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ABSTRACT

In this paper, we study rings whose principal right ideals are left
pure. Also we shall introduce the concept of a fuzzy bi-ideal in aring, and
give some properties of such fuzzy ideals. We also give a characterization of
whose principal right ideal are left pure, fuzzy duo ring in terms of fuzzy
dedls.

1- Introduction :

Many authors have studied the theory of fuzzy rings(for example [2]
and [4]). A characterization of a regular ring by fuzzy ideals due to Gupta
and Kantroo [2] is very interesting. In this paper we study rings whose
principal right ideal are left pure, we call such rings PILP-rings. A new
properties of such rings are given and characterization of division rings in
terms of rings PILP-rings are obtained . We also introduce the concepts of a
fuzzy bi-ideal in a ring, and give another characterization of a ring PILP-
rings.

As it is well-known, any fuzzy ideal is a fuzzy bi-ideal [3] .But in
general the converse is not true, so in this paper we prove that any fuzzy bi-
ideal of asemi duo, PILP-ring R is afuzzy two-sided ideal of R.

Throughout this paper, R will denote associative ring with identity.
We recall that:

1- For any element ain R, we define the right annihilator of a by
r(@={xl R:ax=0},and likewisetheleft annihilator of a, | a).

2- Aring Riscalled reduced if R has no non zero nilpotent element.

3- Riscalled uniformif every non zero ideal of R is essential, see [5]

4- Rissaid to be strongly regular, if for every al Rthereexistsbl R
suchthat a=a’ b
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5- A ring R is said to be abelian , if every idempotent element of R is
central.[ 6]

2- PILP-Rings:
Following [1], anideal | of aring R is said to be a left (right) pure if
foreveryal |I,thereexistsb| | suchthat a= ba(a=ab).

Definition 2-3:

A ring R is said to be right PILP-ring if every principal right ideal is
aleft pure.
The following example illustrates the above definition .

Examples:

1- Let Zs be the ring of integers modulo 6 and 1=(2) = {0,2,4}, =(3)={0,3}.
Then both (2) and (3) are pure ideals in Zs . Therefore Zg isright PILP-
ring.

2- Let Z;, be the ring of integers modulo 12 and (2) = {0,2,4,6,8,10} is not
pureideal. Therefore Z;, isnot right PILP —ring.

We shall begin this section with the following lemma which plays
the central role in several of our proofs.

Lemma 2-2: Let R be an abelian ring, and right PILP-ring then R is a
reduced ring.

Proof: Letal Rsuchthat & =0. ThenaR isaleft pureideal and hence
there existsb | aR such that a= ba =arafor somerl R.If weset e=ar,
then a=ea=ae=2ar=0.

Therefore Risareduced ring. B

We being with the following result

Theorem 2-3: Let R be aright PILP —ring and abelian ring with | (a =0.
ThenR is adivisionring.

Proof : Let a be a non zero element of R such that | (@ =0.SinceR is
PILP —ring, then aR is a left pure ideal and hence there existsb |  aR such
that a= ba=axa, for somex | R. Whence (1-ax) | 1(a) =0, yielding ax
=1 Now, a=axagives (I-xa) | r(@ =0 (Lemma2-2),s0xa=1.
Therefore aisinvertible, whence R isadivisionring. m

Our final result gives the connection between right PILP-ring and strongly
regular.

Proposition 2-4: Let R be a right PILP —ring. Then the center of R is
strongly regular.
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Proof: Let0 1 al cent (R) (the centre of R). Since R is right PILP —ring.
Thenthereexistsb | aR suchthat a=ba=ara. Now, since the center of
R is a belian, then applying Lemma (2-2) we have R is areduced and this
implies that r(@) = I(a) , whence a= &’r. Therefore cent (R) is strongly
regular.m

3- The connection between PILP-rings and fuzzy bi-ideals.

Let R bearing. Then afunction | fromR to the unit interval [0,1]
iscalled afuzzy subset of R. Let | and n betwo fuzzy subset of R.
Theinclusion | I n isdefinedby | (x)£n (X) foral xof R,and | C s

defined by (I ¢ n) (X) =min{ 1 (x), n(x)}, for al x of R

The following definition of the product is due to Gupta and Kantroo
[2].
If I and n are two fuzzy subsets of R, the intrinsic product | *n isafuzzy
subset of R defined as follows. Let x| R. Define
(1*m ()= SUP min{l @), | @), ..., | @), (b, ..., (bw)}

X= é aibi

if wecanexpressx =aly +a b, +.. ..+ azbn for some a, b | Rand for
some positive integer m whereeachg by 1 0. Otherwise, define
(r=m)x)=0.

A fuzzy subset | of R iscalled afuzzy subring of R if

1-1 (ab) 3 min{1 (a),1 (b)}, and

2-1 (ab) 3 min{1 (a),1 (b)} for dlabl R.

A fuzzy subset | of Riscalled afuzzy left (right) ideal of R if
1- | (ab) 3 min{I (a),! (b)} and
2-1 (@) 3 1 (b)(resp. 1 (ab) 3 1 (a) foral a bl R.
If I isboth afuzzy left and a fuzzy right ideal of R, then it is called a fuzzy
ideal of R.

We denote by fa the characteristic function on a subset A of R. We
note that fr(x) = 1 for al x of R . We shall denote this by R instead of fg.

The following are due to Gupta and Kantroo [2]

Lemma 3-1: If | is a fuzzy subset of a ring R, then the following
conditions are equivalent .

