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ABSTRACT

We solved j *Klein-Gordon equation numerically by using two

finite difference methods: The first is the explicit method and the second is
the implicit (Crank-Nicholson) method. Also, we studied the numerical
stability of the two methods using Fourier (Von Neumann) method and it
has been found that the first method is simpler and has faster convergence
while the second method is more accurate, and the explicit method is
conditionally stable while the implicit method is unconditionally stable.

1. Introduction

Partial differential equations are used to formulate and solve
problems that involve unknown functions of several variables, such as the
propagation of sound or heat, electrogstatics, electrodynamics, fluid flow,
elasticity, or more generally any process that is distributed in space, or
distributed in space and time. Very different physical problems may have
identical mathematical formulations[16].
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There is along history in physics and mathematics of trying to find
new nontrivial solutions to nonlinear wave equations. The literature on the
subject goes back at least as far as 1845 when Russell published a paper
about a surface wave he witnessed traveling for almost two miles in a
shallow water channel [4].

2. TheMathematical M odel

The Klein-Gordon equation,

TPu_

o Du- f(u) (1)
is one of the nonlinear extensions of the wave equation. For example, such
an equation describes the vibration of a string that lies on an elastic
foundation with nonlinear elastic forces. The elastic force density is
describing by function f(u) [9].

when f(u) = sin(u), then equation (1) becomes sine-Gordon
equation, which is found by Zabusky and kruskal in 1965.

Fiore et al. (2005) gave arguments for the existence of exact
travelling wave solutions of a perturbed sine Gordon equation on the real
line or on the circle and classified them [5].

If f(u) = mu — eu® then equation (1) becomes ¢*-nonlinear Klein
Gordon equation( ¢ equation )[2]:

2 2
%:CZ%- mU+GJ3 (2
or[10]
Tu_Tu 3
?_ﬁ- mu+eu (3)

with initial and boundary conditions [12]
0
u(x,0) = f(x) and %:O

u(O,t) = u(2m,t) = 0.
Equation (3) arises in quantum field theory with m denoting mass and ¢ is
coupling constant [13].
The ¢* equation was first proposed by Aubry , Krumhans and
Schrieffer in 1975 and 1976, to describe displacive and order-disorder
transitions in solids, mainly magnetic compounds [15].

L, t30, O<x<2p
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Sanchez et al. (1991) studied the propagation of topological solitons
in a perturbed ¢* equation, by means of numerical simulations tested on
exact predictions for this system. [1].

Mannaet a. (1997) proved that the antikink solution of ¢* equation
which was never obtained perturbatively can be obtained by perturbation
expansion in the wave-number in the short-wave limit [10].

Nicolas in (2002) solved the global Cauchy problem for the ¢*
eguation outside a black hole. Then using a Penrose compactificatin, he
proved, in the mass less case, the existence of smooth asymptotic profiles
and Sommerfeld radiation conditions, at the horizon and at null infinity, for
smooth solutions [7].

Dmitriev et al. (2006) discussed some discrete ¢ equations free of
the Peierls-Nabarro barrier and identified for them the full space of
available static solutions, including those derived recently in Physics but not
limited to them [3].

3. Derivation of Explicit Method for ¢* Equation

In this method we evaluate the unknown function Upg+1 at (tge)
depending on the known function Up+1,q, Up,g, Up-1,q @ (tg) and Up g1 @t (tga) -
We start by partition the rectangle R ={ (x,t) : 0<x<2x, 0<t<b} intoa
grid consisting of (n-1) by (m-1) rectangles with sides Ax = h and At = k
[11]:

Start at the bottom row, where t =t; = 0 and the solution is known to
be u(xpts) = f (Xp) .
we shall use a difference equation method to compute approximations
{Upq: P=1,2,...,n} insuccessiverowsfor q=23,...,m}
Now equation (3) becomes:
Upg+1- 2UpgF*Upg-1  Upug- 2Upg*+Up.1g

k2 - h?

