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Abstract

In this paper, we are studying imperfect bifurcation of the Camassa-Holm equation using the local
method of Lyapunov-Schmidt.We showed that the bifurcation equation corresponding to the Camassa-
Holm equation is given by the nonlinear system of two equations. The bifurcation diagram of the bifur-
cation equation showed that there are zero, two or four real solutions. We considered these solutions as
solutions of a dynamical system, then we draw the phase portrait corresponding to the system.
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1 Introduction

many of the nonlinear problems that appear in
mathematics and physics can be written in the form

of operator equation,

F(u,\e)=b, ueOCX,beY AeR" (1)
where F is a smooth Fredholm map with zero index,
€ is a small parameter indicate the perturbation of

the equation

Flu,A\)=b, ueOCX,beY AeR". (2

X, Y are Banach spaces and O is an open subset of
X. For these problems, the method of reduction to

finite-dimensional equation,

06, \e)=8, E€M, Be N (3)

where theta is a map from M to N , and M, N
are smooth finite-dimensional manifold we get them
from reduction .

Vainberg [3], Loginov [6] and Sapronov [2, [7] are
dealing with equation into equation by using
local method of Lyapunov-Schmidt with the condi-
tions that, equation has all the topological and
analytical properties of equation (multiplicity,
bifurcation diagram, etc). The Camassa-Holm e-

quation
Up — Utyy + Uy + 25Uy = 2UyUyy + Ulyyy

yeR, t>0

arises as a model for the unidirectional propaga-
tion of shallow water waves over an at bottom,

u(y, t) representing the waters free surface in non-

dimensional variables, and k € R being a parame-
ter related to the critical shallow water speed. E-
quation above was first obtained [5] as an abstract
bi-Hamiltonian equation with infinitely many con-
servation laws [8, [0]. An interesting property of
the Camassa-Holm equation is that for a wide class
of initial data the spatial derivative of the solution
becomes unbounded in finite time while the solu-
tion remains uniformly bounded and this proper-
ty is used to relate the Camassa-Holm equation to
wave breaking in the hydrodynamical interpreta-
tion [II]. Many powerful methods have been p-
resented for finding the traveling wave solutions,
such as the Backlund transformation [5], tanh-coth
method [I0], bilinear method [4], symbolic compu-
tation method [12], and Lie group analysis method
[[]. Furthermore, a great amount of works fo-
cused on various extensions and applications of the
methods in order to simplify the calculation proce-
dure. In this paper, we used the local method of
Lyapunov- Schmidt to study the imperfect bifurca-

tion of traveling wave solutions of Camassa-Holm

equation
U — Upyy + Buty + (2k + €1(y — ct))uy + €2ty =

t>0

(4)

2uyuyy + utyyy Y € R,

where €; and e are small parameters indicate the

perturbation parameters. For a traveling wave

u(y,t) = w(z) , =y — ct we have

3
—cw + cw” + §w2 + 2k + e1(y — ct))w' + eaw”

— w/w// _|_ w/wl/ + ww///

280



Journal of Basrah Researches ((Sciences)) Vol.(45). No.2 (2019)

after integration and taking constant integration to

be zero equation (5) takes the form

3 1
cw” 4+ (B+e1x)w+ew’ + 5102 — i(w’)2 —ww” =0
()
B8 =2k—c

Definition 1.1. [13]
Let E and F are Banach spaces, operater A : E — F

which is linear and continuous and such that
1. The kernel of A is finite-dimensional,
2. The Range of A is closed in F,

3. The Cokernel of A is finite-dimensional. s
called Fredholm operator. The Fredholm in-
dex for operator A is the number dim(KerA)-

dim(CokerA) .

Definition 1.2. The set of all A\ =\ for the e-
quation which s it has a degenerate solution

is called discriminate set ¥ |, T € O:
Codim(ImdF/0x(Z, A, €)) > 0.
(6)

2 Lyapunov-Schmidt reduc-

tion

To study the problem (b)) with boundary value
problem, we will make it in the format operator

equation, that is;
F(w,\ e1,€62) = cw” + (B + e1m)w + eqw'+

§ 2 (N2 1
5 2(w) ww (7)

Where F : E — M is nonlinear Fredholm nonlin-

ear map with zero index from Banach space E to

Banach space M ,E = C?%([0,1], R) is the space of
continuous functions which is have derivative from
order at most tow,M = C°([0,1], R) is the space
of continuous functions and w = w(x), x € [0,
1],A = (¢, B). In this case, the bifurcation solutions
for the equation @ is equivalent to the bifurcation

solutions of the operator equation

F(w,\ €1,e2) =0 (8)

