Tikrit Journal of Pure Science Vol. 28 (3) 2023 I JP S

IAS]

j

Tikrit Journal of Pure Science
ISSN: 1813 — 1662 (Print) --- E-ISSN: 2415 — 1726 (Online)

>

3

i
|

—=

bl Journal Homepage: http://tjps.tu.edu.ig/index.php/j

Estimates of Coefficients for Bi-Univalent Functions in the Subclass

H_ ) (n,y,9)
Khalid I. Abdullah 2,* , Nafya H. Mohammed1
1,2 Department of Mathematics,

College of Basic Education, University of Raparin,
Rania, Kurdistan Region- Sulaymaniyah, lraq
*corresponding author: Khalid I. Abdullah
khalid.ibrahimabdullah@uor.edu.krd

ARTICLE INFO. ABSTRACT

Avrticle history: Considering that finding the bounds for the coefficients of
-Received: 21/1172022 the Taylor-Maclaurin series expansion of bi-univalent
-Received in revised form: 25/12/2022 functions is one of the important subjects in geometric
-Accepted: 241112023 function theory that has attracted the attention of many
-Final Proofreading: 2 16/2023 researchers in the last few decades, we also take a step in this
-Available online: 25/6/2023 direction. Finding such bounds is the main focus or, more
Keywords: Holomorphic Function, | clearly, the main problem of our work. In this article, we
Subordination, Bi-Univalent Function, | study the subclass H > (n,y,p) of bi-univalent functions
Ruscheweyh Operator. which is defined in the open unit disk D. Furthermore, we

Corresponding Author: obtained the upper bounds estimates for the first coefficients

) [a_2 | and |a_3 | of the functions in this category by using
Name: Hiba H. Rasheed Lateef subordination method. From the main result of the article
E-mail: hibarasheed@tu.edu.ig (Theorem 2.1), special cases have been derived that improve
Tel: some the results of previous articles.

©2022 COLLEGE OF SCIENCE, TIKRIT
UNIVERSITY. THIS IS AN OPEN ACCESS
ARTICLE UNDER THE CC BY LICENSE

http://creativecommons.org/licenses/by/

4.0/

71


http://tjps.tu.edu.iq/index.php/j
mailto:hibarasheed@tu.edu.iq
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Tikrit Journal of Pure Science Vol. 28 (3) 2023

TJPS

H_Y (n,7,0) Aabs b b glsal) Al Jlpall chlalaal s
192 aas Ll 24008 asd)y) Al
1,205l cdsilaadiad] = 5licad )58 ali] cetuily o pily drals edssalaa)] dupil] LS o lacalisl] aned

gadlall

LS A58 J)gall cpsla — 5ol Aludisia el agan alad of kil (bi-univalent functions) 3 dagall aocalsall e 58
S o) olany) 13n b sslad Liad (yas B33 08 (Aaaldl) AL 35aal) 8 Cpdinlll e dpaall oLl cuda ) Aranigh Jlal Al
Aial) A5 Gapas andl 13a 8L agaatl oia Jie alag) o Llaad Bt )l A o gl Jdngl Ulae (& i) H Y (0,7,0)
n i) Basgll G b Abjed) SIS A5LE JIpall D, Ag¥) cBleleall Llad) 35aal) (i) cilineds e Uleas a3l @lly ) Z8LYL
a2 ] 5]a_3 | cuny 12gd Aast M Aaiill (o 5 Apmdl) Aladinly 234 o3a & Jlsall (Theorem 2.1)  daals Vs Gl Liad o3 23

Eoasal 138 8 Bl A il Gans et e s,

Introduction

In [1] carried out research on the category of bi-
univalent functions and demonstrated that |a, | <
1.51 for every bi-univalent function f which in turn
resulted in further research into the bounds of bi-
univalent functions’ coefficients. Then, [2]

displayed maxycy|a, | =§ in 1969. Afterwards, in

[3] Proved that |a,| < V2. [4] has recently revived
interest in the research of bi-univalent functions and
offered a spearheading work in this regard in 2010.
Several different subclasses of the bi-univalent
functions category have been presented and
investigated similarly by a large number of authors
who followed the project of Srivastava et al. in a
substantial number of works. A number of authors

investigated categories of bi-univalent holomorphic
functions and discovered estimation of the
coefficients estimation issue for any of the Taylor—
Maclaurin coefficients |a,|and |as| for functions
in these categories [5, 6]. Also, they provided some
fascinating instances of characterization and
functions of this category. Another exciting and
new work is done by [7]. They obtained the
coefficient estimates for a new subclass
gf(H, 2u,v) of analytic functions that is defined
by quasi-subordination and the other exciting and
new work is done by [8] they obtained the
coefficient estimates for a new subcategory
Hy (n, B,®) of analytic functions that is defined by
subordination.

