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ABSTRACT
The Hosoya polynomials of Steiner n-distance of the sequential join
of graphs J, and J, are obtained and the Hosoya polynomials of Steiner 3-
distance of the sequential join of m graphs J  are aso obtained.

Keywords: Steiner n-distance, Hosoya polynomial, Sequential Join.

1. Introduction

We follow the terminology of [2,3]. For a connected graph
G=(V,E) of order p, the Steiner distance[5,6,7] of a non-empty subset
Si V(G), denoted by ds(S), or simply d(S), is defined to be the size of the

smallest connected subgraph T(S) of G that contains S; T(S) is atree called
a Steiner tree of S. If |S|=2, then d(S) is the distance between the two
vertices of S. For 2£n£ p and |S|=n, the Steiner distance of S is called

Steiner n-distance of Sin G. The Steiner n-diameter of G, denoted by
diam. G or simply d (G), is defined by:
diam; G =max{d, (S):Si V(G),|S|=n}.
Remark 1.1. Itisclear that
(1) If n>m, then diam, G2 diam, G.
(2) If s s, then dg(SY£ds(S).

The Steiner n-distance of a vertex vi v(G), denoted by W, (v,G), is
the sum of the Steiner n-distances of all n-subsets containing v. The sum of
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Steiner n-distances of all n-subsets of Vv (G) is denoted by d, (G) or W, (G).
It is clear that
W, (G)=nt § W, (v.G). ..(1.2)
VvV (G)
The graph invariant w,, (G) is called Wiener index of the Steiner n-distance
of the graph G.

Definition 1.2[1] Let C,(G,k) be the number of n-subsets of distinct

vertices of G with Steiner n-distance k. The graph polynomial defined by
<
HAGX) = § Ch(G k)X, (12
k=n-1

where d:, is the Steiner n-diameter of G; is called the Hosoya polynomial
of Steiner n-distance of G.

It isclear that
:
W, (G)= g kCh(G.K) (L3
k=n-1

For 1£n£ p, let C.(u,G,k) be the number of n-subsets S of distinct
vertices of G containing u with Steiner n-distance k. It is clear that

C, (u,G,0) =1.
Define

g
H,(u,G;x)= g Cn(u,G,k)x* . ..(1.4)
k=n-1

Obviously, for 2£n£ p

HA(GX) =2 § Ha(uGX). .(L5)
ul Vv (G)

Ali and Saeed [1] were first who studied this distance-based graph
polynomial for Steiner n-distances, and established Hosoya polynomials of
Steiner n-distance for some special graphs and graphs having some kind of

regularity, and for Gutman’s compound graphs G; - G, and G, : G, in
terms of Hosoya polynomials of G; and Go.
Definition 1.3[2] Let G, G,, -, G, m3 2, be vertex disjoint graphs. The
sequentia joinof G, G,, ..., G, isagraph denoted by

Jn=G, +G,+...+G»
and defined by
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Vi) =0v(e):

EW) :J{CJ E(G )yU{uv|uT V,and vi V,,,, fori=1,2,..,m- ]}
b

i=1

inwhich v, =V (G,), as depicted in the following figure.

Gl Gz Gm-l G'm
Fig. 1.1 J_
It isclear that
m m-1
PUJn)=a k' dd,)=d,+a (4 + PPy
i=1 i=1

inwhich
P, = p(G) and g =d(G)-

One can easily see that for 3 3,5 G, is not commutative, that is
i=1

form=3 G, +G,+G,! G, +G, +G,.

In [8], Saeed obtained the (ordinary) Hosoya polynomials of J,,

and in [7], Herish obtained the Steiner n-diameter of the sequential join of
m empty graphs and of m complete graphs. Also, the Hosoya polynomials
of Steiner distance of the sequential join of m empty graphs and of m
complete graphs were obtained. For m3 3 and n3 2, the Steiner n-diameter
of the sequential join of m complete graphs is given by[7]

o, m+n- 3, if 2EnE p,+p, )
diam J., =i _
fm+n-3-a, if pp+p,+1EnEp,
where a isthe smallest integer such that g ...(1.6)

a
p+pP,tlENE p + pm+é r .
i=1 y,

It is obvious that Eq. 1.6 holds for the sequential join of m graphs J ..
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In this paper, a generalization of the results obtained in [7] is given.
We obtained the Hosoya polynomials of Steiner n-distance of J, and J,;

and the Hosoya polynomials of Steiner 3-distance of J_, m3 4. We also
obtained H | (J;;x), for n3 2 and H(J,;x), for m3 4, where each of G,
for i=12,..,m isaspecial graph.
2. Hosoya Polynomials of Steiner n-Distance of Jgand Jy

In this section, we consider J_, for m=3 and m=4. Let S be any n-
subset of verticesof J_. Let B(G,), for i =1,2,...,m, be the number of all n-
subsets S such that (s) is connected in G;. The following proposition

determines the Hosoya polynomials of Steiner n-distance of J ;.

