.1[8]

A point 1,17 NR(p(l ))is called a sharp point of NR(p(l ))if for a
connected component w, of NR(p(l )) there exists a disk centered at | o and
with radius r (1 ,,r), r>0 and angles f, and f, with 0£f, <f,£2p such
that

Re(€ ,)=max{Rez: e "9zl w(p(l ))C S o.r )},
foralql [f,.f,].
Definition 2.2 [6]

A matrix Al M, is said to be unitary if A’ A=1, if in addition

Al M, (R) then A issaid to be real orthogonal.

Theorem 2.3[6]
If AT M thefollowing are equivalent.

a) A isunitary.
b) Alisnonsingularand A" =A™,
0 AA" =1,
d) A’ Isunitary.
Proposition 2.4 [6]

Suppose that  Q(I t)=Cpyy)l " +Cppyy)l "+ 4Cyyl +Cp IS @
polynomial matrix in | where the coefficient C,,, depend continuously on
the parameter 0O£t<e and C,,)* 0 forevery oft<e then m roots | jq;
j=1,2,...,m of the equation Q(I ,t)=0 are continuous functionsin ti [0,e).
Definition 2.5[6]

An n-by-n Hermitiat matrix A is said to be positive definite if
X Ax>0 for all non- zeroxi C".
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Definition 2.6 [6]

A matrix Bl M, is said to be positive semi-definite if x*Bx 3 0 for
alxi C
Definition 2.7 [6]

The matrix adjoint A* of Al M(C) isdefine by A*=AT where A" is
the component-wise conjugate, and A" is the transpose of A.

Definition 2.8 [6]

The matrix Al M(C) is said to be Hermition if A=A* it is skew-
Hermition if A=-A* and for any Al M(C) can be written A=(A+A*)/2
+(A-A*)[2=H(A)+S(A) where H(A) =(A+A*)/2 the Hermition part of A,
and S(A)=(A-A*)/2 isthe skew-Hermition part of A.

Definition 2.9[6]

Let p, be an element of anon-empty set A, we say that p, is an

isolated point of A if  $N,(p,)suchthat N, (py )G A={py}
3- Properties of Sharp points
In the following, we will restrict ourselves to the definition of sharp

points. The next theorem gives a connection of these points with respect to
the origin as ajoint numerical range of matrix polynomials.

Theorem 3.1

Suppose that X, is a unit vector such that 0=x AX,...0=x,Ax
belongs to the joint numerical range of A, A,,.A T M, if X Ax..x Ax
have non-negative real parts for al x of the neighborhood
S(%,.8) ={xT c":|x- x,|, <e} then A +A .. A +A ae postive semi-
definite.
Proof:

A+A LA +A . Weseethat x (A +A )X=Y,Dy;,...x (A, +A,)x=Y,Dy,
where D =diag(l ;.| ,,...] ,), y=u"x and u isaunitary matrix. For

* * 2 2
Yo =U X, =[y11y2 ----- yn]T WehaveyoDyo =1 1|y1| +ot] n|yn| =0 L(*),

for all x =§(x,,e), there exists a neighborhood Sy, ,e) such that
y Dy =0 for any y €(y,.e). Now in (*) assume that |, <O consider the
vector y, =y, +de, =[y,..y, +d.y,]T where di C such that 0<|d<e and
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|yk +d >|y,|.Then for a vector y, of the neighborhood S(y,.e) we have
YaDyq =1 1|Y1|2 oty +d|2 +ot n|yn|2 =1y (|yk +d|2 +|Yk|2)<0
which is contradiction. Therefore |, 2 0 for k=1,2,...n and D3 0. Hence
the matrices A + A ,....A, + A, are positive semi-definite.
Theorem 3.2

Suppose X, isaunit vector such that 0=x;Ax,..0 = x,A,x belongsto
the joint numerical range of A, A,,..A,T M, .If X Ax=0,..x Ax=0 for all
XEY(x,,e) then A =A, =..=A =0.

