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Abstract

In this paper, a system of two nonlinear differential equations of the fourth order
has been studied by using local method of the Lyapunov —Schmidt. We showed
that the bifurcation equation corresponding to this system is given by a nonlinear
system of two algebraic equations. The discriminate set of nonlinear algebraic
equations has been found and geometrically described.
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1. Introduction

In mathematics, there is method that using to analysis nonlinear system
when does not working the implicit function theorem. This method called the
Lyapunov—Schmidt reduction. The method  working on conversion the

dimensional equation from the infinite to the finite in Banach spaces.

The method of Lyapunov—Schmidt (LS) is important in some applications such
as, economics, engineering and also natural sciences [ 1,2]. In addition to that, the
method (LS) is applying in chemical engineering, to simplification partial
differential equation models until easy solving simulate numerically , and still

retain all the parameters of the original model[3,4].
We must know that the form
F:XXR—> Y

F(x,1) =0, x€0cX, AER" (D

Can be analyzed using LS,

Where F is a nonlinear Fredholm mapping[6,7], for index zero

(index(F) = dim(ker F) — dim(coker F)), X and Y are real Banach spaces[5],0
is an open subset in X .We can conversion (1) to the finite- dimensional equation,

©((,A\) =B, (e McO, BENCcY, (2)
in which M and N are smooth finite -dimensional manifolds.

Knowing that the equation(2) reserve all analytical and topological properties of
the equation(1)[ 8].

164



Journal of Basrah Researches ((Sciences)) Vol. (46). No. 2 (2020)

the motion and oscillations of the wave of the elastic beam on the elastic
foundations described by the following nonlinear ODE,

y"+ay"+By+g9@ =0, (3)
y=yLy"y"y".

where S are real parameters and g(¥) is the nonlinear part of ODE.

Equation (3) has been considered by Thompson and Stewart [9].

In [10] Abdul Hussain studied equation (3) when g(®) = y? +y3 with the
boundary conditions,

y(0) =y(1) =y"(0) = z"(1)

He detected the bifurcation solutions of equation (3) by using the local method of
Lyapunov-Schmidt.

Abdul Hussain (2015) introduces a modify method for finding nonlinear Ritz
approximation of Fredholm functional [11,12].

In this paper we considered the system of non-linear differential equations of the
fourth order,

du1+/11d + uf+ u3=0
d*u d?u
dx42+/12 —Z+u,+ui+ ui=0

with boundary conditions :
u 1(0) =u 1(1) =u 1//(0) =u 1// (1) =0
u 2(0) =u 2(1) =u 2//(0) =u 2//(1) =0

where A = (44, 4,) € R?.
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Theorem 1.1 [13] Suppose X and Y are real Banach spaces and F(x, 1) isa Ctmap
defined in a neighborhood U of a point (x,, 4,) with range in Y such that
F(xy,49) =0 and E,(xq,A) is a linear Fredholm operator. Then all solutions
(x, 2) of F(x, 4) = 0 near (x4, 4) (with A fixed) are in one-to-one correspondence
with the solutions of a finite-dimensional system of N; real equations in a finite
number N, of real variables. Furthermore, No=dim(kerL) and N;=dim(cokerL),

(L = F(x0, 40))-

2. Reduction to Bifurcation Equation.

Consider the following nonlinear system of ODEs
AU+ NU =0 (4)

By using the boundary conditions

Uu)=u@) =U0//(0)=0//(1) =0.

d*  d? A O 1 0
where A=—+TB+I, B=(O Az>'I=(0 1)

3
and NU = <u§ ui”)' U= ()

we want to study the bifurcation regions of system (4) depending on local method
of Lyapunov —Schmidt. To do that, firstly put equation (4) in the form of operator

equation, i.e.
F(U,A) =AU + NU (5)

where F : X =Y represents the nonlinear Fredholm operator of zero index
from Banach space X to Banach space Y, X = C*([0,1],R), Y = C°([0,1],R) ,
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x € [0,1]. Every solution of the equation (4) is a solution of the operator
equation

F(U,2) =0 (6)

Now, we will proof the reduction theorem (1.1) for equation (6).

Theorem 2.1 The bifurcation equation corresponding to the system (6) is given
by nonlinear system of two equations,

3..3 8 .2
x5 +-xi + kyxg

3+ e, +o(z?) + 0(17)0() = 0 (7

Where, 7 = (x4,x,), kq,k, €R.

In addition, the solutions of (6) are corresponding to the solutions of the
nonlinear system.

Proof: Let
F(U,A) =0
Since, the Frechet derivative for F (U, 1), at (0, A) is

4 dZ
h Bh + I1h,
+ Tx? +

dF (0, )h =

dx*

Where A = (44,4,), h = (hy,h,)",

After that, the linear equation corresponding to (6) is given by:

Ah=0, hEex,
4 2
A =dF =—— +—B+1
dF(0,7) = 5+ == B +1,

hence the result of linear equation which satisfy
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U)=U()=0//(0)=U0//(1) =0. isgetting by

h(x)= (; sin(pnx))

sin(qmx)

substitute  h(x) in the linear equation, we get on characteristic equation

corresponding to the following form
ntpt — 4mPpt+1=0
ntq* — ,m?q*+1=0

these equations give in the space of parameters (1, 4,) characteristic planes? .