It is well known that by finite dimensional re-
duction theorem the solutions of problem is
equivalent to the solutions of finite dimensional
system with dim(ker Fw(0,\)) = 2 variables and
dim(Coker Fw(0, \)) = 2 equations, so first step in
this work we shall find this system and then we an-
alyze the results to find the bifurcation solutions of
problem . Our purpose is to study the bifurca-
tion solutions of problem near the bifurcation

solutions of the problem

1 2

cw” + Bw + ng - i(w') —ww" =0 (9)
w(0) =w(l) =0

The first step in this reduction we are determines
the linearized equation which is corresponding to

the equation , which is given by the following

equation:
Ah=0, heE,
— 8f _ 1"
A= %(0,)\,0,0) =ch" + ph, z€]0,1], (10)
h(0)=h(1)=0

The solution of the linearized equation satisfied the

boundary conditions is given by

ep = ¢psin(prx), p=1,2,3...
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and the characteristic equation which is correspond-

ing to above solution is
B — cp*n? = 0.

This equation gives in the cf-plane characteristic
lines Ip. The characteristic lines [, consist the
points (¢, ) in which the linearized equation above
has non-zero solutions. The intersection of charac-
teristic lines in the cf-plane is a bifurcation point
[8]. So the point (c, 8) = (0,0) is a bifurcation point
for equation . Localized parameters c, 8 as fol-
lows, ¢ = 04401, 8 =040 ,where §,do are small
parameters which are lead to bifurcation along the
modes

(11)

e1(z) = ey sin(mx), es(x) = cosin(2mx)
where ||e1||g = ||e2||lm =1, and
c1=cy =V?2. Let N = ker(A) = span{ey, e},

then the space E can be written by decomposed in

direct sum of two subspaces, N and N+,
E=N&Nt, Nt=veE:vlN

Similarly, the space M can be written by decom-

posed in direct sum of two subspaces, N and N1,
M=N&N* Nt=veM:vLN

. then There exist two projections P : E — N and
I-P:E — L Nsuch that Pw =u, (I — P)w =v
and hence every vector w € E can be written in
the form w = u+v, u = Z?Zlyiei eEN ve€e

N+ | y; =< w,e; > . Also, there exist projections

Q: M — N and I - Q:M — N= such that
QF(wa)\7€la€2) :Fl(w7 )‘a61762)7

(I - Q)F(U}, )‘761762) = F2(1U,A761,62)7

and hence

F(w7)\7€1562) = Fl<wa)‘7€1762> + F2(w7)\a€1762)a

2
Fi(w, A €1, e2) = Z’Uz‘(ﬂh A €1, €2)e; €N

i=1

FQ(w7)‘aela€2) € N

'Ui('w,>\,€1,€2) =< F(w, )\,61,62),6i >

. and we can write in the form
QF(U}, )‘7 €1, 62) = 07

(I — Q)F(w,)\761,62) = 0

or

QF(U+U7>\,€1,€2) = 07
(I— Q)F(’LL+U7>\,€1,€2) = 0

By implicit function theorem, there exists a s-
mooth map ® : N — N=(depending on ), such
that,d(w, A, €1, €2) = v and

(I_ Q)F(U+¢(w,)\,61,62>,)\761762) =0

To find
F(wv)‘761a62) =

the solutions of the equation
0 in the neighbourhood of
the point w = 0 it is sufficient to find the solutions

of the equation

QF(U+¢(’LU, A,El,fQ),)\,El,EQ) =0 (12)
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Equation is called the bifurcation equation of tion we have the following result

equation @ and then we have bifurcation equation

in form

e(ya)‘7€1762) :07 Yy = (y17y2)7 A= (C’B)

where
a(ya )‘7 €1, 62) = Fl(u + (b(wa )‘7 €1, 62)7 >\a €1, 62)
. Equation can be written in the form,

Fu+v,\ €1,€6) = Alu+v) + B(u + v).

3 1
= Au+ eqzu + eau’ + §u2 — 5(1/)2 —uu” + ...

where
! 3 2
Blu+v)=ez(u+v)+e(utv) + i(u—i—v)

5 (@) = () )"

and hence

e(ya )‘761762) - F(U+U,)\,€1,62) -

2
3
Z < Au+ e1xu + eaut + §u2—
i=1
1

() —uu e > e+ ...

