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ABSTRACT:

In 1969 S.K.Skaff introduced the generalized conjugate function.
In this work the concept of a generalized conjugate function for n
variable is defined and some of its important properties are examined.
Many of the standard results which hold for N-functions and conjugate
functions of a real variable will be generalized here.
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1. Introduction and Basic Concepts:
From the functional analysis as a function space, Orlicz spaces

appeared in the first of the 30th by W.R. Orlicz in Orlicz paper [1].
Many theorems and properties about conjugate function for GN*-function
is introduced in [2,3, 4, and 5].
We have considered the investigation of a new definition of regarding
generalized conjugate functions and discussed their properties.
Definition 1.1: [7 ]
Let M(¢,x,y)be a real valued non-negative function defined on
T'xE"xE" such that:
(i) M(t,x,y)=0if and only if x,y are the zero vectors x,yeE",
VteT
(i1) M (¢,x,y)1s a continuous convex function of x, y for each ¢ and

a measurable function of 7 for each x, y,

(iii) For each T , Jim M &%)
= [+{ly]

=00

=00, and

X

Y
(iv)There are constants d >0 and d, >0 such that
ir}filldfk(t,c,c’)>0 (1.1.1)

c'2d,

Where
k(t,c,c')= —%(t’ 6.c) ,
M(t,c,c")



M(z‘, c,c)y=supM(t,x,y),M(t,c,c')= ir‘lf M(t,x,y)
x|=c x=c,
y|=c' y]=c

and if d)0 and d, >0, then M(¢,d,d,)is an integrable function of t. We
call the function satisfying the properties (1)-(iv) a generalized N*-
function or a GN*-function.
Definition 1.2:[7]

Let M (t,xl,xz,...,xn)be a real valued non-negative function defined on

TxE"xE"x ... xE" such that

n — times

(1) M(t,xl,xz,...,xn) =01if and only if X,X ..., X are the

Zero vectors X 5X s X eE", Vtel

i) M (t,xl,xz,...,xn)is a continuous convex function of
XX s X for each ¢t and a measurable function of ¢ for each

XX 5o X

(ii1)) Foreach teT , lim

X

=00
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M(t,xl,xz,...,x )
X
2
X

‘ " =00, and
n

(iv)There are constants d, >0,d, >0,...,d, >0 such that
ir}f ir>1df k(t,cl,cz,...,c )>0 (1.2.1)
c1 Zdl
czzdz

=00

Where

M(t,c ,c ,...,c)
k(t,c ,c ,..,c )=——12 n_
2 " M(t,cl,c,...,c)

2 n

M(t,xl,c o C )=SUPp M (£, X ,X 400X ),
2 n x‘:c 1 2 n
1 1
x [=¢2
X, |=Cp
M(t,c ,c ,..,c )=1inf M(t,x ,x_,...,x )
- 17 2 n xp|=¢ 172 n
x |=e

and if d, >0,d, >0,..., d, >0, then M(1,d ,d ,...,d )is an integrable

function of z. We call the function satisfying the properties (1)-(iv) a
generalized N'-function or a GN'-function.

Definition 1.3:



Let M(t,x,y) be a GN*-function. Then we call M"(t,x,y) the
conjugate function of M (¢, x, y)if foreach¢in T

M (t,x,y)= sup {sup{zx,wy}—M(t,z,w)}. (1.3.1)
z in E"
w in E"

The notation zx represents the scalar product of the vectors z and x,and
also wy represents the scalar product of vectors w and y.
Let us observe that if zx<0 and wy <0 in (1.3.1) then

sup {sup{zx,wy}—-M(t,z,w)}<0.
v
This means we could, equivalently, restrict the definition to those z,w
for which zx>0 and wy >0.Moreover, the equation (1.3.1) yields

immediately for each ¢ in 7 that

sup {Zx,wy}SM(t,z,w)+M*(t,x,y) (13.2)

zeE"
weE"

for all x,y,z and w in E". Inequality (1.3.2) could have been used as a
definition of the conjugate function.

Fenchel [4] states that to every z,w in £E”"such that
M'(t,z,w;r)<oo for all z,w for which it is defined, there is at least one
point (x,y) in E" x E"such that the equality holds in (1.3.2). However, by
[6, Th.5.2] when applied to GN*-functions, we know for z,w in E” that
M'(t,z,w,r) <o for all r. Therefore, the supremum in (1.3.2) is attained

for at least one point.

Definition 1.4:
Let M(t,xl,xz,...,x ) be a GN'-function. Then we call

M*(t,xl,xz,...,x ) the conjugate function of M(¢,x ,x ,...,x )if

foreachtin T
M*(t,xl,xz,...,x )= sup {sup{zx,zx ,.zx}

. n
z in E"
1
z in E"
2 n
z in E

—M(t,zl,zz,...,z )} (1.4.1)
The notation z x represents the scalar product of the vectors z and x

for all =1 to n.