-1 *1 1

2o min{1 (@), 1 (@) ..l @)1 0).1 ()
£ 1 (a1b1+ ab, + .. .. +a, bm)
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Lemma 3-2: A fuzzy subset | of aring R is afuzzy left (right)ideal of R
if and only if

1- | (&b) 2 min{i (a), I (b} and

22R*1 1 1 (resp.1 *R1I 1)m

A fuzzy subset | of R iscalled afuzzy bi-ideal of R if
1- 1 (ab) 3 min{I(a),1 (b)} fordl abl R

221 *1 1 1 ad

1 *R*1 | 1.

Lemma 3-3: For any non empty subset A of aring R. Then A is aright
(resp. left, two sided) ideal of R if and only if fa isafuzzy right (resp. left,
two sided) ideal of R.

Proof : see[ 3]. m
Now, we give other fuzzy characterizations of right PILP-ring.

Theorem 3-4: Let RbeaPILP-ring. Then| =1 * R* | for every fuzzy bi-
ideal 1 of R.

Proof: Let | be any fuzzy bi-ideal of R, and aany element of R. Then since
RisPILP-ring there existsan element b | aR such that

a=ba=acafor somecinR. Then we have

(I *R*1)@=SUP min{l (x), (R* 1) )}

X=a XY

finite

=3 min{l @,(R* 1) (ca)}

=min{1 (@), SUP [Min{R(p), I (@)}1}
=g

3 min{I (a), min{R(C), | (a)}

=mir{ | (@), min{1, | (@)}

3 min{1 (@, 1 @} =1 (

andso |l | | *R* |.Since | isafuzzy bi-ideal of R, the converse
inclusion holds.m

Theorem 3-5: Let Rbearight PILP-ring. Then1 ¢ n=n* | *n
For every fuzzy ideal 1 of R and every fuzzy bi-ideal n of R.



PILP-rings and fuzzy ideals

Proof: Let | and n be any fuzzy ideal and any fuzzy bi-idea of R,
respectively. Thenn* 1 * n 1 n*R*n | nand

n*l *n | R 1*R1 | .Thuswehave n* | * n| | C nand S0
(m*r*>m)y@1 (1 cm)(a

Now, to see that the converse inclusion holds, Let a be any element of R.
Then, since Risright PILP-ring, so a=ba=acaand a=acaca. Since | isa
fuzzy ideal of R, 1 (cac) 3 | (ca)= |1 (ca) 2 I (a)

Then we have

(m > m) (@ =SUP min{nm(x), (I *m) ()}

o}
a=a %Y

finite

3 min{nm@, (I * n) (caca)}

=min{ n(@, SUP [min{1 (p)m(@)}}

caca=g R

3 min{n(@), mn{l (cac), n(a)}}
3 min{n(@@, mn{l (), m(@}}
=(I ¢ m(@
andsowehave n* | * n E | C n
Thusweobtainthat n* | * n=1 ¢ nm

A ring R is called fuzzy duo if every fuzzy one sided ideal of R is a fuzzy
two sideds .

Recall that R is called aright semi-duo if very principal right ideal of
R is a two-sided ideal generated by the same element . A left semi-duo is
similarly defined. A ring R is called semi-duo if R isaright and left semi-
duo.

The following theorem gives the relation between semi duo ring and
fuzzy duo ring.

Theorem 3-6:For aright PILP-ring, the following conditions are equivalent.
1-R is semi-duo.
2-R isfuzzy duo.

Proof: First assume that (1) holds. Let | be any fuzzy right ideal of R, and
a and b any elements of R.Then, since the set aR is aright idea of Rit isa
two-sided ideal of R by the assumption. And since R isright

PILP-ring a=cal aRa

So bal b(aRa) = R(aRa) = (Ra)*= (aR)* | aR.

This implies that there exists an element x in R, such that ba = ax . Then,
since | isafuzzy right ideal of R, wehave | (ba) =1 (ax) 3 1 (a)
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This means that | is afuzzy left ideal of R. It can be seen in a similar way
that any fuzzy left ideal of R isafuzzy two-sided ideal of R.

Conversely, assume that (2) holds. Let Ra be any left ideal of R.

Then it follows from Lemma (3-3) that the characteristic function fr, is @
fuzzy left ideal of R. Then it is a fuzzy two-sided ideal of R by the
assumption. Then it follows from Lemma (3-3) that Ra is a two-sided idedl
of R. Similarly, we can see that any right ideal of R is two sided. Therefore
R is semi-duo.m

The following lemmas are duo to Kuroki [3].

Lemma 3-7: For afuzzy bi-ideal | of aring R,
I (axb) = min{ (), 1 (b)}
holds for all a, band x of R.H

Lemma 3-8: Any fuzzy ideal of aring R isafuzzy bi-ideal of R.®
Before closing this section, we give the following result.

Theorem 3-9: Any fuzzy bi-ideal of aright PILP semi duo ring R is a fuzzy
two — sided ideal of R.

Proof: Let | be any fuzzy bi-ideal of R and a,b any element of R. Then aR
isaright ideal of R. Since R is semi-duo then it is aleft ideal of R . On the
other hand, since R is PILP-ring, we have

a=ca=aRa

bal b(aRa) I R(aR)al aRa

This implies that there exists an element x I R such that ba = axa . Then
since | isafuzzy bi-ideal of R by Lemma[3-7] we have

| ®a)=1 (axa) 3 min{l @, 1 @ =1 (3

and so | isafuzzy right ideal of R. It can be seen by a similar way that |
isafuzzy right ideal of R. Thereforel isafuzzy two-sided ideal of R.
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