Proof:
For the matrices A, A, ....,.A, we consider the Hermitian matrices,

1 1 1
H(A]_): E (A]_"'Az*),H(Az): E (A2+A2*),...,H(An)=5 (An+An*) and

1 1 1
S(A]_): E(A]_*'A]_),S(Az)z E(Az*'Az),...,S(An)z E(An*-An) then from the

hypotheses that x,Ax, =0,..x;A%, =0 and x Ax=0,..x A,x=0 for any
XES(x,,e)it is clear tha  x;H(A)x, =0,.xH(A)x =0 and
X H(A)x=0,..X H(A,)x=0 for each xI s(x,e) and aso
X S(A )%, =0, % (A, )%, =0 and X S(A)x=0,.x SA )x=0 for each
XEY(x,,e) thus by Theorem (3.1) we have H(A ),H(A,),...H(A,) and
S(A ). S(A),...S(A,)are both positive semi-definite and negative semi-
definit and this implies that H(A)=S(A)=0,..,H(A,)=S(A,)=0,then
A =H(A)+IS(A)=0,..., A, =H(A,)+iS(A,)=0.
Theorem 3.3

Let A A,..ATM,and xbe a wunit vector such that
X AX=X%, Ax=..=X Ax=0 belongs to the joint numerical range of
ALA,.....A , then zero is a sharp point of joint numerical range of
ALA,,... Ay if and only if there exists
e>0, f,andf, suchthatf, <arg(x Ax)<F,,f, <arg(xX A,x)<F,...,
f,<arg(X Ax)<F, with f,-f,<p foral xe(x,.e).
Proof:

Suppose thereexists € >0, j , and j , suchthat j ,£arg(x* AX)£] ,,

. . . . . 3 .
j L Earg(x* AX)Ej 5,..., J Earg(x* AX)E] ,. If leg-jl and w, :7p-1 5
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then O<w,-wi<p ,and for the matrices e“A +e ™A , eYA, +e ™A, ,
€A - evAT

We have  x, (e"A +e™A'1)x,=0, x, (eVA, +e™A2)x,=0, ...,
% (VA +e™A')x,=0 , and Re(xeVAx)= % X (eVA +e ™A XED,
Re(x" e A,x) :%x*(e“’"Az +e WA, X£0,...,

Re(x eV A, x) = %X*(eiWA1 +e ™A XEO,

for any wi [w;,w,] and for all xI S(x,,e).Therefore by theorem (3.1) the
matrices eV A +e ™A, eVA, +e VA, ,...,eVA +e ™A ae

non-negative semi  definite and max{ x" (e"'A +e ™A )x:|x|=1}=0,
max{ x"(e“'A, +& ™A, x:|X[=1}=0,..., max{ x (e"A, +e ™A x:|¥ =1} =0,
for any wi [w,w,] thus max{Rez: zl " INR(A A, ....A,)}=0 this means
that the origin is a sharp point of the joint numerical range of A1,Az,...,An.
Conversely, assume that zero is a sharp point of the joint numerical range

of A1,Az,...,An, then by the definition of sharp point there exists w; and w;,
belongsto [0,2p], such that for each w belongs to [wi,w5],
max{Rez: zi INR( €"(AA,....A,))}=0, where Wﬁ%' j,and w, :3—2p-j 2
so thisimplies that max{ x" (e"'A +e ™A )x:|x|=1} =0, ...,
max{ x"(e"'A, +e ™A, )x:[x| =1} =0,because x" (™A +e A" )x=
Re(x'e"AX),..., X (€A, +e ™A )x=Re(x'e"“Ax), we obtan that
arg(x* Ax),arg(x* Ax),...,arg(Xx AX) belongs to [j,j,] Wwhere
o 3
J2-11 :(7p_ w;)- (%' Wy )<p.
Theorem 3.4

Let | , be a sharp point of the joint numerical range of the linear
pencil Al,-B,Al,-B,,...Al - B,.Then zero is a sharp point of
INR(AI - B, A - By,s Al o - By
Proof:
By the equality INR(A(1 ; +1 ,)-B,A(l ,+1 )-By,s AL(l o +15)- By )=
INR(AI 1 -B, Al 5, -By Al -By)-1,, since | is a sharp point of
INR(Al -B;,A)l ,-B,,....,A,l ,-B,). Thisimplies that zero is a sharp point
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of INR(AI;+(Al ,- B, A, +(Al - By, Al o (Al o - By)), thus there
existsavector x, suchthat x,(Al , B;)X, =0,..%, (A, ¢ By)x, =0 and
XoA X, =Ky #0,.., %A% =k, #0 . It is not possible to have
Xo (Al o = By )Xo = X AXe = 0,X(Agl o= By )Xo = XoApXo =0, Xo (Apl 6 = By )Xo =
X, AnX, =0because INR(Al ;+ Al - BLA) ,+ Al o= By Al 1+ Al 0 - Br)
=C". Since zero is a sharp point of INR(Al; +Al ,-B;,Al , +A)l ,-B,,
oAl m+ Al o -Bm), there exists r,,1,,...,r,, > 0 such that for any complex
number

