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Abstract. 

In this work, we interested in studying the geometrical properties of Vaisman Gray manifold, 

we've identified these properties by using vanishing pseudo projective. Where we found the 

components of this tensor in Vaisman Gray. Moreover, we established a relationship between 

Vaisman Gray and   -manifolda and the necessary and sufficient condition in which    is an 

Einstein manifold are found, as well as more related results were given.  
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1.Introduction  

Our research dealt with one of the most 

important topics in “differential-geometry” 

which is almost Hermition manifold.Almost 

Hermition manifold is classified into 16 

species and one of the most important 

varieties is Vaisman Gray manifold.Many 

researchers have studied Vaisman Gray 

manifold, in the 1979 Gray and Vanhecke [6] 

have studied this subject and they've got a lot 

of results. It was followed by several studies 

by Viasman [19], Kirichenko [9], Abood & 

Nawaf [1][2][11] and others. In our research, 

we studied the geometrical properties of this 

species through using a pseudo projective 

tensor, which was known in 2002 by 

researcher Prasad [13]. The researchers 

Bagewadi, Venkatesha, Prakasha and 

Basavara Jappa [18] [3] [4], have achieved 

the conditions, for “pseudo projective” flat 

 https://www.iasj.net/iasj/journal/260/issues: line atAvailable on 

 

ISSN 1817 ــ  2695 ــ
 

Received date:  12-5-2020     Accepted date:  20-10-2020     Available online date: 14-3-2021 

mailto:1nawafjaber80@yahoo.com


Journal of Basrah Researches ((Sciences)) Vol. (46). No.2 (2020) 
 

9 

 

on Kenmotsu and   - Sesakian manifolds. 

Negaraja and Somashekhara [12], proved 

that every “pseudo projectively” flat and 

pseudo projective semi symmetric Sesakian  

manifold is locally isomorphic to the unit 

sphere. Maralabhavi and Shivaprasanna [10], 

proved that  (   )    if     - Sasakian 

manifold is “a𝝃pseudo projective” vanishes. 

Gulera and Demirbaga [7], studied the 

“pseudo projective” tensor on generalized 

“quasi  Einstein manifold”. Eventually, the 

authors Shivamurthy, Prakasha and bChavan 

[16], studied some new outcomes on “pseudo 

projective” curvature tensor in a  Kenmotsu 

manifold.  

2. Preliminaries   

   In this section, we start with the 

construction of the class Vaisman bGray 

manifold in the adjoined  -structure space.  

Definition 2.1 [5] 

      A Vaisman bGray structure is an    -

structure (         ) such that: 

  ( )(   )  
  

 (   )
{       ( )  

      ( )         (  )}, 

where   is the Riemannian connection of 

   (   )         is the aK ̈hler 

form,   is a co-derivative and       ( ). 

    An   -structure (          ) is called 

a structure of the class   or nearly aK ̈hler 

(  -structure) if its K ̈hler form vanished, 

or equivalently,  

  ( )        ( )  
     An   -structure (            ) is 

called a structure of class    or locally 

conformal aK ̈hler structure (    -

structure) if, 

   ( )(   )  
  

 (   )
{    

    ( )     
    ( )      
   (  )      
  (  )}         ( )  

      A manifold   with structure is called a 

Vaisman Gray manifold” (  -manifold).  

Definition 2.2 [5] 

      Let    be an    -manifold, the form 

which is given by the following relation  

   

   
      , 

is called a Lie form, where   represents the 

coderivative. 

      If   is  -form, then its co-derivative 

is (   )-form, and its dual is a vector 

which is called a aLie vector.  

Remark 2.1 [9] 

      The following table gives the 

classification of Gray-Hervella and the 

corresponding Banaru's classification for the 

classes that we studied: 
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Classification of Gray-Hervella Classification of 

Banaru 

Nearly K ̈hler manifold (    ) 

  ( )(   )                      
     

Locally Conformal K ̈hler Manifold (   ) 

  ( )(   )  
  

 (   )
{     

   ( )         ( )       

  (  ) 

        (  )} 

               
        

  
 

Vaisman-Gray manifold (       ) 

  ( )(   )  
  

 (   )
{     

  ( )    

       ( )         (  )}  

                   
   

     
  

  

                      Table 2.1 

      The structure equations of   -manifold 

provide by the following theorem. 

Theorem 2.1 [8] 

      The collection of the structure equations 

of   -manifold in the adjoined   -structure 

space has the following forms: 

1)      
           

        

         ; 

2)       
        

           

     
    ; 

3)    
    

    
  (          

   
  )      (      

        

    
 )      (   

     
      

  
   )     , 

where {   } are the components of mixture 

form, {  
 } are the components of  Riema-

nnian connection of metric  , {    
     

   }  

are some functions on adjoined   -structure 

spacea and {   
  

} are system functions in the 

adjoined   -strucure  space which are sy-

mmetric by the lower and upper indices and 

are called components of holomorphic 

sectional curvature tensor. 

      The next theorem gives the synthesis of 

Riemannian curvature tensor of    -

manifold. 

