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ABSTRACT

In this paper, described and analyzed Petrov-Galerkin finite element (PGFE) method for solving of
Convection-Diffusion-Reaction (CDR) problem, proved two properties of the bilinear form apq; (U, v),
(continuity and ¥ —elliptic). The stability and error estimate (semi-discrete and full-discrete) are proved and
the approximate solutions are convergent with the error of 0(h?),0(h + 1), respectively. The numerical
results of PGFE method show the convergence and accuracy of the method.

Keywords: Petrov-Galerkin Finite Element, Standard Galerkin method, Finite Element method, Convection
Diffusion Reaction problem, stability, Error analysis.

1. INTRODUCTION:

The process of convection, diffusion and
reaction is a basic process in the dynamic of
chemical and biological liquids, heat, physical and
mass transfer, etc. This is what attracts many
specialists in these fields. Therefor, a number of
athletes, engineers, and others have been interested
in this method. Diffusion is the physical process by
which a property is transferred by the random
motion of a liquid molecules. While, Convection is
a physical process by which some properties are
transferred by the orderly motion of the flow. The
behavior of fluids passing through a mass, forced
heat, or vortex, transfer is described by a set of
partial differential equations. The Finite Element
(FE) method is one of the most powerful numerical
approximation tools for solving the partial
differential equation. This is because it can deal
with a complex geometric shape and solid
mathematics theory (mathematics analysis) that has
evolved to analyze the performance of a FE
method. The foundations of the FE method were
established at the beginning of the twentieth

136

century. But it was not widely used. Structural
engineers were the first to use this method in the
mid-century. Mathematicians were interested in
analyzing and implementing the method in 1960.
First presented in the publication by Clough,
Turner and Martin [14] (1956). The FE method is a
numerical procedure for solving the differential
equations of physics and engineering problems.
This idea of FE method is to turn a difficult problem
into a simple problem. For some problems, the
current mathematical tools will not be sufficient to
get the exact solution. FE approximation is
particularly powerful in two dimension and three
dimension because the FE method can handle a
domain Q (geometrically complex) easily [11]. In
application, typically the size of the diffusion is
much smaller than the size of the convective term,
we need to stabilization techniques are require in
order to get physically sound numerical
approximations.

Several treatments have been tried and developed
for the standard FE method, including the
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streamline diffusion, artificial diffusivity method,
upwind techniques, and weak Galerkin method
[2][6]. PGFE method was suggested to eliminate
the inaccuracies and oscillations obtained using the
standard Galerkin (SG) method when applied to
CDR problem in high Peclet number. This paper
studies ones of the currently most popular FE
stabilizations, the PGFE method. In 1978, Griffiths
and Lorenz [5], PGFE method, using different test
and trial functions, are applied to the solution of an
unsymmetrical two point boundary value problem
intended to simulate certain aspects of CDR
problems. Analysis of the boundary layer behavior
of the continuous problem, L-splines are
introduced, and, by studying their behavior for
coarse meshes, we are able to modify the original
schemes to produce FE methods. And also for
coarse meshes, when no nodes occur in the
boundary layer, the accuracy at all nodal points is
good. In 2010, E. Burman [4], suggested an
analysis of the streamline upwind PG method of
adapting using standard finite difference patterns to
estimate time. For sufficiently smooth solution, we
demonstrate uniform stability and near perfect
convergence. If the solution, or data, is not smooth
enough, a degradation of the stability and
convergence estimates appears if At is small
compared to & (the stabilization parameter). In
2014, D. Broersen and R. Stevenson[l], a PG
discretization is studied of an ultra-weak form of
CDR equation in a mixed form. The genuinely ideal
test space must be replaced by dropping it onto
finite dimensional test search space to reach an
actionable method. In this paper, will show and
analyze the PGFE method of the linear CDR
problem, space discretization. Analysis of two
properties of the bilinear form ap; (U, v) and the
error analysis in two cases (semi-discrete and fully-
discrete PGFE method), discuss the numerical
solution of the unsteady-state and steady-state
PGFE method to solve the CDR problem, and
compute L?, L, and H?error, organized this
paper as follows. In section 2, present CDR
problem. In section 3, show PG space and the
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condition to the stability parameter. In sections 4
and 5, show some essential definitions and solve
CDR by PGFE method. In section 6, prove some
important properties (continuity, 1 —elliptic and
stability). In sections 7 and 8, the error analysis
(semi-discrete and fully-discrete PGFE method). In
section 9, show numerical results. In section 10,
Discussion and Conclusion.