The characteristic planes fp consists the points (4;, 4,) for which the linearized
equation has non-zero solutions. The point of intersection of characteristic planes

in the space of parameters (4;, 4,) is a bifurcation point .

n*+1 16 m*+1

Hence, the bifurcation point of (6) is the point (1, 1,)" —( e )"

We can write the disturbance parameters A,, 4, as:

41 16 m*+1

M= — +8; A=

———+ §,, where &5, 6, are small disturbance responsible
for modes bifurcation,
e;(x) = (¢q sin(mx),0)", e,(x) = (0,c, sin(2mx))™ where,

lif n=m

_ 1, : _
C1=C, =2, fo sin(nmx) sin(mmx) dx = {0 ifn+m

suppose X = ker(A) =span {e; , e,}, then the space X can be written in direct sum
of two subspaces X and the orthogonal complement of X

X=R@K, K- ={z €X: [ zepdx=0,k=01]
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In the same way, the space Y can be written in direct sum of two subspaces X ,

and the orthogonal complement to X. Y=R @&~

Ni={vey: fon ve, dx = 0, wherever, k= 1,2}

There are two projections P: X — Ralso, (I —P):X - Rt

PU=Wand (1-P) U = Zwhere U= (1), W= ("), Z = (2)

Wy ZZ

All  vector Ue€eX are written in  the unique  relation:

U=WwW+12
U=Y2,xe; Eker(4), z Lker(G), x;= (U,e)
similarly, there exist two projections Q:Y — X+ and (I — Q):Y —» R

such that
QF(U, ﬂ’) = Fl(UJ ﬂ):

(I—QFU, ) =F,U,2,
And hence

F(U,D) =FUD+FU2D
=QF(U, A+ - QFU, A,

2

F.(U,2) = QF (U, ) = Z v (U, De; € R,

i=1

F,(U,2)=U-Q)F(U,A € &, vi(u, 1) =(FU,A),e;)

hence (5) becomes
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QF(U,A) =0,
(I—Q)FU,2) =0

or

QF(W + W, 2) =0
UI-QFW+2,1)=0

using the implicit function theorem, we get a smooth map ¢ : X — & such that
¢ (W,A) =27 and

I-@F W+ ¢W,21),1)=0

To find the solution for F(U, A) =0 near the point U=0 it is sufficient to find the

solution of the equation
QFW+oW,1),1) =0 (8)

This equation is called bifurcation equation for equation (6). this means, the

bifurcation equationis 8(t,A) =0, 7= X,X2) , A=(A1, 1)

Where

O(t,A) =Fi(W+ (W, 1), 1)

(8) can be rewritten as:

FW+Z,A)=AW+Z)+ N (W+7Z)

Simple calculations show that N (W + Z) = N W + terms consists elements of v
Hence

FIW+Z, A)=AW+NW+...
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Where the dots denote the terms that consists of the element z. hence,

0(t,1) = Q F(W+Z, 1)

=2 (AW+NW,e)+-=0 (9)
Simplified (9):
(AW+NW ,e)er+{AW+NW ,e,)e, +...=0 (10)

From the inner product we have

(AW +NW ,e;)=(Awy+,e.) + (N wy,eq)
As a result we get :

(AW +NW ,e;) =;x§’ +%xl2 + kyx;
(AW +NW ,e;)= 23 + kox,

Where

ki=e; =a;(AD)e; and Kk, =e, = a,(1e,.

The latter with (10) implies the assertion
3. Analysis equation of bifurcation

Equation (7) has the same analytical and topological characteristics properties of

equation (5). Let

) gxg’ + %xlz + kyx, i i
g(t, ) = %xf’ + k,x, +o(|7|?) + 0(|z[9)0(y)
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then the map ¢(7, A) is contact equivalent to the map

) gxg + %xlz + kyx,
¢1(7.4) = %7 + kyx, (11)

wheree ky,k, €R

This means that, to determine the Discriminant set of the map g(t, A) it is
sufficient to  determine the Discriminant set of the map ¢, (7, 4) so for this

purpose we must find the parameters equation in the form of

h(¥) =0, vy = (ki ko) € R? such that the set of all y = (ky, ko ) in which
equation ¢, (z,1)=0 has solutions achieve h(y) =0, for where h:R*—> R is

amap. To found h(y) we will solve the below equation,

¢1(z,4) =0 (12)

After that, we substitute x; , X, in the below equation :

det (a“’l—(’”))zo L i= 1,2, .. (13)

6xi

so that, we getting on Discriminate set of (12), we draw kk,-plane by the aid of
Maple 17.

1

S

Fig. 1 The Discriminant set of equation ¢(T, 1) =0
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The Discriminate set decomposes the solution set into disjoint regions; every

region has a fixed number of solutions. In the regions S; ,S; we have three regular
solutions, where 1, -1, -1represent topological indices, but, the regions Ss, Sg,
we have only one regular solution with topological index -1, in the regions S, , Ss

, we have three regular solution with topological indices: -1,1,1.
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