3

k? 2 2.3
P Upgrt —2Upg + Upg1= F[ Up+1g— 2Upg+ Up1q]— KMUp g+ K'eUp g

putting r =k/h
— 2 2 2.3
P Upgr1 — 22Up,q tUpg1=T (Up+1,q—2l21p,q+zup-l,q) P kz MUp gt KeU7pq
P Upgi1=1"(Uprigt Upg) +(2—2r— KM+ ekUpg)Uupg— Upgr  -.(4)
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Equation (4) represent the explicit difference approximation for | *

equation, where it is employed to find the row (g+1) across the grid where
the approximation in both rows (g) and
(0-1) are known. The four known values on the right side Up,g-1, Up-1,q » Up+1,q
and upqWhich are used to create the approximation Up g+1.
In order to find the computations we need to find the values of the
second row ast =t,, putting g =1 inequation (4) yields
Up2= rX(Ups11+ Up1a) + (2— 2 — K’m + ek°U%p)Up1 —Upo  -..(5)
A central difference approximation to the initial derivative condition gives
Up2 - Upo _
that oK 0
P Upo= Up2 .(6)

substituting equation (6) in equation (5) yields
2Up2= r*(Ups11+ Up11) + (2 2= K2m + ek®U%p 1) Upa

r k’m . k%
p Up,2:7 (Uprr1+ Up11) + (1 r’— + 7 uzp,l)up,l ..(7)

4. Derivation of Crank-Nicolson Method for ¢*Equation

This method invented by John Crank and Phyllis Nicolson, in 1947,
is based on numerical approximations for solutions. They replaced ux by
the means of its finite difference representation on the (g-1)th and(g+1)th
time rows[6,11].
Approximated the equation (1) by [6]

Upgrt~ Apg tlhgr _ 1 : Uig 1 g1l
k? 2 h

Wi~ Al 1ga s
+ 2 ]- MUp g+ eUpg

— 2
p ZUp’q+1 - 4Up’q + ZUp’q_]_ - I’ [(Up+]_’q_]_— ZUp’q_l +Up_1’(2:]_1) + (Up+]_§+%
—ZUp’q+1+ Up-1,q+1)] — 2mk Up’q + 28k u p.q
wherer = k/h

2 - 2
p ZUp’q+1_ r (Up+1,q+1 - ZUp’q+1+ Up-1,q+1) - 4Up’q— ZUp’q_]_ + r (Up+]_’q_]_

- 2up,%—l + Up1g1) — 2mk2up,q
+ 2ekU g
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P (2+2r%)Upgrs — FP(Upsiges+ up-12,q+1) =(4-2mk? + 2(c,k2u2|o,g)up,q
+ 1 (Upr1g1+ Uprgr) — (2+ 2r)Upgr  ...(8)

Equation (8) represents the implicit difference approximation for

| * equation where the left side of equation (8) contains three unknowns

along (g+1)th time row and the right side four known values of u along the

(g)th and (g-1)th time rows.

Equation (8) forms atridaigonal linear system AX = B.

The boundary conditions are used in the first and last equations only,
Upg1= Ugel = 0 and Ung1 = Ung+1 = 0

Crank-Nicolson equation (8) can be written in matrix form AX

follows:

I
W
&

2 2
+ -
2+21 r u2,q+1

u 3,q+1
Ug,q+1
u 5,q+1

D> (D> (D> D> D> (D> D> D> (D> D> (D> (D> (D
[ Y ey ey ey any e ey ey ey ey ety ent)

eUn-3,g+1(
-r2 2422 -r2 un.2,q+1Y

-r? 2+2r2f 8Un-1,q+1 §

cooooooooooo oo ooc

jees

(4- 2k%m + 2k2eu22,q)u2’q - (2+ 2r2)u2’q_1 + rzusyq_l
rzuzyq_l +(4- 2k?m + 2k2eu23,q)u3’q - (2+ 2r2)u3’q_1 + r2u4’q_1
rzusyq_l +(4- 2k?%m + 2k29U24,q)U4’q - (2+ 2r2)u4’q_1 + r2u5’q_1

2|Jn-S,q-l +(4- 2k%m + 2kzeuzn-Z,q)un-2,q -(2+ 2r2)'Jn-z,q-l + rzun-l,q

rzun_zyq_l + (4 - 2k?m + 2k2eu2n.1,q)un_1,q - (2 + 2r2)un_1,q_1

: D fE:fD) > D D D D D D> D D D MDD DD (DD D> D DD D> D D (D> D> (D> D> (D> D> (D> (D~

ooooooooooooo oo oo

When the Crank-Nicolson method is implemented with a
computer, the linear system AX = B can be solved by either direct methods
or by iterative methods.