Using the method of convolution on the category of holomorphic functions which is defined on the open unit
disk D = {z € C; |z| < 1}, [9] indicated the operator R as follows:

R (2) = f(2) *

VA
(1 — Z)/1+1’

where, f is a holomorphic function which is defined on the open unit disk D, z € D, A€ Rand A > —1.

For A =n € N, = NU{0}, we get

R"f(z) =

V4

(2" 1f ()™
n! )

The expression R"f(z) is said to be an nt"-order Ruscheweyh derivative of f(z) and the sign = is used for
Hadamard product (or convolution). We can deduce that [10]

R Yf(z) =z + Z o(n, k)a,z",
k=2

where,

o(n, k) =

'n+k)
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In this article and inspired by the mentioned works,
we first define a subclass of bi-univalent functions
in the open unit disk D by using the Ruscheweyh
operator and subordination and then we study this
subclass. One of the most important results of this
article is finding an upper bound for the coefficients
la, | and |as | of the functions of this category, this

To put it in another way, the Taylor-Maclaurin
series expansion of the function f in A is a special

TJPS

result is presented in Theorem 2.1 and some
corollaries that are deduced from this theorem.

Suppose that € is the set of all complex
numbers and <A denotes the category of the
functions f that are holomorphic in the open unit
disk D and normalized by the conditions

f(0) =0 and f'(0) =1.

form of the power series, which can be stated as
follows:

f@=z+ ) azk, zeD. (1.1
kZZ "

B
kO

where, a;, =

k = 2,3,4,--- and we note that a; = 1.

Definition 1.1. [11] A function f:D — C is called univalent function in D if it is holomorphic and injective

(one-to-one) in D, that is,

f(z1) # f(z), (21,2, €D, 1z # z;).

In this paper, we will indicate the category of all
functions that are univalent in D by § which is a
subclass of A introduced by [11, 12].

For two holomorphic functions f and g in D, we
state that the function f is subordinate to the
function g, and we write f(z) < g(2), if there is a
Schwarz function w (i.e. a function that is
holomorphic in D with w(0) =0 and |w(z)| < 1
in D), such that f (2) = g(w(z)) for any z

belonging to D. Specifically, let the function g is
univalent in D, then f (z) < g(z) if and only if

f(0)= g(0)and f (D) < g(D) (see [13]).

The familiar Koebe-one-quarter theorem [11]
asserts that for any univalent function f in S, the
image of the open unit disk D under f includes a

disk with radius i Consequently, each univalent
function f has an inverse f~1, such that:

@)=z (zeD) and f(Fiw)=w (Iwl <n:inf) =3).

In some disk, the following form is the inverse of the series expansion of the function f about the origin:

Fiw) =w + Z bew . (1.2)
k=2

The best bound for all |b,| in (1.2) is provided by the inverse of the Koebe function (see [14]).

We know, near the origin, every univalent function f(z) and its inverse f~1(w) satisfy:

fF1w) =w,

in other words,

wo= W) + alf TW? + as[f T + -,

frwW) =w—a[f W — as[f W) — - (1.3)

or

By substituting (1.2) in (1.3), we obtain

gw) = f71(w) = w — a,w? + (2a2 — az)w? — (5a3 — 5a,a; + ag))w* + - (1.4)
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Utilized the idea of subordination to define the subcategories of convex and starlike functions by [15]. In this
case, we assume that the holomorphic function ¢ has a non-negative real part in D, ¢(D) is symmetric about the
real axis, (0) = 1, ¢'(0) = J; > 0, and ¢ is of the form of power series extension

)= 1+ 1z + J,z° + J3z° +-+; z€ D. (1.5)