= XA B0y < Ax x> H o< Axx> - B]
' X AX
6, =X Aa” BX g0 )1 ,< Apxx> +H o< Ax x> 8]
X AX
g =X o BalX oo )1 < Axx>H o< Axx>- Byl
" X A X
We have f1£arg(w—°;w)£f2

f, £arg(~> (ﬁrxn;Bm)X)gfz

with each f,-f, <p.Moreover, by the continuity of the functions
Fia(X) =X AX Fip(X) = X A, Fiy(X) =X A @nd Fy(X) = X (Al 4 - B,

o Fom(X) =X (A » - By)x for any e>0 there exists a neighborhood S(x,.d)
such that for any xI S(x,,d) X Ax,X AxX,...Xx A.x belong to (k;e),....3(k.e)
respectively and g, .9, ...0c_belong to  Si(0,r1),S,(0,r2),....S(0,rm)
respectively.

thus by equation arg(x* Alx)+arg(g, )=arg(x* (A1l ,-B1)x), arg(x*Ax)+
arg( gy, )=arg(x* (Azl o-B2)x),....arg(x* Amx)+arg(y, )=arg(x*(Amk,-Bm)X),
we have that each of arg(x (Al , - B)X),....arg(X (Al , - B,)X) belongsto
the [q,,9,] for any xI S(x,,d)and for suitable q,,q, with q,- g, <p. And
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then by Theorem (3.3) it is clear that zero is a sharp point of the
INR(AI - B,Al - By, Al o - B).

Degenerate cases of sharp points are the isolated points, and we have
the following statement:

Theorem 3.5

Let p(l)=AJl™+A, ™ +. . +Al +A, be an nxn matrix
polynomial such that zero does not belong to the joint numerical range
INR(A,,) of the leading coefficient matrix. If | , isan isolated point of the

joint numerical range INR( p(! , ))then p(l ,)=0.
Proof:

Assume | ,=0 then there exists a unit vector such that
<Ajx,x>=0,j=012..m. This means that <Axx>=0, now Iif
< AyY,y>=0 for any unit vector y then the matrix A, satisfies A, =0. We
assume that there exists a unit vector y with <A;y,y>! 0;j=012,..m i.e.
<Ay,y>! 0. We consider a polynomial
Q(l 1) =< A, (cos® x+sn®y),(cos® x+sin®y)>I "+ +<A(cos® x+snLy),
(cos® x+sin2y)>| + <Aj(cos2 x+sinLy),(cos? x+sin2y)>.This satisfies
<A, (cos®x+sn2y), (cos®x+snby)>t 0, because zero does not
belong to the joint numerical range of the leading coefficient A . Now it is
sufficient to prove that there exists a sequence (t,) for which t tends to
zero as n tends to infinity and Q(I ,.t,)=0,a first we fix O<t<l the
condition Q(0,t) =< A,(cos® x +sin2 y),(cos® x +sin y)>=0, is equal to
<A (x+tan(2)y,x+tan(2)y>=0 on the other hand we consider the function
<A (x+sy),x+sy>=s, where we have <A y,y>! 0 by the choice of the unit
Vector y. < Ajx,y>+<A)y,x>! 0 thenwe have <A (x+sy),x+sy>1 0
for sufficiently small s>0 and if <Axy>+<A)y,x> 0 then we have
<A(x+sy),x+sy>=s*<Ay,x> 0.Thus we conclude that Q(0,t)* 0 for a
sufficiently small t>0 so that < A,(x+tan(£)y,x+tan(2)y >t 0. Hence the

equation Q(l ,t)=0in | has m roots by the fundamental theorem of algebra.
The roots of the algebraic equation depends continuously on the coefficient,
hence P(0)= Ay=0
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