Let us observe that if zx <0 for all =1 to » in (1.4.1) then

sup {sup{zlxl,zzxz,...z X }—M(t,zl,zz,...,z )} <0.

z in E"
1

z in E"
2 .

z in E
n

This means we could, equivalently, restrict the definition to those z for
all i=1 to n for which z x >0 for all =1 to n. Moreover , the equation

(1.4.1) yields immediately for each ¢ in T that
sup{zlxl,zzxz,...,z X }SM(t,zl,zz,...,z )

+M*(t,xl,x2,...,x ) (1.4.2)
for all XX s X L2 L2 s Z in E". Inequality (1.4.2) could have been

used as a definition of the conjugate function.
Fenchel [9] states that to every Z 32 s Z in E"such

that M'(t,zl,zz,...,z ;1) <oo for all Z3Z 5eisZ for which it is

defined, there is at least one point (xl,xz,...,x )in E"XE" x..xE"

such that the equality holds in (1.4.2). However, by [6, Th.5.2]
when applied to GN'-functions, we know for Z5Z 52 in E” that

M'(t, Z3Z serZ ;7) <oofor all r. Therefore, the supremum in(1.4.1)

is attained for at least one point.
Theorem 1.5:
Let M(t,x,y) be a GN*-function for which

for each ¢ in T. Then M (¢,x,y) satisfies the properties (i)-(iii) of
definition 1.1. Moreover, if M (¢,x,y)=M (¢t,-x,—y) , then

M (t,x,y) = M (t,~x,~y)
Proof:
Condition (i) for M (¢, x, y) follows directly from the same condition for
M (t,x, y)and the equation in the hypothesis. Convexity follows from the
inequality
M (t,ax + bz, ay + bw) =sup {sup{axz',ayw'y —aM (t,z',w'") +

’ ’
z',w

+supl{abzz',bww'} —bM (t,z',w")}
<aM’™(t,z',w)+bM"(t,z',w")



where a +b=1,a>0,b>0.Measurability in ¢ also follows from the same
property for M (¢,x,y). Finally , if we substitute

z= fox W= y,k>1,k1>1in(1.3.2)wearriveat
[x]"" ]yl
M (1%, p) kK || ly)
2 ALY sup{sup{ —,—1} J o (1.5.0)
X[y ] |x] x|y

However, M (t )1s bounded on every compact set in E”

k
[x|"]y]
(see[6,Th.2.5]). Letting | x| and | y| tend to infinity in (1.5.1) results in
property (iii).
Suppose M (¢,x,y) is an even function of x and y. Then

M* (ta X, y) = Sup {Sup {—Zx,—Wy} - M(t,—Z,—W)} =

z,weE"
Sup {Sup {Z(_X), W(_y)} - M(ta z, W) = M* (l‘, (—X), (_y))
z,weE"
Finally, we give conditions when M (¢,x, y) is the conjugate function of
M7™(t,x,y) .

Theorem 1.6:

Suppose M (t,x, y)is a GN*-function for which M (¢, x, y;z)is a linear
in z. Then M (t,x,y) is the conjegate function of M " (¢,x, ).
Proof:

Since M (t,x,y) is convex in x and y and M '(¢,x, y;z) is linear
in z, we achieve for any x,x,,y,y, in E" .

M(t,x,y) = M(t,x0,5,) 2 M'(t, Xy, yo; X — X;)
>M'(t,x0,v05%)—M'(t, Xy, 95%,)
from which it follows that
M'(t,x0,05%0) =M (t,%),0) 2
sup {sup{xz,wy}—M(t,x,y)} (1.6.1)

w,zeE"
Where r'=M'(t,x,,y,;e;) for each i=1,..., n and {e, }basis vectors for

. On the other hand, it is clear that
M'(t,x4,05%0) =M (t,%,,,) <

sup {sup{xz, yw} —M(t,x, )} (1.6.2)
z,weE"
since M'(t,x,,y,;%,)= sup {zx,,wy,}. From combining (1.6.1) and
z,wekE

(1.6.2) we obtain the equation



Sup {ZXO:WyO}_M(t3x09y0):M*(tJZ>W) (163)

z,weE"
Howover, by (1.3.2) we know that
sup{x, z, yowy=M(t,x,,,) + M*(t,z, w) (1.6.4)

forall x,,y,,z,w in E" .Rewriting (1.6.4) yields
M(tax09y0) 2 Sup {Sup{xoza yOW} _M*(t,Z, W)} (165)
z,weE"
Since (1.6.3) holds for some z,w it follows that

M(t,x,,y,)=supi{x,z, y,w} ~ M (t,z,w) <

sup {sup{x,z, y,w} —M"(t,z,w)} (1.6.6)

z,weE"
Therefore, combining (1.6.5) and (1.6.6) produces the desired result that
is
M(t,x,,y,)= sup {sup{x,z, y,wi—M"(t,z,w)}.m

z,weE"
2.Conjugate GN*-function:
Theorem 2.1:
Let M (t, X X ey X ) be a GN'-function for which

n
M(t,xl,xz,...,x )
n =

o
n

lim 0

2 Tl

=0

X

X
2

=0

for each ¢tin T. Then M (¢, X ,x2,...,xn) satisfies the properties (1)-(ii1) of
definition 1.1. Moreover, if M (t,xl,xz,...,xn) =M (t,—x1 ,—xz,...,—xn) ,
then
M*(t,x1 X ,...,xn) =M*(t,—x] ,—xz,...,—xn)
Proof:
Condition (i) for M (¢, X5X s X ) follows directly from the
same condition for M (¢, X5X e xn)and the equation in the

hypothesis. Convexity follows from the inequality
M’ (t, ax + byl,ax2 + byz,....,ax +by )= sup{sup{axlzl,axzzz,...,ax z}

