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ABSTRACT

In this paper, we introduce a new ring which is a generalization of
Von Neumann regular rings and we call it a centrally regular ring. Several
properties of this ring are proved and we have extended many properties of
regular rings to centrally regular rings. Also we have determined some
conditions under which regular and centrally regular rings are equivalent.
Keywords. regular rings, centraly regular rings, indecomposable,
multiplicative system, Jacobson radical.

Introduction:

Let R be a ring. A nonempty subset s of R is caled a

multiplicative system in R if 0f S and a,bT S impliesthat abl S (Larsen
and McCarthy, 1971) and a multiplicative system s is called a central
multiplicative system if [S,R] ={0}, where [S,R] ={[s,r] :sl S,rT R} and
[sr] =s-rs(Jabbar and Majeed, 2008). If s is a central multiplicative
systemin R, then one can easily show that Rg ={am:al R,ml S} isaring
under the following operations of addition and multiplication:
@): a,+b, =(na+mb),,, and (ii): a,b,=(ab),,, for al a,,b,T Ry (Jabbar,
2007) and this ring is known as the ring of quotients of R with respect to
the central multiplicative system s or the localization of R at the central
multiplicative system s, where a,, is the equivalence of (a,m) in R"S
under the equivalence relation (~) defined as follows: If (a,m),(b,t)I RS
then (a,m)~(b,t) if and only if there exists si S such that s(ta- mb)=0
(Jabbar, 2007).
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A ring R iscalled aregular ring (Von Neumann), if for every ai R,
there exists bl R suchthat a=aba (Goodearl, 1979) and anideal |1 of R is
called aregular ideal if, for every al |, there exists bi | such that a=aba
(Goodreal, 1979). The Jacobson radical of R, denoted by J(R), is the

intersection of all maximal ideals of R, that is, J(R)= | M,M isamaximal

M
ideal of R (Larsen and McCarthy, 1971). A ring R with identity 1 is called
indecomposable ring if B(R)={01} (Al-Hazmi, 2005), or equivalently, R is
called indecomposable if the only non zero central idempotent element of R
isthe identity 1 (Burgess and Raphael, 2008).

Remarks: (Jabbar, 2007)

If R isaring. and S isacentral multiplicative systemin R then:
1: For all s s, wehave 0¢ isthezero of Ry and 0,,=0,, for al m,nT S.
Also, for al si s, we have S isthe identity element of Ry and it is easy to
see that m, =n, foral m,n s.
2. If a, bl R, where abl R and miti s , then a,=b if and only if
(a,m)~(b,t) if and only if there exists si S such that s(ta- mb)=0 and
a, =0 if and only if thereexists uT s suchthat ua=0.
3. If r,sT R and m,ni S, then we have s, +(-s), = (ns- ns),,=0,,=0, and
hence (-s),=-s, and now (r+s),=m(r+s),=(mr+ms) ,=r,+s, and
(r-S)=(r+(-8)n =rn*+(- ) =T~ Sn-
4: 1t is necessary to mention that, if S is a central multiplicative system in
R, then [S,R] ={0} and hence Si Z(R), where Z(R), isthe center of the
ring R, thatis, sr =rs, for al si s,r1 R.
Known Results:

The following are known results, we use them to drive our main
results and one can see their proofs in the indicated references.

Lemma A: (Jabbar, 2007) Let R be aring with identity 1 in which every
non zero element of z(R) isaunit in R. If S is a central multiplicative

systemin R and A, B areidealsof R such that Ag =Bg, then A=B.

Theorem B: (Goodearl, 1979) Let R be a regular ring with identity 1.
Then:

1. All one-sided ideals of R are idempotent, and as a consequence to this:
al idealsof R areidempotent.

2: The Jacobson radical of R iszero.
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Lemma C: (Jabbar, 2007) If R isaring in which zZ(R) contains no proper
zero divisors of R, then zZ(R)- {0} isacentral multiplicative systemin R.
Lemma D: (Jabbar and Majeed, 2008) Let R be aring and S is a central

multiplicative systemin R. If A and B areideals ( resp. left ideals or right
ideals) of R, then AjBs=(AB)s and (A+B)g = A+ Bg.

Lemma E: (Jabbar, 2007) Let R bearing and s is a central multiplicative
system in R. If K isa maximal ideal of Rg then there exists a maximal
ideal M of R, whichis digjoint from s and suchthat K =M.

Theorem F: (Goodearl, 1979) If R isaregular ring, then its center, Z(R),
isalso aregular ring.