In [15], introduced the following categories of starlike and convex functions:

§*(p) = {f € A; fo(—g) <¢(2), z€ D},
and
Clp) = {f EA 1+ Z}{,I;S) <92, zE€ D}.
For ¢(z) = 1+Az (-1< B< A<1), the and C = C(0), respectively. Furthermore, the

1+ Bz
categories $*(¢) and C(¢p) will be decrease to

Janowski starlike and Janowski convex functions
categories $*[4, B] and C[A, B], respectively. It’s
worth noting that if 0<6 <1, then S$*[1-—
28,—1] = §*(6), namely, the category of starlike
functions of order 6 and C[1 —26,—1] = C(6),
namely, the category of convex functions of
order §. In particular, the popular categories of
convex and starlike functions in D are §* = §*(0)

characteristics of the category Sy = §*(e?) were
investigated by [16].

A function f € A is called bi-univalent in D if
both f and f~! are univalent functions in D.
Assume that > denotes the category of all bi-
univalent functions in D, presented by the Taylor—
Maclaurin series extension (1.1). The followings
are instances of bi-univalent functions in Y [17]:

z log(1 d 1l (1 +z>
=, og(l—2z), an Slog\ T,
Nevertheless, the well-known Koebe function (1_22)2 and the functions
1 z
Z- Ezz' 1—2z2
which are the members of §, are not included in Y. Hy(n,y, ) where 3 represents the set of all bi-
] ) ] univalent functions in D, n is the order of the
The goal of this paper is to derive bounds for the Ruscheweyh operator of f(z), y is the nonnegative
Taylor-Maclaurin series  coefficients [a,| and coefficient of the second order derivative of
|las| of every function f in the subclass Ruscheweyh operator of f(z) and ¢ is the
Hy(n,y,9) of bi-univalent functions. Also, the holomorphic function of Ma and Minda type given
bounds for the first two coefficients of f~* are by (1.5).
given. A distinct technique involving subordination
has been used to investigate the object of the Definition 1.2. A function f € Y given by (1.1) is
article. We begin by introducing the category called in the category Hy (n,y, @) if

(R"f(z))’ + yz(R"f(z))” < ¢(2); z€D,

and

(R gw)) +yw(R*gw))" < p(w); w €D,

where y =0, g = f~1and ¢ is the function given by (1.5).

Now, if P represents the family of all functions q(0) =1 and Re(q(z)) >0 (z€D) and they
q(z), which are holomorphic in D such that have the series expansion of the for
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q(2) =1+ Z c 2™ (L6)
i=1
The following outcome, which is known as Caratheodory’s lemma, is required to determine the results of the
paper.
Lemma 1.3.[16] If g belongs to P, with g(z) given by (1.6), then |c,,| < 2 forn > 1.
2. Results and Discussion

Theorem 2.1. If f € Hy(n,y, @), then

ol < 11 + UaD)
T 3+ 290, 3) + 41 +1)?(c(n,2))"

and
JiUs+ 12D + 1
3,(1+2y)o(n,3) + 4(1 +1)2(6(n,2))* 31 +2y)a(n,3)
Proof. Suppose that f € Hy(n,y,¢) and g = f~', then by definition of subordination there are Schwarz
functions u, v: D — D, such that

(R*f(2) +yz(Rf()" = ¢(u(@); z€D,

las| <

and

(fR"g(w))’ + yw(R”g(w))” = (p(v(w)); wED.
Define the functions g, and g, by

1+u(2) 1+v(2)
q:1(z) = 1_2(; =1+c¢z+cz°+- and q,(2) = 1_2(; =1+dz+d,z*+ -

Or, in other words,
_ 2
u(z) =801 = 1(clz+ (cz —%)zz + )

q1(2)+1 - E
and
@1 _1 _d 2
v(z) = il 2 (dlz + (dz . )Z + )

Then g, and g, are holomorphic in D with g,(0) = 1 = q,(0). Now, since u, v: D — D, the functions g, and g,
have a non negative real part in D, and by Caratheodory’s lemma |c;| < 2 and |d;| < 2 for each i € N. Since