2. Time Dependent Modeling Problem :

Let Q is a convex polygonal or polyhedral
domain, where Q c R? is a bounded open domain.
A linear time dependent (CDR) equation is given
by [7]:

Find U: Dy = Q x I - R such that

U—€eAU+-VU+cU=f in Dy
U=0 on T XI
U(x,0) = Uy(x) in Q
1)
with boundary I, B(x,t) and c(x,t) are given
functions, 0 < e <« 1 is a constant diffusion
coefficient, I = (0,T] and T > 0 is a given final
time.

Assumption 2.1 [10]:
We assumed that there is a positive constant u,;

1
(6—5 VeB)=u=p.

3. Petrov-Galerkin Space:
Let {35} where 0 < h < 1 denote a family of

shape regular triangulation of Q . We assume that
the triangulation 3, are quasi-uniform. The
triangle of 5, will be denoted by e; (element).

Let vy be trail space and ¢ a test space [4] where
Y = HH(Q) = {viv € H'(Q); v |r = 0}
p={ww=v+6F -Vv;v ey} @)

here § indicates to a stability parameter which is

constant in Dy.

It will be chosen as [13];
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nh if e<h
§ =
0 if e=h

0<n< % (small constant), and dim ¢ = dimd¢.

4. Petrov-Galerkin Method (PGM):

In Standard Galerkin (SG) method, a weak form
of Equation (1) read as follows;
find U € 1 such that

(Ugv) + (eVU,Vv) + (B -VU,v) + (cU,v)

= (fv) VUEY

3)

and
where
(U,v) = [Uv dqQ,
L*(Q) ={U: [ |U]?dQ < oo},
HY(Q) = {U and VU € L*(Q)},
Hs(Q) = {U € H*(Q); U|y = 0},

L, = max|U
w = max|Ul,

and (+,) denote the inner product in L?(€). In
numerical simulations, v is replaced by FE space
Yn, Where r € N be the degree of the local
polynomial. The SGFEfind U, € ¥y, 3 v € Py,
Consider the case conforming FE method. The time
continuous GFE method targets to find function
Uy, € Yy, that fulfills a problem of form Equation
(3) for all test functions from v, with an
appropriate approximation of U, at the initial time.
(Ugn,v) + (€VU,, V) + (B - VU, v) + (cUp, v)
= (f,v) YV € Yy

U(x,0) = U,

(4)
to derive the PGFE method, we replace v by w
which is defined in (2);

(U, w) — (eAU,w) + (B -VU,w) + (cU,w)
= (f,w) ,Vw € ¢
®)
(U, v+ 8B -Vv) — (eAU,v + 6B - Vv)
+ (B-VU,v+ 8B -Vv)
+ (cU,v+ 6B -Vv)
=(f,v+6L-Vv) ;VveEY
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(6)
using the distribution of terms on both sides of
Equation (6), the second term from the left hand
side, we use the integration by parts, we have;

(=AeU,v) = —feAUv dQ
Q
= —eVUv|p
—
+ J eVUVvdQ = (eVU, Vv).
Q
(7)
And [11](for linear element-shape function is
linear)

- f eAUSL -VvdQ =0
Q
(8)
so that, the Equation (6) we obtain;

Uy v) + (U, 6B -Vv) + (eVU,Vv) + (B - VU, v)
+ (B-VU,8B-Vv) + (cU,v)
+ (cU,8B - Vv)

=(f,v)+(f,66-Vv) ;VvEY
©)
(U, v+ 6B -Vv) + apg(U,v) = (f,v+ 6B -Vv)
(10)
where
apc(U,v) = (eVU,Vv) +
(B-VU+cU,v+86B-Vv). (11)

5. The Semi-Discrete and Fully-Discrete PGFE
method :
For semi-discrete solution; find U, € Y, c ¢
such that
(Uen,v) + (Ugp, 8B - Vv) + (€VUR, Vv)
+ (B -VU,v) + (B-VUL 8B - Vv)
+ (cUp,v) + (cUy, 6B - Vv)
=(f,v)+ (£, 88-Vv) Vv E Yy,
(12)
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and, the fully-discrete solution at the time t,, = nt.
The backward Euler PGFE method read as; find
U € Yy, < ¢ such that
up - Up?
<f,v + 6f - Vv) + (eVU;}, Vv)
+(B-VULV) + (B VUL, 8B - Vv)
+(cUp,v) + (cUF, 8B - Vv)
=)+ (6B Vv) VYV E Y.
(13)
If § = 0, we get SG method.