Lemma G: (Jabbar and Majeed, 2008) If R isaring and S is a central
multiplicative systemin R, then (Z(R))s | Z(Rs).

Theorem H: (Goodearl, 1979) Let R be aring with identity and J be an
ideal of R. Then R isregular if and only if J and? are both regular.

Theorem I: (Goodearl, 1979) A ring R isregular if and only if al ideals of
R areidempotent and g isregular for al primeideals P of R.

Lemma J: (Jabbar, 2007) Let R bearing and s isa central multiplicative
systemin R. If K isaprimeideal of Rg then there exists a prime ideal P

of R, whichis disjoint from s and suchthat K =Pg.

Theorem K: (Goodearl, 1979) Let R bearing and let M ={x] R: RxR iSa
regular ideal } . Then

1. M isaregular ideal of R.

2: M containsall regular idealsof R.

3: % has no non zero regular ideals.

Lemma L : (Jabbar, 2007) Let R bearing and s is a central multiplicative
syssemin R. If 1Cisanideal of Ry, thenthere existsan ideal 1 of R such

that 1(=1g.

Theorem M: (Tuganbaev, 2002 ) Let R be aring with identity. Then the
following conditions are equivalent:

1. R isregular.

2: Every principal left ideal of R isgenerated by an idempotent.
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3: Every principal right ideal of R isgenerated by an idempotent.
4: Every finitely generated left ideal of R is generated by an idempotent.
5: Every finitely generated right ideal of R is generated by an idempotent.

Theorem N: (Tuganbaev, 2002)
Let R be anon zero regular ring, then R is indecomposable if and
only if z(R) isafield.

The Main Results:

We mention that in all what follows R is aring with identity unless
otherwise stated.

Now it is the time to introduce the following definitions.

Definitions:

We call R acentrally regular ring if Rg is a regular ring for each
central multiplicative system s in R and also we cdl anideal J of R a
centrally regular ideal if Jg is a regular ideal of Ry for each centra
multiplicative system s in R.

It is easy to prove that every regular ring is a centrally regular ring.
Theorem 1:

If R isaregular ring, then it is centrally regular and also, a regular
ideal is centrally regular.

Proof:

The proof iseasy m .

In general, a centrally regular ring may not be regular as we see in
the following example.

Example:
Consider the ring (2Zg.+s.5), Where 2Zg={0,2,4,6}. It is easy to

check that this ring is not regular. On the other hand, if 2zg is not centrally
regular then there exists a central multiplicative system s in 2zg such that
(2Zg)g is not regular. But the only subset of 2zg which do not contain 0
are the following, {2}{4}{6}{2,4}{2,6}{4,6} and {2,4,6}, so that S

must be one of these sets. By simple computations one can easily see that
non of these sets isa multiplicative systemin 2zg which is acontradiction.

Hence 2zg isacentrally regular ring which is not regular.
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Lemma 2:

If every non zero element of z(R) isaunit in R, S isa central
multiplicative system in R and A, B are ideals ( resp. left ideals or right
ideals) of R such that Ag =Bg then A=B.

Proof:
One can use the same argument as in the proof of Lemma A, and
getting the result m .

Lemma 3:
If every nonzero element of z(R) is a unit in R, then Z(R)- {0}

contains no proper zero divisors of R.

Proof:

The proof iseasy m .

Now we give a condition under which the properties of regular rings
given in Theorem B and Theorem F can be extended to centrally regular
rings.

Theorem 4:

Let R beacentraly regular ring in which every non zero element of

Z(R) isaunit in R. Then show that:

1: All one-sided ideals of R are idempotent.

2. All idealsof R are idempotent.

3. The Jacobson radical of R iszero, that is, J(R)=0.

4: zZ(R) isaregular ring.

Proof:
1. By Lemma 3, we have z(R)- {0} contains no proper zero divisors of R

and by Lemma C, we have z(R)- {0} is a central multiplicative system in
R. If we put S=Z2(R)- {0}, then since R is a centrally regular ring, SO Rg
isaregular ring. Now let A be any left ideal of R. It is easy to check that
Ag isaleft ideal of the regular ring Rs. Hence by Theorem B, we get A

is idempotent, that is, (As)2=As. But, then from Lemma D, we get
(A)? =(A2),. Hence we get (A%),=A. Then by Lemma 2, we get

A2 =A. Sothat, A is idempotent and if A isaright ideal, then by the same
argument we can show that A isagain idempotent m .

2: The proof is as the same argument as in the proof of (1) m .