Theorem 2.2 [8] 

      In the adjoined   -structure space, the 

components of Riemann curvature tensor of 

    -manifold are given by the following 

forms:  

1)         (                ); 

2)    ̂         
 ; 

3)    ̂ ̂    (             
  

   
  

); 

4)    ̂   ̂     
                   

     
    , 

where  {    
     

           
  } are some 

functions on adjoined  a-structure space 

such that:  

        
    

        
  and 

        
    

           

      The other components of Riemann 

curvature tensor    can be obtained by the 

property of symmetry for   . 
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Definition 2.3 [15] 

      A tensor of type(   ) which is defined 

as          
           is called a Richi tensor. 

 

3. The Main Result   

 

Definition 3.1 [13]  

A pseudo projective tensor    in a 

Riemannian manifold is defined as follows: 

     (       )

    (   ) (   )
  (   ) (   ) 

 
 

 
(

 

   

  )   (   ) (   )

  (   ) (   )   
where α; β are constants such that      , 

   is the Riemann curvature tensor, rais the 

Richi tensor and    is the scalar curvature 

tensor.   

Remark 3.1 [14]  

The pseudo projective tensor satisfies the 

following properties: 

 )   (       )     (       ); 

 )   (       )     (       ), 

where           ( )   

Now, awe redefine the “pseudo projective” 

tensor on   -manifold regarding the 

components as the following formula: 

(  )             [             ]  

 

 
(

 

   
  ) [             ]                  (1) 

      The following theorem gives the 

components of “pseudo projective” tensor 

of    -manifold in the adjoined  -structure 

space. 

Remark 3.2:   If     and      
  

   
 , then 

the equation (1) becomes 

(  )                 
 

   
[       

      ]. 

Which gives the classical projective tensor 

as a special case of the pseudo projective 

tensor. 

Theorem 3.1 

      In the adjoined   -structure space, the 

components of “pseudo projective” tensor 

of   -manifold area given by the following 

forms: a 

1. (  )       (                ); 

2. (  ) ̂          
        

 ; 

3. (  ) ̂ ̂     (          

   
  

   
  

)   [  ̂   
    ̂   

 ]  

 

 
(

 

   
  ) [  

   
    

   
 ]  

4. (  ) ̂   ̂   (   
            

       
     

    )     ̂   
  

 

 
(

 

   
 

 )  
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and the others are conjugate to the above 

components. 

Proof: 

1) Put             and    , then  

the equation (1) becomes 

(  )                             

 
 

 
(

 

   
  )                 

By using Theorem 2.2, we obtain 

(  )       (                ). 

2) Put    ̂         and    , then 

the equation (1) becomes 

(  ) ̂       ̂        ̂          ̂   

 
 

 
(

 

   
  )    ̂          ̂   

By using Theorem 2.2, we obtain 

(  ) ̂          
        

   

3) Put    ̂    ̂     and    , then 

the equation (1) becomes 

(  ) ̂ ̂      ̂ ̂       ̂   ̂    ̂   ̂   

 
 

 
(

 

   
  )    ̂   ̂    ̂   ̂   

By using Theorem 2.2, we get 

(  ) ̂ ̂     (             
  

   
  

) 

  [  ̂   
    ̂   

 ]   

 
 

 
(

 

   
  )  [  

   
 

   
   

 ]  

4) Put    ̂         and    ̂, then 

the equation (1) becomes 

(  ) ̂   ̂     ̂   ̂      ̂    ̂       ̂ ̂   

 
 

 
(

 

   
  )    ̂    ̂      ̂ ̂    

By using Theorem 2.2, we have 

     (  ) ̂   ̂   (   
            

       
     

    )     ̂   
  

 

 
(

 

   
  )  

   
 .  □ 

 

Definition 3.2 

      An    -manifold is called a flat 

(vanishing) pseudo projective tensor if the 

pseudo projective tensor is equal to zero. 

Theorem 3.2 

      If    is    -manifold of flat pseudo 

projective tensor with flat Richi tensor, then 

   is    -manifold if and only if,   
  

   
  

Proof: 

      Suppose    that is    -manifold of flat 

pseudo projective tensor, then  

(  )       

By using Theorem 3.1, we have 

 (   
                   

     
    

)     ̂   
 

 
 
 

(
 

   
  )  

 
  

 
   

Since   is of flat Ricci tensor, it's follows 

that 

 (   
                   

     
    

)

 
 
 

(
 

   
  )  

 
  

 
   

Symmetrizing and anti-symmetrizing by the 

indices  (   ), we get 

 (        
     

    
)   

 
(

 

   
  )  

 
  

 
       (2)                                             

Let   be   -manifold, then 

  
  

   
  

Conversely, by using the equation ( ), we 

have 
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 (        
     

    
)  

 
 

(
 

   
  )  

 
  

 
   

Suppose that    
  

   
,  then we obtain   

      
     

       
Contracting by the indices (   ) and (   ), 

we have 

      
     

             
       

     

∑     |      
  |

 
         

    . 