Lemma 5.1: For U € v, satisfies

((B-V+U,U) = ((c—3V-B)U, V).
Proof:
Using integration by parts, we obtain;
1 1
Efﬁ-VUUdQ= ——fV-(ﬁU)UdQ

2
Q Q

(14)
and using the product rule

-1 V-p)uudQ ! -VUUdQ
——§l< § —Elﬁ

(15)
it follows that
]ﬁ -VUUdQ = —%](V-ﬁ)UUdQ
Q Q
(16)
now
j(ﬁ-V+C)UUdQ= J(c—%V-ﬁ)UUdQ
Q Q
(17)
the proof is complete |

Definition 5.1:

Let U € y the solution of Equation (9) and let U}, €
Yy, the solution of equation (12),(13), the PG norm
is defined by [7]

1Ukllpg = (EIVURIIZ2q) + 1llURNIZ g

1
+ 6118 - VUh”izm))E-

6. Properties of the bilinear form ap; (U, v).
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Let i be a Hilbert Space with the scalar product
()y and corresponding norm ||-||p; (the PG
norm). Suppose that aps():Yp XY - R is a
bilinear form. We shall prove two properties of the
bilinear form, which are essential for establishing
the error.

Lemma 6.1: (Continuity)

Let U the exact solution of Equation (9) and v be a
test function belong to ¥ then ap (U, v) given by
equation (11) is continuous.

Proof:

From Equation (11), we obtain;

lape(U,v)| = |(eVU,Vv) + (B -VU,v) + (cU,v)
+(B-VU,88 V)
+ (cU, 6P - Vv)|
4

=) 1.
i=1

(18)
To estimate 4, , by Cauchy-Schwartz inequality,
we have
A, = (eVU, V) <

|€1/2|L°°”VU“LZ(Q)lel/ZlLOO”Vv”LZ(Q).

(19)
To estimate A,, by Lemma 5.1, Assumption 2.1
and Cauchy-Schwartz inequality, we obtain;

Ay = (B-VU + cU,v) = ((c—%V-ﬁ)U,v)

N—— —_—
u>0

1Vl 2 -

Leo

1 1
< |u2 uz

Ul 20
Leo

(20)
To estimate A5, we have;
As = (B - VU, 68 - Vv)

1 1
< |62 . 1B - VUl 20y |62 . 1B - Vvl 2q).
(21)
To estimate A,, we have;
Ay = (cU,8B - Vv)
< el 10N 20y 810, 18 - V0l 2,
(22)
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Substituting 4, --- A, in Equation (18), we obtain;

1
”VU”LZ(Q) €2

o] 0

1
lap(U,v)| < |€2 Vvl 20

Ivll2cq)

Loo
B - VU“LZ(Q) g5 - vv“LZ(Q)
Loo Leo

+|C|L°o”U”L2(Q)|6|L°°“,B ' VV”LZ(Q)

1 1
+ |u2 uz

WUl 2 (q)
Leo

1 1
+ (62 62

<[ |€|Lw||VU||i2(Q) + (l.ulLoo + |C|L°°)”U”i2(g)
+ 181,18 - VUl F2(q) ]/
X
[ |€|L°o”VU”12,2(Q) + |#|Lw||v||1%2(g)
+ 21811, 1B - Vullfz ()]

(23)

()

since |cl, < |ul., ,then (23), we get;

< [lel, VU1 g + 2lptly V12,
+ 161, B - VU||1%2(Q)]1/2
X
[ |E|Lw||Vv||22(Q) + |#|Lw||vl|iz(m
+ |52|L°°||,3 ' VU”,ZJZ(Q)]UZ

< k [[Ullpcllvllipg (24)
hence, we obtain;
lape (U, V)| < k [[Ullpgllvlipe (25)
where k = max{|e|,_, lul., 6]}
the proof is complete [

Lemma 6.2: (y — elliptic)
Let assumption 2.1 is satisfied. If the PG param-
eter is chosen;

o<asﬂ; (26)
Then the bilinear form ap; (+,7) associated with the

PGFE method satisfied
ape(U, V) 21U}

(27)
Proof:
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Let v = U in Equation (11), we obtain;

apc(U,U) = (eVU,VU) + (B -VU,U) + (cU,U)
+ (B VU + cU, 8B - VU)
from assumption 2.1, we obtain;