3: From Lemma 3 and Lemma C, we have Z(R)-{0} is a central

multiplicative system in R, so let S=2(R)- {0} and since R is centrally

201



Adil K. Jabbar

regular, so Ry isaregular ring and hence by Theorem B, we get J(R;)=0.
Next, to show (J(R))s | J(Rs). Let agl (J(R))s, where al J(R) and si S.
If K isany maximal ideal of Ry, then by Lemma E, there exists a maximal
ideal M of R suchthat Mm¢sS=f and K=Mg. Since al J(R), SO al M
and thus aST Mg =K. Hence aST J(Rg), which implies that
(J(R))s I J(Rg). Thus we get (J(R))s =0. Finaly, by using the result of
Lemma 2, weget J(R)=0 m.

4. By Lemma 3 and Lemma C, we have S=2z(R)-{0} is a centra
multiplicative system in R and as R is centrally regular, so that Rg is a
regular ring. Hence by Theorem F, Z(Rs) isaregular ring. Now to show
Z(R) isregular. Let al Z(R). Since 1 S, 0 a;1 (Z(R))g. Using Lemma
G, we get a1 Z( Rg) and thus, there exists th Z(Rs), Where bi Ritl S
such that a) =ajbya) =(aba);, =(aba) . Then there exists sl S such that
sa=saba. Since st S, so they are non zero elements of z(R) and hence

they are unitsin R, thus s"1,t"11 R. Next to show that t1 bi z(R). Since
1

s iscentral, so for all ri R, wehave tr=rt. Then t Xrt"1 =t~ It~ 1. Hence
tl=t"Y, sothat t~11 Z(R). To show bl z(R). Since th Z(Rg), o for
al rT R, we have (br kt =btrt =ribt = (rb)y - Hence there exists ul s such
that utt(br- rb)=0. Then, since wutl s, we get tha ut ae
non zero elements of z(R) and thus ult 1P R, Then
br-rb=t" 4" Lu Tutcor - ro) =t %" Wu"lo=0. Sothat br =rb, for al ri R and
thus bi z(R). Hence t i z(R). Since s is central, so we get
a=t 15 Iga=t"1s lsaba=at"1ba, where t i z(R). Hence z(R) is a
regular ring m .

Next we prove the following result which determines the relation
between the regularity of idealsin the bothrings R and Ry .

Lemmab:

If every non zero element of z(R) isaunit in R, S is a central
multiplicative system in R and if J isanidea of R, then J isaregular
ideal of R if and only if J4 isaregular ideal of Rg.

Proof:
Let J be aregular ideal of R. By using the same argument as in
Theorem 1, we can show that Jg isaregular ideal of R.
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Conversely, let J5 bearegular ideal of Rg. To show J isaregular
ideal of R. Let al J. Thenas st f, there exists an element s S such that
agl Js. Hence there exists byl Js, for bl J and ti s, such that

ag = aghtag =(aba)gtg- Then there exists ul s, such that ustsa=usaba.

Since u ,s,t are al non zero elements of z(R), so u™1,s"1t"11 R, and then

one can easily get that a=a(s %" 1b)a, where st~ %7 J. Hence J isa
regular ideal of R m.

Now, with the aid of the last lemma we can extend the result of
Theorem H, to centrally regular rings.

Theorem 6:
If every non zero element of z(R) isaunitin R and J isanideal of

R, then R iscentrally regular if and only if both J and? areregular.

Proof:
Let R be centrally regular. To show J and ? are regular. By

Lemma 3 and Lemma C, we have S=Z(R)- {0} isa central multiplicative
syssemin R, sothat Ry isaregular ring. Then by Theorem H, we have Jq

and % both are regular . Hence by Lemma 5, we get J isaregular ideal
S

of R. Next, let r+J1 ? be any element, where ri R. Thenas 11 S we get
nl Rs and hence r+Jsi %, O there exists ag+Jgl %, where

S S
al R,si S, suchthat

n+Js=(rp+Js)(ag+Js)(r +Js)=(rjagn ) +Js =(rar)g +Js. Hence

rp - (rar)gl Js. Thenwe get

(rs-rar)g=(rs)g- (rar)g=rsg- (rar)g=ry - (rar )ST Jg . Hence
(rs-rar)g=bhy, for some bl J tT S and thus, there exists ul S, such that
ut(rs- rar)=usb. Since S is central, sO we get utsr - utrar =usb. But since
ut,sT S, so u,t,s arenonzero elements of z(R) and hence they are units of
R, that is, u"lt1s1i R. Then from the last equation we get
r-rs lar =t 1p7 3.