Therefore, by Table 2.1,   is    -manifold 

a.                                                                □ 

Lemma 3.1 [17] 

      In the adjoined   -structure space, an 

   -manifold is a manifold of class: 

1)    if and only if,  

                            ̂      ̂ ̂    ; 

2)    if and only if,         ̂     ; 

3)    (  -manifold) if and only if, 

                             ̂     . 

      It easy to see that         . 

Definition 3.3 

      In the adjoined   -structure space, an 

almost Hermitian manifold is a manifold of 

class: 

     if and only if,  

(  )     (  ) ̂    (  ) ̂ ̂    ; 

     if and only if,  

(  )     (  ) ̂     ; 

     (    -manifold) if and only if, 

(  ) ̂     . 

Definition 3.4[17] 

Ana   -manifold has   -invariant Richi 

tensor if        . 

Lemma 3.2 [17] 

      Ana  -manifold has   -invariant Richi 

tensor if and only if, in the adjoined   -

structure space the following equation 

satisfies:   

  
 ̂       . 

Theorem 3.3 

      Let   be a    -manifold of class      

with   -invariant Richi tensor, then    is a 

manifold of class    if    is a manifold of 

flat Richi tensor and    
  

   
 . 

Proof: 

To prove   is a manifold of class   , we 

must prove that 

                   ̂      ̂ ̂    . 

      Let    be a manifold of class     ,  

according to Definition3.3, we have 

(  )     (  ) ̂    (  ) ̂ ̂          ( ) 

(  )       

  (                )    

                                   (4) 

By using equation ( ), we get 

    (  ) ̂      

According to Theorem 3.1, we deduce 

   ̂     [  ̂          ̂ ]  
 

 
(

 

   
  ) 

[  ̂          ̂ ]    

Since   has   -invariant Richi tensor, then 

                                 ̂                        (5) 
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In addition, by the equation ( ), we deduce 

       (  ) ̂ ̂     

By using Theorem 3.1, we have 

 (   
                   

     
    

)     ̂   
 

 
 
 

(
 

   
  )  

 
  

 
   

   ̂ ̂      ̂   
  

 

 
(

 

   
  )  

   
 

   
Suppose that    is a manifold of flat Richi 

tensor and    
  

   
   then  

                          ̂ ̂                              (6)                                                              

Hence, according to the equations, ( ), ( ) 

and ( ), we get 

        ̂      ̂ ̂    .       □                            

Definition 3.5 [14]  

      A Riemannian manifold is called an 

Einstein manifold if the Richi tensor 

satisfies the equation           , where, 

   is an Einstein constant. 

      The following theorem gives the 

necessary and sufficient condition in which 

an    -manifold is an Einstein manifold.         

Theorem 3.4 

      Let   be a    -manifold of class 

    -manifold and   -invariant Richi tenor. 

Then the necessary and sufficient condition 

in which    is an Einstein manifold is 

    
  

   

  
   , where e is an Einstein 

constant. 

Proof: 

      Let    be a    -manifold of class 

    -manifold.  

According to Definition 3.1, and Theorem                                                                 

3.1, we                                                                   

      
        

    
Contracting by the indices  (   ), we get                                                              

      
                                         (7) 

Let    be an Einstein manifold, then                                                                                 

    
  

   

  
     

Conversely, by using the equation ( ), we 

have  

      
                                                                        

Since,      
  

   

  
   , we deduce 

           
   

  
           

          
Since   has   -invariant Richi tensor, then, 

   is an Einstein manifold          □ 

Theorem 3. 5                                                    

Suppose that    is a   - manifold of class 

     with  -invariant Richi tensor, then   is 

a an Einstein manifold  if, and only if   is 

a manifold of class   .  

Proof:  Suppose that   is a   -manifold of 

class     . According to Definition3.3, and 

Theorem3.1, we have 

          ̂          
 

    ̂ ̂    [  ̂   
 
   ̂   

 
]

  

                  
 

 
(

 

   
  ) [  

   
    

   
 ]           
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Symmetrizing and anti-symmetrizing by the 

indices  (   ), we get 

                           ̂          
 
 

   ̂ ̂     
 

(
 

   
  ) [  

 
  

 
   

 
  

 
]     

                                                                  (8)                

Let   be a   -manifold of class   . 

According to Lemma 3.1. Then the equation 

becomes                                                          

      
 
   

 
(

 

   
  ) [  

 
  

 
   

 
  

 
]    

Contracting the indices  (   ), we obtain 

        
   

  where   
(   ) 

  
(

 

   
  )  

Since    has    -invariant Richi tensor, 

then,    is an Einstein manifold. 

Conversely, let is an Einstein manifold. 

Then the equation (8) becomes 

          ̂        
   

     ̂ ̂    

 
 

 
(

 

   
  ) [  

   
    

   
 ]    

Contracting the indices  (   ), we have 

                    ̂             ̂ ̂      

 
 (   )

 
(

 

   
  )   

             (9)                                                          

Since   
(   ) 

  
(

 

   
  ), then the 

equation (9) becomes 

        ̂      ̂ ̂      
Then     is a    -manifold of class     . 
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