= e(VU,VU) +((c =5V - B)U, V)
—i—

+(B-VU,8B -VU) + (cU, 8B - VU)

= € IVUI g + 1llUN gy + 818 - VUIZ2q

+(cU, 6 - VU) (28)
from definition 5.1 and [15];
= |Ull3g — 1(cU, 88 - VU)I. (29)

The second term from (29), by Cauchy-Schwartz
inequality, we have;

|(cU, 8B -VU)| <
§21cly MU Nl 20y 82118 - VUl 2 (g
(30)
from the condition (26) , we get;
Vi 1
<(—=—— U 118 -
(ﬁlcle|C|Lw|| l2) & 1B VUlle(Q)
1
= % ”U”LZ(Q)67“[3 ) VU“LZ(Q)
(31)
by Young's-inequality;
u 1
< Uz q) + 7 6118 - VU2
<~ U3 - (32)
From (29), we have;
2 1 2
apg(U,U) = ||U]|56 _E”U”PG
= |lUli3s . (34)
The proof is complete ]

6.3: Stability for PGFE method.

In this section, we discuss the PG scheme's stability
given in Equation (10), this means a suitable norm
for a solution can be estimated with the problem
data.
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Theorem 6.3.1:

Let assumption 2.1 and lemma 6.2 be fulfilled. The
solution of (10) satisfies, there exist a constant y >
0 dependent on u, § such that

”Uh”zz(g) + ”Uh”iz(O,T;PG)
u
< 2/ Iz 0ms0) * 5 WUnll 207,00

2
N 2”Ut'h”L2(O,T;Q)
Proof:
The Equation (10), let v = Uy, we obtain;

(Ut,hr Uh) + (Ut,h»55 : VUh) + apg(Up, Up)
= (f,Up) + (f, 6B - VUR)

5

Ys-Ys

i=1 j=4
(35)
To estimate S; -+ Ss;
1d
S1 = (Upn, Up) = >dt ”Uh”iZ(Q)-
(36)

By Cauchy and young's inequality, we obtain;

S, = (Ut,h' 6B - VUh)
< [[Uell 20,188 * VURN 20

2 1 5
< Venllzqy + 7188 - VUl q) -

(37)
From lemma 6.2, we obtains;
1
S3 = apg(Up, Up) = > UL ll36 -
(38)
By Cauchy-Schwartz inequality, we obtain;
1
Sa=(f,Up) < _u“f”LZ(Q) ViU 2y
(39)
by young's-inequality then (39), we have;
1 0
< i £ 1IZ2cq) + 7 1UANIZ2 -
(40)

by Cauchy-Schwartz inequality, we obtain;
Ss = (f, 6 - VUp)
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1
< 16" f1l,2 0 ”55(3 - VUp)

12(Q)
(41)
by Young's- inequality on (41) , we get;
1
< 6||f||i2(g) + Z(S”,B ) VUh”iZ(Q)-
(42)

Substituting S; -+- Ss in (35), we obtain;
d 2 1 2
CPT: 1Unlz2(q) + 5 1Unllz6
< 11y + U ey + STFII
a 12 " g L2(9) L*(Q)

2
- ” Utrh ”LZ ) (43)
multiply (43) by 2 and integral both side from (0
to t), we obtain;

t
10RO oy = 10ROy + [ 10 o
0

t
U
< (A 12y + SNV
0

2

LZ(Q))dt

= 2| Ucnll
(44)
where y = % + 8,and U° = 0 (boundary), we
obtain;
IIUh(t)Ilfz(g) + ”Uhlliz(o’T;pg)

U
< 2Vl 207,y + 3 Ul E20.750)

2
— 2||Ut,h“L2(0,T;ﬂ)

the proof is complete [

7. The Error Analysis of Semi-Discrete PGFE
method:

In this section, we derive error estimates for the
semi-discrete PGFE method in the L?-norm .