—aM(z‘,zl,zz,...,Z )+sup{bylzl,by222,...,by z }—bM(t,Zl,zz,...,Z )}

<aM “(t,z ,z ey z )EDM T(t,z ,Z o,z )
1 2 n 1 2 n

where a+b=1,a>0,b>0.Measurability in ¢ also follows from the same
property for M (¢, X5X s X ). Finally , if we substitute



z="Lt1lz="22 7z ="""k>k,>1,..,k, >1into (1.4.2) we
e 5 T 5 T x|
arrive at
M < (t,x,,X,,y xn) > sup{sup| k, k, k, |
ey e | | ey [ |7 [ |
_ M kox, k,x, X, )
| ] Ix |
(2.1.1)
k,x, kx2 k,x,

However, M (t,

) is bounded on every compact

9eecy

setin E” (see[6,Th.2.5]). Letting | x |, |x ,...,|x,| tend to infinity in
(2.1.1) results in property (iii).
Suppose M(t,x s X s X ) is an even function ofxl,xz,...,x . Then

M*(z‘,x s X e )— sup {sup{—z X,=Z X "I X }—M(t,—zl,—zz,...,—z )} =

z,weE"

sup {sup{z( X ) z ( X ) zn(—xn)}—M(t,zl,zz,...,zn)
ZWEE”

:M (ta(_xl)a(_xz)a"'s(_xn))
Finally, we give conditions when M (t,xl,xz,...,x) 1s the
conjugate function of . M (t,xl,xz,...,x )

Theorem 2.2:
Suppose M (t,xl,xz,...,x )is a GN*-function for which

M’(t,xl,xz,...,x ;z)is a linear in z. Then M(t,xl,xz,...,x ) is the
conjegate function of M “(t, XX s X ).

Proof:

Since M(t,xl,xz,...,x ) 1s convex in xl,xz,...andx and

n n
M'(t,x ,x_,...,x ;z) is linear in z, we achieve for any u8
1 2 n

X, X gt X X X ,..,x In E".

2727 017 027 T on

M, x ,x ,...x )-Mt,x ,x ,..x )Y=M'(t,x ,x ,...x X —X

(’ 127720 n) (’ 01> o2’ On) (’ 01> 7027 Ton’ 1 01)
>M'(¢t,x ,x ,...x x)-M'(t,x ,x ,..x X
(’ 01> 702" Von? 1) (’ 01> 702" Von? 01)

from which it follows that
M'(tx S X e X 5K )—M(t,xm,xoz,...,xO ) >

sup {sup{xy XY, X Y }—M(t,xl,xz,...,x )} (2.2.1)

V.Y .y €E"



where ' =M'(t,x ,x ,..,x ;e;) for each i=1,.., n and {e, }basis
017" 02 on’ ! !

vectors for £” . On the other hand, it is clear that
M'(t,x ,x ,..,x ;x )-M(@,x ,x ,..,x )<
01 02 On 01 01 02 On
sup {sup{xlyl,xzyz,...,xnyn}—M(t,xl,xz,...,xn)} (2.2.2)

V.Y .y €E”
1 2 n

since M'(¢t,x ,x ,..,x :x )= su X X vy X . From
(’ 01> 02" Vo’ 01) b ,1{ 01y1’ ozyz’ > Onyn}
yl,yz,..,yﬂeE

combining (2.2.1) and (2.2.2) we obtain the equation
sub ,,{x()lyl’xozyz""’xonyn}_M(t’xm’xoz’""xon)

R (2.2.3)

=M (t,y.y )

Howover, by (1.4.2) we know that
sup{x ¥y .X Y .,X =

p{ Olyl 02y2 Onyni (224)

M(t,xm,xoz,...,xon)+M (t,yl,yz,...,yn)

for all X 5 X s X VY sV in E" .Rewriting (2.2.4)yields

M(t,xm,xoz,...,xon)z sup {sup{xmyl,x02y27...,x0ny”}
z,weE" (225)
-M (tayl’yzv"'ayn)}-

Since (3.4.9) holds for some VoY ey it follows that
M(l‘,x01 ,xoz,...,xon) = sup{xmyl,x y ,...,xonyn} -M (t,y] ,yz,...,yn) <

027 2

sup {sup {xmyl,xozyz,...,xonyn} —M*(t,yl,yz,...,yn)} (2.2.6)

z,weE"

Therefore, combining (2.2.3) and (2.2.4) produces the desired
M(t,xOl ,xoz,...,xon) = sup {sup{xmyl,xozyz,...,xonyn} —M*(t,y1 ,yz,...,yn)}.

z,weE"
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