In order to start the computations we need to find the values in the second
row whent = t,, putting g = 1 in equation (8) yields
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2+ 2r2)up,2 — rz(Up+1,2 + Up]_,z) =(4- 2mk? + 28k2U2p,1)Up,1
+ ¥ (Upr10+ Up10) — (2 + 2)Upo  -..(9)

substituting equation (6) in equation (9) yields

2(2 + 2r*)Up2 — 2r(Upra2 + Up12) = (4— 2mk® + 2ek’U%p1)Upa

r’ K’m Ke
b (1+ rP)up, — E(up+1,2 +Up12) = (1- -t 7uzp,l) Ups ...(10)
Equation (10) forms atridaigonal linear system AX = B.
where the boundary conditions are used in the first and last equations only,
u.=0 and u,2=0

Equation (10) can be written in matrix form AX = B as follows

Km k% ,

é u
é 2 U, N et Uy G
an? L Q¢ Uz, u e 22 f a
8 2 qé 0 & Km Ke a
a 2 2 1e Us2 e (& +*u2&1)u3‘1 a
é r P uz 7 & 2 2 Y
e - - ag a2 % g
é 2 2 ut u € 1k k% , u
& 2 r2 Ué Us 2 é (- +?u4‘1)u4‘1 a
é 5 a8 a & a
& 2 aé ua_ ¢ u
& 0= é a
é ue u s ’
a ' é a
& qé a © U
e U 2 " é a
é ag a e a
é a¢ 4 8 a
é a¢ u e a
é ag 4 e a
é a¢ 4 e a
é as u é a
= o€ u é a
é at U
& 2 ) 2géUn-3.240 é ]
é - v -—gCu n-2.2 u € kK’m k’m , u
& 2 2,6 ca ql-——+—1u,)u,,, U
e uz - A n21/%n21
é o n€Yn-129 & 2 2 i
© _ p 2 2
8 2 H g(l-—k2m+%u2m)umg

5. Stability Analysis

Mathematically stable means small perturbations in the initial data
(or small error a any time) remain small at later times. However, if small
changesinthe initial data produce larges in the final results.

6. Stability Analysis of Explicit Method by Fourier (Von Neumann)
M ethod

To apply Von Neumann method on equation (1), we go to
linearized stability analysis and we get after we eliminate the non linear
term that [6,8,14]

T%u _ 12U

— =——-mu

Mit> %2 -
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By using the explicit method for equation (11) we obtain
Upg+1- 2UpgF*Upg-1  Upug- 2Upg+Up.1g
k2 - h?
replacing upq by &9 €" in equation (12) yields

—Mupg ...(12)

xI*lgibph _ o agibph | g-14ibph quib(P+1)h _ Z(qeibph +X qeib(p-l)h
k2 - h?
- m &q eiﬁph
p &P e 2+ =7 13- 2+ &™) - mk?]
wherer = k/h
dividing by &9 €PP" leads to
E-2+&t =" -2+ - mk?

b &-2+&t=r(- 4sin2(m)) — mk?

2
multiplying by & leadsto

b &-26+1= — 4% sinz(%) — mk3

p &2—2§+1+4r2§sin2(%)+ mk% =0
b &-2At+1=0
~ mk?

2

where A:1—2rzsin2(%) ..(13)

Hence the values of £ are

&1,2 =Am VA2'1

Asr, B, k, hand m are positive real, A< 1 by equation(13).
Where & is Amplification factor, the necessary and sufficiently condition for

numerical stability is |X| £ 1[6].

when A <-1, |X2| > 1, giving instability .

when
“1£A<1A’£1P &o=Ami(l- AD)Y?
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hence
K = (A2 + (1- A} 2=1

proving that the equation (12) is stable for -1 £ A < 1. By equation (13),
we then have

2
1g1-22sm Py MKy
2 2
The only useful inequality is
2
1127 smPhy MK
2 2
2
b 2 22&( 2y MK
2 2
2
b 23 22sr( 2Ny . MK ..(14)
2 2
since sin’( % ) = 1 for some values of B hence equation (14) becomes
2
23 o2+ K
2
b K £ ..(15
4+h’m (15)

Inequality (15) represents the imposed condition for explicit method for | ¢
eguation to be stable.

7. Stability Analysis of Crank-Nicolson Method by Fourier (Von
Neumann) Method
By using the Crank-Nicolson method for equation (11) we obtain

Yt~ 2pa*thar _ 1 a1 dbo1 e
K 2 t

Upiaqa - a::,zml +uplqﬂ]—mup,q .(16)

replacing upq by &9 " in equation(16) yields
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Xq+1eibph _ zxqeibph +x 1eibph 1 X 1eib(p+1)h - i 1eibph +x 1eib(p- Dh

k2 2 h?
. xaHagb(pr)h o atlgibph o q+1 ib(p-Dh
h? !
m &q gpph

2
P &dME-2+57 = T geM (e -2+ &™) + g
— 2+ M) — &9 PP mic?
wherer =k/h
dividing by £ €PP" yields

e2ret= e 2 e e+ 2+ 6] i
P g-2+¢= %[&'1(— 4sin? () + &~ 4dr(21)) ] - mk?