Theorem 7.1: Let U be the solution of equation
(1), Uy, be the solution of Equation (12) and U €
L>(HY),U, € L?>(0,T; H') then there exist a
constant C such that

U = Unll 2o <
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CR2[IU N 21y + MUl 2o ry]  (45)
Proof:
Let IU the interpolate of U, and
E=U-U,=U-1IU)— (U, —IU)
0 3
=0-¢ (46
now
”E”LZ(Q) =|lU - Uh”LZ(Q)
by triangle-inequality, we have;
< U =10l 2 + U — 1Ul 20
< 1161l 2¢qy + 1112 (47)
since [9]
||9||L2(Q) = ChZHU”LZ(Hl) . (48)
Now
Upw) + ape(U,w) = (f,w) ;VwE P
(49)
(U, w) + ape(Up,w) = (f, W)
(50)
subtracting (49),(50), we obtain;
(Uy = Ugpyw) + apg(U — Up,w) =0
(51)
and
((0=8)ew) +ape((0—8),w) =0 (52)

(0, w) + apg(8,w) = (&, w) + apg(§,w) (53)

since
apc(U —1U,w) = aps(08,w) =0 (54)
then (53), we have;
e w) + ape(§,w) = (6, w) (55)
let w = & then (55), we obtain;
e, §) + apc(§,8) = (61,8 (56)
L.H.S of (56) , from Iemma6 2, We obtain;
) =5 @ 2,
ap($,$) = —||f||PG
(57)

and by Cauchy-Schwartz, young's- inequality in
R.H.S of (56), we obtain;
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o
(et, S;) < _C2h4”Ut”iZ(H1) + 5= ”’f”iZ(Q)
h4”Ut”L2(H1) + = ||f||PG
(58)
from (56), (57) and (58), we have;
2 1 1 2
Sl + (5= 52 lElI3

_C2h4||Ut”L2(H1)

2
(59)
letc =1 in (59), we obtain;
”‘f”LZ(Q) C2h4”Ut”L2(H
(60)

integral both sides from (0 to t), we obtain;
”f(t)HzZ(Q) - ”50”22(9) < C2h4||Ut||]%2(0’T;H1)
(61)

since £° = 0 because (UP — IUY) = 0 (boundary),
we have;
1E N2 gy < CRHNUIZ g 7y,
(62)
Now, from (47), (48) and (62), we obtain;

WU = Upllzo) < 101120y + 1§l 20
= ChZHU”LZ(ﬂ) + Ch2||Ut||L2(0,T;H1)

the proof is complete ]

8. The Error Analysis of Fully-Discrete PGFE
method:

In this section, we derive error estimates for the

fully-discrete PGFE method in the L2-norm.

Theorem 8.1: Let U™ and U}, be the solution of (9)
and (13) respectively, then there exists a constant C
independent of h such that

U™ = Uil 2



Journal of Basrah Researches ((Sciences)) Vol. (46). No. 2 (2020)

< C [RIV oy + RN 2 01 )
N
+ T Z ||Un||HT+1(Q) .
n=1
(63)
Proof:
Let PU™ be L? —projection of U™ onto ¢, and
E"=U"-U}
= U"-PU") - (U} — PUM)
on gn
= 6" —¢" (64)

by Triangle-inequality, we obtain;

o™ — Uf?”LZ(Q)
< U™ = PU" | 20y + IUR — PU™ || 2(qy
= ||9n||L2(Q) + “{:n”LZ(Q)-
(65)
From [8]
16" 1120y < CRIIU™|Iy1(q)-
Now from the equations;

(66)

(Un_Un—l W) n aPG(Un' W) — (fn’ W) Vw € ¢
(67)
(=% w) + ape(UR,w) = (fw)  (68)
by subtracting (67) from (68), we obtain;
1
L(w - - - o)
+ap((U™— UMW) =0  (69)
1
—(r =M - (@ -, w)
+ape (0" =" w) =0  (70)
O™ — 6™, w) + tap; (6™, w) =
(E" = &L w) + taps (§Mw)  (71)

let w=2¢&m

€™ ¢ + Tape(§™,¢™)
= (§"7LEM + (0" — 0" €M) + Tapg (67, €M)
(72)
from Lemma 6.2, we obtain;
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Tapg(EM, &) > % 1€ 1136

(73)
by Cauchy-Schwartz and Young's —inequality, we
have;

CEMLEM <1 2™ Ml 2 @)

1 _ 1
< e gy + 1€ B, (74)

and by Cauchy-Schwartz and Young's-inequality,
we have;