> =0

(13)

where (< .
space L%([0,1], R)). Equation implies that

>p is the scalar product in Hilbert

2

3 1
E < Au+e1xu+egu’+§u2— §(u')2—uu”,ei > e;
i=1

+... = 0e1 + Oey

after some calculations of equation for above equa-

(A1yf + Aoys + Asyr — Agyo)er

+(Biy1y2 + Bayr + Bsyz2)e2 = 0eq + Oep

where

(f.9) = / f(2) % g(a)da

Theorem 2.1. The bifurcation equation

g(ya )‘7 61762) = Fl(u + ¢(w> >\a €1, 62)’ )‘a €1, 62)

corresponding to the equation (@ have the following

form |

6y, %) = Ary? + A2y3 + Asyr — Agye
Biy1y2 + Bay1 + Bays

+o(|y|?) + O(ly|>)O(5) = 0

where O is capital order , o is smaller order . And
y = (y1,%2) » A = (A3,A4,B2,By) € R |, § =
(01,02) .

The discriminate Y, set of the equation H(y,j\) is
locally equivalent in the neighborhood of the point

zero to the discriminate set of the following equation

7

. Y1 + U3 + Ay — Aade
91 (%7) = o N - =0
20192 + A3U1 + A2

this means, to study the discriminate set of equation

O(y, A) it is suitable to study the discriminate set of
equation 01 (y, 5\) . By changing variables,

. A
1’2:y1+723

M
$1:y1+*, 9

2

we have the above equation is equivalent to the fol-

lowing equation
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“ x? + a3 —
01 (x, \) = 1+ =

2x129 + ATy + Aot + Bo

where x = (x1,22) , A= (Xl,XQ,ﬂl,,BQ) € R%.

3  Analysis of bifurcation

We have that the point @ € E is a solution of the
equation if and only if

2
a= Zfz‘ei + 6(z, \),

where T is a solution of equation

also, the Discriminant set of equation ({§]) is conve-
nient to the Discriminant set of the equation .
This section holds of the determination of the Dis-
criminant set of equation and then the deter-
mination of solutions of equation as \ varied.
There are two ways to determine the Discriminant

set,

1. By finding a relation between the parameters

and variables which are in the equation ([14)).

2. By finding the parameters equation, which is,

the equation of the form,

h’(>\) = 07 5\ = (5‘175\27517ﬁ2) S R4

such that A = (5\1, X2, Bi, B2) in which equation
has degenerate solutions that satisfy the equation
h()\) = 0, where h : R2 — R is a map. To study the
Discriminant set of the equation @ it is appropri-

ate to fixed the values of \; , Xy and then find all

sections of Discriminant set in the £y 82 — plane. To

do this, we use the following parameterization

B =af + x5
52 = 2x1x2 + 5\11‘1 + 5\21'2

and then we describe the Discriminant set for equa-
tion in the £ 82 — plane for some values of A,
;\2 with the number of regular solutions in all region
in the following figures, (all figures were drawn by

Maple 2016).

Figure 1: Material functions, Newtonian vs Inelas-
tic, n-variation, k = 1

Figure 2: Describe the Discriminant set of equation

4

The above graphics are realized when 5\1, Ao are

in intervales
(5\1,5\1 +5) where A\ = —30...10

and (5\1,5\1 + 2)
(;\1,5\1 + 8)

drawing above the complement of Discriminant set

A\ = —20...18 and
A = —30..8 In the

where

where

Q) = R*/Y which a union of the sets Qg and €y and
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Q4, when, Q=0 U Qs U Q4 such that when A€ Qo
then the equation does not have regular solu-
tions, and if X\ € Q, then the equation 1' have
two regular solutions, and when A € Q then the

equation have four regular solutions .

Theorem 3.1. The bifurcation equation which is
corresponding to the equation @ is a nonlinear sys-

tem of two nonlinear equations given in the form
Ay} + Agys + Asyr — Aaya = 0

Biy1y2 + Boy1 + Baya =0

The solutions of equation (@ are in one-to-one cor-
respondence for the solutions of the above system .

It is noted that the solutions of the system

$%~+ :C% *~ﬂ1 =0 (1)
2z120 + My + Aoz + B2 =0
can be classified as equilibrium points of a dynam-
ical system
T = 35%:" a3 _~51 (16)
Ty = 2w172 + A\121 + A2 + [
so that the behavior of the system near the
regular solutions is similar to the behavior of the
dynamical system near the equilibrium points
(z1,x2).
By fixed the values of 8, and s in each set A;,i =
1,..,3and B;,i=1,....,3and C;,i = 1,...,3 we can
classify the equilibrium points of system .
The jacobian matrix of system is given by
WhereA; =3 and Ay =5 .
In the set A; we choose 81 = 100.5 and 8 = 50.1

For these values we have the following four real so-

lutions (equilibrium points) of system

P, = (9.473579334, —3.278916681) ,

P, = (—0.001457108568, —10.02496872) ,

P; = (—4.540682511, 8.937684396),

Py =(—9.931439715, 1.366201008) .