Proposition 2.1. For 3£ n£ p(= p, + p, + ps)>
H, (J5x)=Cx" 1 +C,x",

where
?.32 ?Ol;pzz ?OZZ+B(G)+B(G)+B(G)
?:120 gplnp30 8B(G,) + B(G,) + B(G,)pr
and

B(G,),B(G,)and B(G,) are as defined above.

Proof. It is clear that
i n, if 3EnEp +p,
An 1, if otherwise

dlam J;

Therefore,

H, (J3;X)=Cx" 1 +C,x"
in which C; is the number of all n-subsets of V(J3) with Steiner distance
equals n-1, and C; is the number of all n-subsets of V(Js) with Steiner

distance equals n.
Therefore,
S1ap o ”1ae|0_Loaep3 o)
C.,=ai = B(G,
malgn; ”ké S gn- i
@20 aol p30

: .\
ghite gB(G)+B(G)+B(G g
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Now, since
c1+c2-§pg
Ng
therefore
+
C,= aep? C, =20 E TR0 &0, )4 B(G,)+B(G,)
Sngg n gnz

This completes the proof. m

The following corollary computes the n-Wiener index of J .

Corollary 22. For 3£n£ p(= p,+ p, + ps)

W (3)=n20. ¢,
&np

where C, isgivenin Proposition 2.1. B

Next, we shall find the Hosoya polynomials of Steiner n-distance of J,.

Proposition 2.3. For 3£n£ p(=p, + p, + ps + P,)>
H. (3, X)=Cx"t+C,x" + Cox™t,

C:néznllaﬂ:)loa:)zoae P O @20@3068 Ps Ou
! i=1 1% E;%J&gn-l-lzg é]&gn'hlm
n-3 n°2|nl| 1@10@20@30& p4 o
+aB(Gi)
1 klg ﬂglﬂgkﬂgn'|'l' Kg i=1
5391+p0 6392‘*'p30 &t P06 apo 53920 53930 a0, 0
n

57 n 5% 0 5 Snp &ng Sng Snp

23 4 ¢! laep, Gaep, Oaep; 028 Py

i=1 =1 18 B.glégkégn-l-l-kg i=1

&t P,0 &, t PO eyt PO &t P 0

& n zg n zg n g& n g
0 aep4

a0
+2 ;+2
&ng Sng gnz gnz

B(G)
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and
c _ap I049_ aeplg_ 88!049,
: g n g gnz gnz
Proof. It is clear that n- 1£diam J,£n+1, therefore the Hosoya
polynomials of Steiner n-distance of J, has the following form
H, (3, X)=Cx" !t +C,x" +C,x"*
Tofind C,, C, and C,, let S be any n-subset of vertices of J,, then
we have the following possibilities for the subset S.
(1) d(S)=n- 1if and only if S has any of the following subcases:
(1) Sisasubset of v, for j =1,2,3,4 and (s) isaconnected subgraph of
G, . The number of these n-subsets is given by
B(G,) + B(G,) + B(G;) + B(G,) -
(2 si v uv,,,and(SIV,1j USIV,_, tj) k=123.
The number of these subsets S is given by
5 1aeploaep2 % toep, B2e Py 6 2 ‘o 0ee p, 6
.18 &gn'lz ,18 ﬂgn'|ﬂ ,18 Bgn 'z
6691‘*"320 aepz'*'pso a;+ P, 0 a0 66920 a0 ap,o

gnggnggnggn gn gnzgng

Q) (si UVi USIV, 1] ) or (sj UVi USIV,1j ). The number of
i=1 =2
these n-subsets is given by

52"y Cop Oap, 02 P, O e, 0,022 p,  OU

|al Ja.lg E;%JB%n-l-ng B%JB%n-'-Jet’u

(4) s1V,tj,i=1234. Thenumber of these n-subsets is given by
na3n2|nlljaoloaozoa330% p4

i=1 21 k=1 g zgl El%ktn%n'“ J'kﬂ

From (1), (2), (3) and (4), we get C, as given in the statement of the
proposition.

(1) d(S)=n+1 if and only if siwvuv, and (si1v,2j and
S1V, 1| ). Thenumber of these S’sis given by

“aaoloaem O_ap+ P60 o ab,o

,18 &gn'lzg n gnz gnz

S0, C, isasgiven.

90



Hosoya Polynomials of Steiner Distance of the Sequential Join of Graphs

Now, since ¢, +c, +C, = ?09
Ng

therefore
c,=% c.-c,
Ng
This completes the proof.
Remark. The triple summation in C, istaken to be zero when n=3.

The following corollary computes w™(J,) -

Corollary 2.4. For 3£nf p(=p,+ p,+ Ps+ Ps)
W, (3,)=ners- €, +Cy
Ng
where C, and C, aregiven in Proposition 2.3.m

Remark. For m3 5, the calculation of the coefficients of H (J_;x) is

complicated.
The numbers B(G,), B(G,) and B(G,) are given in Proposition 2.1

can be counted for some specific graphs G, G, and G, as in the following
examples.