(en _ 911—1‘ En)
< ||9n - Qn_lnLZ(n)”fn”LZ(n)
2— 167 = 0" M2 gy + 2 €2
1 1 2
< 2_0_1 ”91’1 QTL 1” LZ(Q) 7 ”gn” PG
(75)

from Lemma 6.1 and by Young's-inequality, we
have;

tapg (0™ &) < 10y 10™lp6 IE™ I pg

(T )2
= 10m g + 1613
(76)
since[ 7]
1671136 < Ch”ZIIU”IIHm(Q) (77)
then
(t€)?* .1
‘[aPG(Qn,fn)< 20’2 Ch 2”Un”Hr+1(Q)
o
+ = 17 I3
(78)
Substituting (72)-(78) in (71), we obtain;
T
112 oy + 5 1€ 136
1 1
< E ||En_1||1%2(g) +5 ”511”22(9)
1
o llom—or 1||Lz(m+ €% 1136
( 1)2 Ch +— Un n
+—— 20_2 ” ||HT+1(Q)+ ”f ”PG
(79)

putting % = 0, = 0, = constant and multiply by
2, we obtain;
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2
1" W22y < 167 HMEzqqy + = 167 = 672,

+ 21 chh”zl||U”||,2,r+1(m
(80)
summing both sides for n = 1 to N, we obtain;
1M1y < 180N 2 gy +
N

1 n n—-1y2 nj2
€ ) 10" = 0" M g + Tl s g
n=1

(81)
1
where C, = 2+ 2CZCh™ 2

since &% = 0 and there exist, 1 < n%* < N, such
that

1M 2y = 18" 12 (82)
then
2
“En”LZ(_Q_)
1 N
< GE ) 10" = 0" g
n=1
N
+TZ||Un“IZ_IT+1(Q)]
n=1
(83)
take the first term in R.H.S
since
tn
Hn _ HTl—l — f tht
tn-1
then
tn
6"~ 0" ey < [ N0ellzcayde
tn—1
(85)
and
tn
o™ — gn—1||zz(m <( f IIHtIIiz(Q)dt )2
tn—1
tn
dt
<L [ 10l 1
th—1
(86)

by Jensen's-inequality [ 3 ], we get;
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tn
o™ — 911—1”%2(0) < t? f ||9t||iz(mg
tn—-1
tn
<t f||9t||§z(m dt
th-1
(87)

and

1% T
0" = 0" gy < [ 10l
n=1 0

(88)
from (66) then (88), we get;
T

< Gl [0l oy = CoR* N0 ooy
0

(89)

substituting (89) in (83), we obtain;

2 2
||fn||L2(Q) < CZ[C3h2”Ut”Lz(O,T;H1(Q))
N
7 U ]
n=1

(90)

substituting (66) and (90) in (65), we obtain;

U™ = Uil 2

< RN sy + U (g 1)
N
+T Z ||Un||HT+1(Q)]
n=1
The proof is complete ]

9. Numerical Results:
9.1: The Unsteady-State PGFE method:
Consider the problem(1) with the exact solu-
tion [16]
U(x,y,t) =sinmxsintye™ ,t >0 (91)
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The initial condition is obtained from the exact
solution with I = (0,T] where T = 1,7 = 0.1
,e=10"% a=0,1,2,3,4,5, B = (10,10)7,
c=1h=2"1272273 27% 275 The exact sol-
ution of this problem is presented in Figure (1)
and the approximate solution is representative
in Figure (2)....(13), all Figures are in condition
h =25,

Exact solution

Y-axis

X-axis

Figure(1): The exact solutionU(x,y,t) = sinmx sinmy e™¢
for the CDR Problem in equation(1).

Table(1):L? — error, Ly, — error and H* — error for the CDR
problem in(1) by unsteady-state SGFE method.

€ I* —error | Ly, —error | H' —error

1 2.8103E-4 1.1000E-3 1.6000E-3
107t 3.8589E-4 1.7000E-3 8.9468E-4
1072 4.2689E-4 | 3.7000E-3 | 7.4727E-4
1073 6.0444E-4 5.4000E-3 7.3633E-4
1074 9.0000E-3 1.1660E-1 5.4000E-3
1075 3.9600E-2 5.1850E-1 1.4400E-2

Standerd-Galerkin

0.35

0.3

0.25

o
w

0.15

0.1

0.6 0.05

0.4

0.2 0.4

0 o

Y-axis X-axis

Figure (2): The approximate solution for the CDR problem (1)
by SGFE method with € = 1, = (10,10)T, c =1, h =275
,T=0.1