Put c:s'la, soweget r-reri J, where c=s"lal R. Thus

r+J=rcr+J=(r+J)(c+J)(r+J), where c+J1 ?. Hence? isregular.
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Conversely, suppose that both J and ? are regular. Then, by Theorem

H, weget R isaregular ring and then by Theorem 1, we get R iscentrally
regular m .
Next, we give a condition which makes both rings R and Ry as

indecomposable rings.
Theorem 7:
If R isnon zero and z(R) contains no proper zero divisors of R

with S isacentral multiplicative syssemin R, then:
1: R isanindecomposable ring.
2: Ry isindecomposable ring.

Proof:

1. First, we will show that R is indecomposable, so let a be any non zero
central idempotent element of R. This means that a is a non zero
element of z(R).

Since a is idempotent, so a? =a, that is, a(a-1)=0. If a-11 0, then a
is a proper zero divisor of R, which is a contradiction (since z(R)

contains no proper zero divisors of R ) and thus a-1=0, that is,
a=1=theidentity of R

and thus R isindecomposable m .

2. Next, to show Ry is indecomposable. Let ag be a non zero central

idempotent element of Rs, where al R,sT s. If a=0, then ag =0, which
is a contradiction, so we get at 0. Next to show al z(R). Let r1 R.
Then, since ag isacentral element of Ry, SO agl Z(Rs) and as rg1 R,
we get agrg =rgag. Hence (ar)gg =(ra)gg, SO there exists tT S such that
tsg(ar - ra)=0. AS Z(R) contains no proper zero divisors of R, we get
ar=ra, S0 that al zZ(R). That means a is a non zero element of zZ(R).
Now, since ag is idempotent element of Ry, so we have (as)2 =a.
Hence agag =ag, which implies that (a2 ) =8 =85 =(as)g - By the
same steps, as in the above, we obtain a = as, that is a(a- s)=0. Then, if
a- st 0, then a isaproper zero divisor of R, that means, z(R) contains
the proper zero divisor a which is a contradiction. Hence a- s=0, and
thus a=s, then ag = sg = theidentity of

Rs. Sothat Ry isindecomposable m .
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It is known that, a field contains no proper zero divisors, but the
converse is not true, in general, that is, if z(R) is a field, then it has no

proper zero divisors and now, as a corollary to Theorem 7, we prove that
the converse of the above statement is true also when the ring is a non zero
regular ring, that is, if R isa non zero regular ring and z(R) contains no

proper zero divisors, then z(R) isafield.

Corollary 8:
If R isnon zero and regular, for which z(R) contains no proper zero

divisorsof R, then z(R) isafield.

Proof:

By Theorem 7, we get R is indecomposable and by Theorem N,
we get that
Z(R) isafield m .

Next, we generalize the result of Theorem I, to centraly regular
rings and as follows:

Theorem 9:
If every non zero element of z(R) is a unit in R. Then R is

centrally regular if and only if every ideal of R isidempotent and g isa
regular ring, for every primeideal P of R.

Proof:
Let R be centraly regular. From Theorem 4, we get that every ideal
of R is idempotent. Now let P be any prime ideal of R, then from

Theorem 6, we get g isregular.

Conversely, suppose that every ideal of R is idempotent and g is

regular for every primeideal P of R.To show R iscentrally regular. Let
S be any central multiplicative system in R. It is required to show that Rg

isregular. If 1¢ is any ideal of Ry, then from Lemma L , there exists an
ideal | of R such that 1(=I5. Hence by the given condition we get | is
idempotent and then by using Lemma D, we get
(192 =1¢6=141¢=(12)g =1 =1¢ That is, every ideal of R is idempotent.

Let P¢ be any prime ideal of R;. To show % is regular. By Lemma J,
there existsaprime ideal P of R suchthat PCS=f and P(=Ps. So that by

the given condition g isregular. Now let rg+Psi %, whererT R,sl S.
S
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Then r+P1 g. Asg isregular, there exists a+P1 g, for some al R, such

that r+P=(r+P)a+P)(r+P)=rar+P. Hence r-rari P. So that
rg- (rar)g=(r-rar)gl Ps. Hence we et rg+Ps =(rar)g+Ps =
(rar )gsgsg + P =(rarss)ggg +Ps =(rass )ggg + Ps =rg(ass)grg + Ps =

(rg+Ps)((ass)g +Ps)(rg +Ps), where (ass)g+Psl %. Thus we get % is
S S

regular, that is % is regular for all prime ideals Pt of Ry. Hence by
Theorem |, we get Ry isregular and thus R isacentrally regular ring m .