Example 2.5. Let N, N, and Npgbeempty graphs of orders p,, p, and
p, respectively, then

B(N,)=B(N,)=B(N,)=0.
Example 2.6. Let Ko Ko, and Kpgbe complete graphs of orders p,, p,
and p, respectively, then

B(Kpi)=§2 g for i=1,23.
Example2.7. Let p_, p, and p, be path graphsof orders a,, a, and a,
respectively, then S 3

B(P,)=a,- n+1, for i=1,23.
Example 2.8. Let C.,’ C., and Cagbecycle graphs of orders a,, a, and
a, respectively, then

B(C,)=a, for i=1,23.
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Example 2.9. Let w, , w, and w, bewheel graphs of orders a,, a, and
a, respectively, then

- 1¢
BW, )= g O+a-1,f0r|—123

Example 2.10. Let Kai,bi , for =123, be complete bipartite graphs of
partite setsof size a, b, , then
)= 3@+b° 0 @Ofor i=123.
“ain 8 P gn a gn @

3. Hosoya Polynomials of Steiner 3-Distance of J,,, (m3 5)

In this section, we consider J =G, +G,+..+G_, for m3 5. The
following theorem determines Hosoya polynomials of Steiner 3-distance of
J..

Theorem 3.1. For m3 5,

HiGmX)=(A+BX)X*+3 & & ppy(p +py- 2x ™

j=i+li=1
Py SR
+a a ppcapx""
j=i+2 =1 er=1 a
where
3 e, aslegvo o a6
A:aeagezg— 29|U’B:ag3— A
=184V, %] 0] i=1 a

inwhich g;, for i =1,2,...,m isthe number of non-identical triangles K, as
asubgraphin G .

Proof. Let S be any 3-subset of vertices of J_, then we have three main
cases for the subset S.
(1) If si v, fori=12.m,then
(a) d(S)=2, when (s) is a connected subgraph in G, and by Lemma
3.4.4. 0of [7], the number of such 3-subsets Sis given by
aglegvo _ U
A= a. ea. 8 ezg =" zgl
=184V, (%)
(b) d(S)=3, when (s) is a dlsconnected subgraph in G, and the

number of such 3-subsets Sis given by
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B= - A-
ag3z

Case(l) produces the polynomial
F (X) = (A+ Bx)x>.
(1) Either two vertices of S are in v, and one vertex of Sin Vv, i<j,or
onevertex of Sinv,, and two verticesof Sinv,, for 1£i < j£m. For

each such cases of S,
d(S)=j-i+1,
and the number of ways of choosi ng such Sisgiven by

mml

_p —p U!
j= |+1|—1$2 : I

and, this produces the polynomlal
m m-1

F2(0=> & &P P (R -D+pp(p;- DX
j=i+ti=l

1mm-1

o iy
ZEa a pip(p +p; - 2x! !
j=i+ izl

(111) One vertex of Sin v, , one vertex in vV, j3i+2, and the third vertex
inv_,i<r<j. Forsuchcase
d(S)=j- i,
and the number of all possibilities of such Sis

mm2 jél ('-_')

aanrrsa Pl

j=i+2 i=1 & Sitl @
and this produces the polynomial

mm2

3(X)_ a a p| pJ(}a pr :XJ I .

j=i+2 i=1 & Sivl @

Now adding the polynomials F,(x),F,(x) and F5(x)obtained in (1),
(1) and (111), we get the required result. |

The numbers A and B are given in Theorem 3.1 can be counted
when G, for i =1,2,...,m, hasa special form, asin the following examples.

Example 3.2. L&t N, for i =1,2,..,m be empty graphs of orders p., then

A=oand g-§ F0.
i=1 3@
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Example 3.3. Let K, for i=12,..,m be complete graphs of orders p ,
then
Azgwigmd B=0.
i=1 3@
Example3.4. Let p_, fori=1,2,..,m be path graphs of orders a,, then
A=8 g - 2Fp-2m @ =3 'L prom.
i=1 i=1 3@

Example 3.5. L&t C,, for i =1,2,...,m be cycle graphs of orders @, , then

3 g a6
A=ga=padp= dgy: P
i=1 (%]
Example 3.6 LetW for i =1,2,..,m bewheel graphs of orders a, , then
g]éo aglegv a3 ( ECh u
A=3a éa % 2- Zg,u ae(a -1) 0 - 2(a l)g
|:1§/Tv,8 2 g i=18 g 2g g u
_g“aaib’
i:lgzﬂ
and
g a0 gado_,¢
B= agg ag += %aal(ai'l)(ai's)'
g i=1 ﬂ i=1

Example 3.7. Let k_, , for i=12,..,m, be complete bipartite graphs of
partite setsof size a, b, , thenitisknownthat k_  containsno odd cycles,
andso g =0, for i=12,..m

Hence,
Pe abo L au | §
A & . I++bi I;':; a a +b -2
A g, iy m2a 200 )
and
E”éaa-+b6
B=9 & | = tab(a, +b -2
Ia:.l% 3 ﬂ 2 ( )U
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