Standerd-Galerkin

0.35

0.25
0.2

0.15

Y-axis X-axis

Figure (3): The approximate solution for the CDR problem (1)
by SGFE method with € = 1071, 8 = (10,10)",c = 1,h = 275
,7=10.1

Standerd-Galerkin

0.35
0.3

0.25

Y-axis

X-axis

Figure(4): The approximate solution for the CDR problem (1)
by SGFE method withe = 1072, f = (10,10)",c = 1,h =275
,7=0.1
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Standerd-Galerkin

0.4
0.4

Y-axis X-axis

Figure(5): The approximate solution for the CDR problem (1)
by SGFE method with € = 1073, = (10,10)",c = 1,h = 275
,T=0.1

Standerd-Galerkin

0.4
0.4

Y-axis ° o X-axis

Figure(6): The approximate solution for the CDR problem (1)
by SGFE method with € = 1074, = (10,10)7,c = 1,h =275
,T=0.1
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-0.3
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Figure(7); The approximate solution for the CDR problem (1)
by SGFE method with € = 1075, B = (10,10)T, c =1, h =275
,7=0.1

Table(2):L? — error, Ly, — error and H* — error for the CDR

problem in (1) by unsteady-state PGFE method .

€ L? —error Lo, — error H' — error

1 1.2819E — 4 | 7.0891E — 4 | 1.5000E —3
1071 2.7086E — 4 | 1.3000E —3 | 9.2420F — 4
102 3.4210E — 4 | 2.8000E —3 | 8.5172E — 4
1073 3.9325E — 4 | 3.9000E —3 | 8.2575E — 4
1074 4.0948E —4 | 4.1000E —3 | 8.2199E — 4
1075 4.1153E — 4 | 4.2000E —3 | 8.2156E — 4

PETROV-GALERKIN

0.4

Y-axis

0 o

0.4

X-axis

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Figure(8): The approximate solution for the CDR problem (1)
by PGFE method with € = 1,8 = (10,10)T,c = 1,h = 275,

7=0.1
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Figure(9): The approximate solution for the CDR problem (1)
by PGFE method with € = 1071, 8 = (10,10)T,c = 1,h = 275

,7=0.1
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PETROV-GALERKIN

0.4

Y-axis ° e X-axis

Figure(10): The approximate solution for the CDR problem (1)
by PGFE method withe = 1072, = (10,10)T,c = 1,h = 27°
,T=0.1

PETROV-GALERKIN

0

Y-axis X-axis

Figure(11): The approximate solution for the CDR problem (1)
by PGFE method withe = 1073, = (10,10)T,c = 1,h = 275,
=01
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Figure(12): The approximate solution for the CDR problem(1)
by PGFE method with € = 10%, = (10,10)T,c = 1,h = 275,
=01
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Figure(13): The approximate solution for the CDR problem (1)
by PGFE method withe = 1073, = (10,10)T,c = 1,h = 275
,T=0.1

9.2: The Steady-State PGFE method.
Consider the steady-state for CDR problem;

—eAU+ B VU +cU = f in Q=[0,1]?
(92)
with boundary condition U =0 in I' (the
boundary of ), where € is a diffusion
parameter, 8 is known convection filed, c is a
reaction parameter, f is a load vector.
The exact solution is [12]

U(x,y) =xy(1-=x)(1-y) (93)
with
e= 107%a=0,1,2,3,4,5
£ = (10,10)7,
c=1,

h=2"1,272 273 274, 275,

The exact solution of this problem is presented
in Figure (14) and the approximate solution is
representative in Figure (15) to Figure (26), all
Figures are in condition h = 275,
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Exact-solution

0.07

0.05
006 —
005 0.04
= 004
Z 003
=) 0.03
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0.01 0.02
0
1
1 [o.01

0.6

0.4

y-axis X-axis

Figure(14): The exact solution U(x,y) = xy(1 — x)(1 — y) for the
CDR Problem in (92) .