Theorem 10:
If every non zero element of z(R) isaunitin R and xI R. Then

RxR isaregular ideal of R if and only if RxR isacentraly regular ideal of
R.

Proof:

Let RxR be aregular ideal of R. Then, RxR is a centrally regular
ideal of R.

Conversely, let RxR be a centrally regular ideal of R. To show RxR
isaregular ideal R. By Lemma 3 and Lemma C, S=Z2(R)- {0} isacentral

multiplicative systemin R and thus (RxR)g isaregular ideal of Ry. Now let
axbl RxR be any element, where abi R. As 1 S, we get (axbl 1 (RxR)s
and hence there exists uvi Rti S such that (axb), = (axb) (uxv) (axb) =
(axbuxvaxb) . Hence there exists si S such that st(axb)= s(axbuxvaxb) . Using
the fact that S is central and that non zero elements of zZ(R) are unitsin R,
so by simple computations we get axb = axb(t” Tuxv)axb, where t™ Tuxvi RxR.
Hence RxR isaregular ideal of R m .

By using the result of Theorem 10, we can extend the result of

Theorem K, to
centrally regular rings and as follows:

Theorem 11:
If every non zero element of z(R) is a unit in R and let
M ={xI R: R isacentrally regular ideal of R}. Then:

1. M isaregular ideal of R.
2: M containsall regular idealsof R.

3: % has no non zero regular ideals.
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Proof:
By applying Theorem 10, we can see that M ={xT R:RxR IS @

centrally regular ideal of R} = {xi R: RxR isaregular ideal of R} and now

by applying Theorem K, the proof will follow at once m .
Now we prove the following lemma, which will be used in driving
our last resullt.

Lemma 12:
If s is a central multiplicative system in R with 11 S, then
(RX)s =Rsxg = Rs¥y @d (xR)s = xgRs = xRs, for al xi R and for all sf s.

Proof:

Let xi R and si S. To show (Rx)s =Rsxg. Let (rx)tT (Rx)s, Where
rT RtT s. Then (rx)} =(rx)sg =(rsk xsl Rsxs, and thus (Rx)s I Rsxg and
if rthT Rsxg, for ri Rtis, then rth:(rx)tST (Rx)s, SO that
Rsxg I (Rx)s. Hence (Rx)s =Rsxg. Next, to show that (Rx)s =Rsx . Since
(rx)g=rgx, for al rI R, sO we get (Rx)s=Rsx. Hence we get
(RX)s =RsXg = RgXq -

The proof of the second part is as the same steps of the proof of the
first part m .

Finally, we generalize the result of Theorem M, to centrally regular
rings and as follows:

Theorem 13:
If every non zero element of z(R) isaunit in R. Then the following

conditions are equivalent:

1: R isacentraly regular ring.

2: Every principal left ideal of R isgenerated by an idempotent.

3: Every principal right ideal of R isgenerated by an idempotent.

4: Every finitely generated left ideal of R is generated by an idempotent.
5: Every finitely generated right ideal of R is generated by an idempotent.

Proof:

(1« 2): First, let R be acentrally regular ring. By Lemma 3 and Lemma
C, weget S=Z(R)- {0} isacentral multiplicative systemin R and so that
Rs Isaregular ring. Let Rx, be any principal left ideal of R, where x1 R. It
is easy to show that (Rx)s is a left ideal of Rg. From Lemma 12, we have
(Rx)s =Rsx; . Hence (Rx)s isaprincipal left ideal of the regular ring Rg, 0
by Theorem M, we get (Rx)s is generated by an idempotent element of R,
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say eg, that is, (Rx)s =Rseg, Where eg is an idempotent element of Rs.
Then we have (ez)ss =(ee)gg = egeg = eg = Sgeg =(Se)gg and since s is
central and non zero elements of Z(R) areunitsin R, we get e =s. Since
S isanon zero element of z(R), S0 it isaunit in R. Hence there exists
ul R such that us=1=su (Note that u"l=s and s"1=u). Next, we will
show ul Z(R). Let r1 R, thensince si S, s0 sl Z(R). Hence rs=s. Then