After testing the eigenvalues of the jacobian matrix
of system at each point we found that each of
the points P; is node unstable and p4 node stable
and po,p3 saddle unstable.

In the set As we choose 81 = 55.5 and By = 50.1
For these values we have the following two real so-
lutions (equilibrium points) of system

P, = (1.132829170, —7.363198902) ,

P, = (6.341913702, —3.908980761) .

After testing the eigenvalues of the jacobian matrix
of system at each point we found that the point
P; is saddle unstable and the point P is node un-
stable . Where 5\1 = —3 and 5\2 =5.
B; we choose 81 = 100.5 and By = 25.1 For these

In the set

values we have the following four real solutions (e-
quilibrium points) of system

P, = (10.02300550, 0.1983955249) ,

P, = (—1.078503213, —9.966786383) ,

Py = (—4.719295349, 8.844673619) ,

Py = (—9.225206936, 3.923717242).

After testing the eigenvalues of the jacobian matrix
of system at each point we found that each of
the points P; is node unstable and P, node stable
and P,, P3 saddle unstable. In the set By we choose
B1 = 25.5 and B2 = 25.1 For these values we have
the following tow real solutions (equilibrium points)
of system

P, = (5.004848767,—0.6719291764) ,

P, = (—0.1135148564, —5.049739710) .

After testing the eigenvalues of the jacobian matrix

of system at each point we found that point P;
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In the set C; we

= 5.

Where 5\1 = 0 and Ao

100.5,[’32 = (b) Zﬂl = 25.5,ﬁ2 =

(a) :f1
25.1

30.1 For these values

= 100.5 and By =

choose 31

25.1

we have the following four real solutions (equilibri-

5

Figure 4: The phase where 5\1 =-3, A

um points) of system (16])
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(—4.149125623,9.126048245) ,
P, = (—9.811362025, 2.058439994).

Py =

After testing the eigenvalues of the jacobian matrix

—

of system at each point we found that each of

the points P; is node unstable and p4 node stable

(b) 151 = 50.5,62 =

50.1

= 100.5, 82 =

(a) B
30.1

and po,p3 saddle unstable. In the set Cy we choose
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50.1 For these values we have
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Figure 5: The phase where \;

the following tow real solutions (equilibrium points)

of system (|16}

Theorem 3.2. The polar form of the dynamical

(1.065313185, —7.026030728) ,

(6.544378826, —2.769676114).

P =

system (18) is

P, =

After testing the eigenvalues of the jacobian ma-

(0)) 4 r(A1 cos(6) sin(0)

72 (cos(0) + 2 cos(0) sin?

trix of system at each point we found that the
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i cos (0) — rsin (9) 0
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(a) 151 = 100.5,62 = (b) Zﬂl = 55.5,ﬂ2 =

50.1

50.1

(18)

7sin (0) 4 rcos (9) 0

Ty =

5

3, A2

Figure 3: The phase where \;
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then from and (@ we have

7 = 21 cos(f) + 22 sin(6) (19)

and

0 = —1/r (a1 sin(#) — @, cos(6)

then by substitute and (@ in @ and (@)

respectively, then we have

(20)

7 = r%(cos(6) + 2 cos(#) sin?(0)) + 7"(5\1 cos(0) sin(0)

+ A2 sin?(0)) — By cos(#) + B2 sin(6),

0= 7[7"2(8111(9) + 2sin(6) cos?(0)) — r(A; cos?(6)

+Xo cos(0) sin(h)) — By sin(f) — B cos(6)]

this represents the polarity of the above system .

conclusion

In this paper, we are studied imperfect bifurcation
of the Camassa-Holm equation using local method
of Lyapunov-Schmidt. We showed that the bifurca-
tion equation corresponding to the Camassa-Holm
equation is given by the nonlinear system of t-
wo algebraic equations. According to the finite-
dimensional reduction theorem, there is a one-to-
one correspondence between the solutions of the
Camassa-Holm equation and the solutions of the
nonlinear system, so that the existence of the solu-
tions of the Camassa-Holm equation depends on the

existence of the solutions of the nonlinear system.
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