Table (3): L? — error, L, — error and H' — error for the CDR
problem in (92) using steady-state SGFE method

€ L?> —error | L, — error H' —error

1 0.0670 0.2517 0.8220
1071 0.1338 0.5479 1.0293
1072 0.1582 1.3319 1.0627
1073 0.2548 2.2825 1.0475
10~ 0.5797 4.0044 0.8692
1075 0.8258 4.9507 0.3930

Standerd-Galerkin

0.3
0.25
0.2
0.15

0.1

Uh(x

0.05

-0.05

0.6 -0.1

y-axis

X-axis

Fiqure (15): The approximate solution for the CDR problem (92)
by SGFE method with e = 1,8 = (10,10)7,c = 1,h =275,
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Uh(xy)

0.6
0.4 0.6

0.2 0.4

0.2
y-axis x-axis

Fiqure (16): The approximate solution for the CDR problem(92)
by SGFE method with € = 1071,8 = (10,10)T,c = 1,h =275

Standerd-Galerkin

Uh(x.y)

-0.5

y-axis x-axis

Figure (17): The approximate solution for the CDR problem (92)
by SGFE method with e = 1072, 8 = (10,10)T,c = 1,h = 275

Standerd-Galerkin

y-axis

X-axis

Figure (18): The approximate solution for the CDR problem (92)
by SGFE method with e = 1073, = (10,10)",c = 0,h = 275
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Standerd-Galerkin

/

Uh(xy)

y-axis

X-axis

Figure (19): The approximate solution for the CDR problem (92)
by SGFE method with e = 1074, = (10,10)T,c = 1,h = 275

Standerd-Galerkin

y-axis

X-axis

Figure(20): The approximate solution for the CDR problem (92)
by SGFE method with e = 1075, = (10,10),c = 1,h = 275,

Table (4): L? — error, Lo, — error and H' — error for the CDR
problem in (92) using steady-state PGFE method.

€ L?-error Lo,-€rror H? -error

1 1.3915E — 5 7.9170E -5 8.2928E — 4
1071 2.3033E —5 1.4894F — 4 4.0818E — 4
1072 3.3485E — 5 24274F — 4 3.0550F — 4
1073 5.6300E — 5 5.3939E — 4 2.2835E — 4
107* 9.2239EF —5 6.7236F — 4 1.3151E — 4
1075 1.0411F — 4 7.9251E — 4 4.7698E — 5
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Figure (21): The approximate solution for the CDR problem (92)
by PGFE method with e = 1,8 = (10,10)T,c = 1,h = 275
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Figure (22): The approximate solution for the CDR problem (92)
by PGFE method with e = 1071, 8 = (10,10)T,c = 1,h = 27°
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Figure (23): The approximate solution for the CDR problem (92)
by PGFE method with € = 1072, 8 = (10,10)T,¢c = 1,h = 275.
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Figure (24): The approximate solution for the CDR problem (92)
by PGFE method with € = 1073, 8 = (10,10)7,c = 1,h = 275
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Figure (25):The approximate solution for the CDR problem (92)
by PGFE method with € = 107*,8 = (10,10)7,c = 1,h = 275
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Figure (26): The approximate solution for the CDR problem (92)
by PGFE method with € = 1075, = (10,10)7,c = 1,h = 275.
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Figure (27):Convergence rate for the CDR problem in (92) by
PGFE method with € =1
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Figure(28):Convergence rate for the CDR problem in (92) by PGFE
method with € = 0.1

10: Discussion and Conclusion:

A fully-discrete and semi-discrete PG scheme
for the time dependent CDR equation is studied in
this paper. Error analysis and numerical
experiments are presented to demonstrate the
computational effectiveness of PG method, two
examples were given to compare the performance
of PG method with unsteady-state and steady-state.
Numerical tests indicate that PG method is stable.
The exact solutions and numerical results from
unsteady-state and steady-state PGFE method are
consistent, see Figures (1),(8) ...(13), and (14), (21)
.... (26). The stability of the PGFE method depends
on the stability parameter in stability term 64 - Vv.
The convergence in the PGFE method, the semi-
discrete where time stays continuous and the fully-
discrete with the error of 0(h?),0(h+ 1),
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respectively. when comparing tables (1) and (2) for
the unsteady-state and also between tables (3) and
(4) for the steady-state, a significant improvement
and regularity was observed in the numerical
results of the PGFE method compared to the
numerical results for SG method. This iS very clear
from L? — error, L., — error and H' — error in
tables, and also Figures (8)..(13), (21)..(26), where
the error in PGFE method is much less than the SG
method. Note convergence rate of PGFE method,
as in Figures (27) and (28). In SG method, when the
diffusion coefficient (¢) is small with respect to the
flow (convection) coefficient (8), where (¢) takes
values from 1 to 10™>, notice oscillations in the
solutions and this is what we see in the Figures from
(15)...(20), these oscillations in solutions were
eliminated by PG method and this is evident in
Figure from (8)...(13), and (21)...( 26).
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