(R”f(z))’ =1+4+20(n,2)a,z+30(n,3)azz?+ -,

and
yz(R"f(z))” =2y0(n,2)a,z+ 6 yc(n,3) azz? + -,
SO,
(R“f(z))’ + yz(R"f(z))" =1+4+2(1+y)o(m2)ayz+3(1 + 2y)a(n,3)azz? + ---. (2.1)
On the other hand
-1 1 1 2 1
pu@) =9 <%) =1+ E]lclz + (5]1 (Cz - %) + Z]ch)zz o (2.2)

Again, by using (1.4) we have
R g (w) =w- a(n,2)a,w? + o(n,3)(2a% — az)ws + -,
(R"gw)) =1-20(n,2)a,w +30(n,3)(2a3 — a;)w? + -,

and

yW(iR”g(w))” = —2ya(n,2)a,w + 6yo(n,3)(2a3 — az)w? + .

So,

(fR"g(W))' + yw(fR"g(W))” =1-20+y)o(n,2)a,w+ 3(1 + 2y)o(n,3)(2a% — az)w? + - (2.3)

On the other hand
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_ 2
42(w) — 1 1) = 14y + GJI <d2 - d—l) * %sz%) wE (24)

g, (w) +1

p(vw)) = w( 5

Now, since

R @) +y2(Rf @) = ¢ (fh(Z) - 1)

¢:(2) +1
then, (2.1) and (2.2) yield

14+2(1+y)o(n,2)azz+3(1 +2y)a(n,3azz* + -+ =1+ %]1clz + G]l (cz - é) + %]2612)22 + -
Again, since

(R*gW)) +yw(R"gw))" = <p<
then, from (2.3) and (2.4) it follows that
1-2(1+y)o(n,2)a,w +3(1 +2y)o(n,3)(2a5 —a)w? + - =1+ %jldlw + G]l (d2 - d;) +
i]zdf) w2+ e

g, (w) — 1
g (w) +1

Therefore,
1
2 +y)o(n,2a, = 511511 (2.5)
1 ) 1.
31+ 2y)a(n,3)a; = 5]1 cy; — > + ijcl , (2.6)
1
21 +y)o(n,2)a, = — E]ldp 2.7)
and
, 1 d?\ 1. ,
3(1+2y)o(n,3)(2a; —a3) = 511 d, — > + Z]2d1 )
or
1 d?\ 1
6(1+ 2y)a(n,3)a3 —3(1 +2y)a(n,3)a; = 5]1 d, — > + Z]de ) (2.8)
From (2.5) and (2.7) we get
¢ = —d;. (2.9)

and

1
8(1 +y)%(c(n,2))%a2 = 5 Jidi (2.10)

Now, apply (2.6), (2.9) and (2.10) on (2.8) to obtain

, 1 A\ 11 a2\ 1
6(1+2y)0'(n,3)a2=5]1 Cz_? +Z]251 +§]1 dz_? +Z]2d1-

Then,
1 1 1
6(1+2y)a(n,3)aj + Ehd% = 511(‘72 +d,) + E]zd%,
and therefore,

a2 = Ji(c, +dy) +]1),d7
2712 ,(1 4 2y)a(n,3) + 16(1 + y)2(a(n, 2))?

In this step we have
]12|Cz +dy| + J1Jo1d |?

2
1% < B A+ 210 3) + 401+ P )
By Lemma 1.3
) 4JF+ 411l
la,|* < 2
4 [3 J1(1+2y)a(n,3) + 4(1 +v)?(a(n, 2)) ]
and hence
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< 1+ 1D |
T I3 +29)0(m,3) + 4(1 +1)?(c(n,2))°

Next, in order to find the upper bound for |as|, by subtracting (2.8) from (2.6) and further computations lead to
1
6(1+ 2y)o(n,3)a; = 6(1 + 2y)o(n,3)a3 + Ejl(c2 —dy),

which gives
1
3 6(1 +2y)a(n,3)a3 + 7)1z —d3)
4= 6(1 + 2y)a(n, 3) ’

@ = a2 Ji(c; —dy)
T 120+ 2p)o(n, 3)

and this yields

It follows that
JiUs+ 12D J1
|a3| <

< + .
3/,(1+2y)o(n,3) + 4(1 +1)?(6(n,2))° 3L +2y)a(n,3)