b g-2+gt= ~2rgtsn(D)) - 2 gsn’(2) - ik
multiplying by & leads to
2_2r+1=— 2rzsin2(b—2h) P gzsinz(b_:) k2

b &2 26+1+ 2rzsin2(b—2h) +2r2 gzsjnz(b_:) +mk%=0

2
b (1+ 2r2§n2(b—:))§2— 2(1- m'2< )E+1+2r% sinz(b_zh) =0
dividing by (1 + 2rzsin2(b—: ) leads to
E-2EE+1=0
where
2
1- m:
E= -.(17)
l+2r25in2(b2h)

Hencethevaluesof Eare &, =Em E2-1
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The necessary and sufficiently condition for |X| £ 1lis |E| £ 1, from

1-

mk 2 ‘
2

1+2rzsin2(b—2h

Hence the Crank-Nicolson method for j * equation is unconditionally
stable.

eguation (17) we have £1

)

8. Practical Application
For numerical solution we take ¢* equation which is represented in equation

(D):

with initial and boundary conditions
0
ux0) = () and H =

fit
u(O,t) = u(2m,t) = 0.
For clearing we take the following practical example:

0 ,t30, 0<x<2p

u(x,0) = sin(x) O<x<2p
m=1
e=1/6
Results we got are found in the following tables and figures:
Explicit Crank-Nicolson
x= 3.14159265 x= 3.14159265
h=0.31415927 h=0.31415927
k=0.31035376 k=0.31035376
m=1,e=1/6 m=1¢e=1/6
0 0
-0.1215 -0.1490
-0.2319 -0.2845
-0.3204 -0.3936
-0.3776 -0.4647
-0.3974 -0.4895
-0.3776 -0.4647
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-0.3204 -0.3936
-0.2319 -0.2845
-0.1215 -0.1490
0 0
0.1215 0.1490
0.2319 0.2845
0.3204 0.3936
0.3776 0.4647
0.3974 0.4895
0.3776 0.4647
0.3204 0.3936
0.2319 0.2845
0.1215 0.1490
0 0
Table (1)

Comparison of explicit and Crank-Nicolson methods

08 Crank-Micolson

Figure (1)
Comparison of explicit and Crank-Nicolson methods

57



Saad A. Manaa and Laya Y. Hawell

06F /47123890 N

0al S T T \‘“x
A aresassis N

02 // 094247780 S

P et i I
-7

= 0T GoassTas
02} N I
04} W IRy
N

06} \ /I,‘
08l s /

-1 1 1 1 1 I 1
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Figure (2)

Explicit method with different x,
x=0, x=0.4712389, x=0.78539816, x=0.9424778, x=1.09955743

1
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0.8} .
* - - - ‘.1\
06| ST 06 T
s ~
04r . -
s 0.9 \
0.2 ¥
= 0 T2
02+
0.4}
06l o L
0.8+
A 1
0 1 2 3 4 5 6
X
Figure (3)

Explicit method with different t,
t=0,t=06,t=09,t=1.2
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1
1.8
0.8 B
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o2} N e
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-1 1 1 1 1 1 1
0 1 2 3 4 L 6
x
Figure (4)

Explicit method with different m,
m=054, m=0.7m=09 m=11, m=18

15 1 1 1 1 1 1

Figure (5)
Explicit method with different m,
m=10, m=24, m=31, m=40
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0.8

0.8 1 1 1 1 1 1

Figure (6)
Explicit method with different «,
€=0,6=0.15¢=0.3=045¢=0.6

Figure (7)
Explicit method with different «,
£€=00,e=06,ce=14,e=2,e=24
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9. Conclusion

We saw that Crank-Nicolson method is more accurate than explicit
method for one dimension problem

For the numerical stability the explicit method for | * equation is

stable under the condition
c 4h?
4+h’m

and Crank-Nicolson method for | *equation is unconditionally stable,
We saw from the tables and figures that Crank-Nicholson is more accurate
than explicit method, see table (1) and figure (1). The numerical solution is
symmetric and periodic, see figures (2 ), (3 ) which is useful i.e, the
solution is the same for every period interval, so we need less time and less
computations.

The value of m is affected because when we increase the value of m
the solution increased too, see figure (4,5) , there is an upper bound of m
(m=40) after this bound we can’t get the true solution.

€ must be lessthan 2.4 see figure (6,7)

k2
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