we get ursu=usru, that is, ur =ru, for al r1 R, so that ui z(R). Then, we

get (ue)? = ueue=uuee=uue? =uuse=ue and thus ue is an idempotent element

of R. To show Rx=R(ue). Let bl Rx. Then, as 11 S, we have
b T (Rx)s = Rseg, SO that, by =ktes = (kekg, for some ki R,tT S. Then, there
exists vi s, such that wtsb=vke. As vti s, they are units in R.
So that, v 1t1iR. Then since ui z(R), so we have
b=s b N lisw=s1t" v Lke=ut" Tke=t"kuel R(ue). Thus Rxi R(ue).
Next, we will show el Rx. Since (Rx)s=Rseg, SO Wwe get
eg =sgegl Rseg =(Rx)s. Hence, there exists ci R,mi S such that eg =(cx),,.
Then, there exists ni S such that nme=nscx. Since n,mi S, S0 they are non
zero elements of z(R) and hence they are unitsin R, so that n"1,m™ 17 R.
Thenwe get e=m" I Thme=m In Insox = m™ tsoxi Rx. Then, since Rx isa
left ideal of R, sO we have r(ue) =ruel Rx, for al ri R, which means that
R(ue)i Rx.Hence Rx=R(ue), that means Rx is generated by the idempotent

element ve of R.

Conversely, suppose that every principal left ideal of R is generated
by an idempotent. Then, by Theorem M, we have R is aregular ring and
then by Theorem 1, we get R isacentrally regular ring.

(1« 3) We can proceed exactly by the same way as in the previous proof

just by taking xR asaprincipal right ideal of R and getting the resullt.
(1« 4)Let R be a centrally regular ring. Again by Lemma 3 and Lemma

C, weget S=Z(R)- {0} isacentral multiplicative systemin R and so that
Ry is aregular ring. Let Rq+Rx, +...+Rxy be any finitely generated left
ideal of R, where x;,x,,...xnT R. Using Lemma D and Lemma 12, we get
(R +Rxog +..+ RXpn )s =(RX )s +(RXp )s +...+(RXn )s =

Rs(% ) +Rs(Xo ) +...+ Rs(Xn ) - That means, (Rxq +Rx, +...+Rxp )s isafinitely
generated left ideal of the regular ring Ry and thus by Theorem M, we get
that (R +Rxy+...+Rxn)s IS generated by an idempotent element of R,
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say eg. SO that (Rq+Rx,+..+Rxy)s = Reeg, Where eg is an idempotent
element of Ry. Then, since eg is idempotent, so as the same steps as in the
above, there exists ul z(R) suchthat us=1=su, with u=s"1,s=u"1 and ue
is an idempotent element of R. To show Ry +Rx,+..+Rxn =R(ue). Let
bl R +RXy +...+ Rxp. Then, as s, we have
b1 (Rq+Rxy+..+Rxn)s =Rseg, SO there exists al Rki s, such that
by =aes =(ae)ks. Then, there exists vi S, such that vksb=vae. AS v ki S,

they are units in R. So that, v 1 k™11 R. Then since ui z(R), so we have
b=s &k N k=5 1k v Wvae=uk" lae= k" lavel Rue). Thus we get
R +Rxy +...+ Rxn I R(ue). Next, we will show el Rxq +Rx, +...+ Rxy. Now,
we have eg=sgegl Rseg=(Rq+Rx+..+Rxn)s, SO there exists
¢ .Co.Cnl RIT'S such that eg=(cix; +coxy +..+tcpxn) . Then, there
exists ni s such that n|e=nS(clx1+c2x2+...+cnxn). Since n,IT S, S0 they
are non zero elements of z(R) and hence they are units in R, so that
n'l,l'lT R.

Then we get e=1"In" Ine=1"1n 1l’]S(clx1+c2x2+...+cnxn):

" lseg + I lscoxg +.+ I 1scyxn T R +R6 +..+Rxy.  Then,  since
Ry +Rx, +...+ Rxy isaleft ideal of R, so we have

r(ue) =ruel Rxq +Rx,+..+Rxy foral r1 R, which means that

R(ue)i Ry +Rxy+..+Rxn. Hence Ry +Rx,+..+Rxn=R(ue), that means,
R +Rx, +...+ Ry isgenerated by the idempotent element ue of R.

Conversely, suppose that every finitely generated left ideal of R is
generated by an idempotent. Then, by Theorem M, we have R is aregular
ring and then by Theorem 1, we get R isacentrally regular ring.

(1« 5) We can proceed exactly by the same way as in the previous proof

just by taking xR+ x,R+...+xnR asafinitely generated right ideal of R and
getting the result m .
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