Given (1.4) b, = —a, and the resulting upper at the next result. Therefore, at this step, we will
bound for |a,| is also true for |b,|. Again, since provide upper bounds for the first two coefficients
b; = 2a3 — a, to obtain the upper bound for |bs| of the Taylor-Maclaurin expansion of f~1.

we need brief calculations which we will deal with

Corollary 2.2. If f € Hy(n,v, @), then

JiUs+ 12D + JA
341 +2P)0(n,3) + 41 +1)¥(0(n,2))" 31 +2V)o(®,3)
Proof. By the proof of the Theorem 2.1 we have
JE (e, +dy) + J1J,d3 J1(d2 — ¢3)
12J;(1 +2p)o(n,3) + 16(1 + )2 (0(n,2))* 12 (1 +2y)a(n,3)
Then, clearly, by using Lemma 1.3 we obtain

1203 — as| <

2a% —a; =

J1(Jy+ 12D N N1
3,1+ 29)o(n,3) +4(1 +7)2(c(n,2))" 31 +2y)a(n,3)

12a3 — as| <

|
Considering the Taylor-Maclaurin series of e#, a special case is obtained by taking ¢ (z) = e in the Theorem
2.1. The details are shown below.
Corollary 2.3. Consider the function f € Hy(n,y,e”) then

oy < > :
6(1+2y)a(n,3) +8(1 +y)*(c(n,2))
and

3 1
as;| < + )
o] 6(1+2y)o(n,3) +8(1 +)2(0(n,2))* 31 +2y)a(n3)
Proof. Let ¢(z) = e”. Since
z 1 2 1 3
e’ = 1+z+zz +§Z +

so,by(15) J;=1, J,= é and by Theorem 2.1 we obtain

jaal < > :
6(1+ 2y)o(n,3) +8(1 +¥)2(a(n,2))
and

las| < 3 >+ ! .
6(1+2y)0(n,3) +8(1 +1)?(c(n,2))° 31 +2y)a(n,3)

Now, if we take
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1+ (1-268)z
<p(Z)=—(1 . ) ;0<6<1, z€D,

in the Theorem 2.1 then, J; = J, = 2(1 — §) and we get another result.

Corollary 2.4. Consider the function f € Hy (n, 7, %) where, 0 < § < 1 and z € D then,

|a2|sj M- oF

3(1—8)(1 +2y)a(n,3) + 2(1 +1)?(c(n, 2))"
and
4(1 - 6)? 2(1-6)

sl < > .
.l 3(1 = 8)(1 +2y)a(n,3) +2(1 +¥)?(o(n,2))° 31 +2y)0(n3)

Proof. We note that

DO 14201 - 8)z+2(1- 82+, 0S6<1,z€D,

So, by (1.5) J; =J, =2(1 —§), and applying Theorem 2.1
4(1-6)2

2 < 2
22| J3(1 - 81 +2y)a(n,3) +2(1 +y)*(c(n,2))

and
4(1-6)2 2(1-96)

las| < 5+ .
3(1 = 8)(1+2y)o(n,3) + 2(1 +¥)?(o(n,2))° 31 +2y)0(n3)

Finally, upon letting

1+ 2%
) ;0<a<l1 zeD

o) =
we obtain the following new outcome.
a
Corollary 2.5. Consider the function f € Hy, (n, Y, (E) );0 <a<1,zeDthen,

20?2(1 + a)
las| S\/

11—z

1+z

3a(1 +2y)o(n,3) + 2(1 +1)*(a(n, 2))*
and
2
laa| < 20°(1+a) 2a

= + .
3a(1+2y)a(n,3) +2(1 +y)*(o(n, 2))2 3(1+2y)a(n,3)

Proof. Since
a
(22)" =1+ 20z + 20727 + -,

1-z

then by (1.5) J; = 2a, J, = 2a? and applying Theorem 2.1

la,] < 20°(1 + @)
a2 >~ 2
3a(1l+2y)o(n,3) +2(1 + y)z(a(n, 2))

and
202(1 + a) 2a
|a3| < 2 + 3(1 2 3 .
3a(1+2y)o(n,3) +2(1 +y)*(c(n, 2)) (1 +2y)o(n,3)
3. Conclusion: furthermore, the provided bounds improve and
extend some previous results.
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