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ABSTRACT

The generalized envelopes are studied by a given nonstandard
definition of envelope of a family of lines defined in a projective
homogenous coordinates PHC by: u(t)x + v(t)y + w(t)z = 0. The new
nonstandard concepts of envelope are applied to conic sections. Our goal in
this paper is hat for a given conic section curve f(x,y)=0, we search for the
family of linesin which f isits envelope.
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1- Introduction:

The following definitions and notations are needed throughout this

paper.
Every concept concerning sets or elements defined in the classical

mathematicsis called standard [7].

Any set or formula which does not involve new predicates “standard,
infinitesmals, limited, unlimited...etc” is called internal, otherwise it is
caled external. [7]

A real number X is called unlimited if and only if |x| > r for Al
positive standard real numbers; otherwise it is called limited [4].

A real number Xxis called infinitesmal if and only if |x| <r for al
positive standard real numbers r [6], [4].
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Two real numbers x and y are said to be infinitely close if and only
if X- y isinfinitesimal and denoted by X € y[8].

If X isalimited number in R, then it is infinitely close to a unique
standard real number, this unique number is called the standard part of x
or shadow of x denoted by st(x)or °x[6], [8].

Theorem 1.1 :( Extension Principle) [3]

Let X and Y be two standard sets, °X and °Y be the subsets constitute
of the standard elements of Xand Y, respectively. If we can associate with
every xI X auniquey =f(x)] °Y then there exists aunique standard y | Y
suchthat " *'x T ', y=f(x)

Let a and 8 be any two infinitesimal numbers and 1 O is a
limited real number, then:

1. «-r isaninfinitesmal. 2. «-f isaninfinitesmal.

3. a+r islimited.

4. o+ is an infinitesmal (in general the sum of any arbitrary finite
number of infinitesimal numbersisinfinitesimal) [6].

The projective planeover R, denoted by PZ isthe set
RS =R® E {one point a¥ for each equivalence classes of parallel lines },we
denoted it by (PHP) [2].

The projective homogeneous coordinates of a point p(x,y)T R?
are[xa,ya,a], where a isany nonzero number, we denoted it by (PHC),
in this sense the projective homogeneous coordinates of any point is not
unique [2].

A curve n is called envelope of a family of curves g, depending on
a parameter a , if at each of its points, it is tangent to at least one curve of
the family, and if each of its segments is tangent to an infinite set of these
curvey 2].

By aparameterized differentiable curve, we mean a differentiable map
v:1 — R® of anopeninterval | =(a,b) of thereal line R into R such that:
~ ()=(x(1), y(t), Z2b)=x(H)er+ y(He+ Zt)es, and X, y, and zare differentiable at
t; it isalso called spherical curve[2].

2. An Envelope of a Family of Linesin a Plane
We consider R® as a subset of PHP, let {L,} be a family of linesin PHC

space defined by:
u(t)X + v(t)Y + w(t)z =0,
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and suppose that the ordered pairs (u(t),v(t)),(u(t),w(t)),(v(t),w(t)) ,where u,
v, w are standard functions defined on an interval sub set of R .
The purpose is to associate a standard curve which is coincident with

the envelope to the family { L.} .

Suppose that t ranges over theinterval E1 R so that for every tl E,
thereexists & >0 suchthat " ST [t—at+a], L, t L

Thisisequivalentto L, L,,. " t1 E, where e is an infinitesmal
real number.

Also, at each standard t, we can associate two linesL, and L,

suchthat L, * L, ,where L, and L, _aretakenin PHP.

Let ~ (t) be the envelope curve of the family {Lt} . By using the
principle of extension we have:
There exists a unique standard application a:E® PZ such that
Yy ({)° a(t) " t1 E.

Now, let the families{ L, } and {L,,.} begiven asfollows:
L, tuX+v(t)Y +w(t)z =0 } (21)
L,..:u(tte)X +v(t+e)Y + w(tre )Z =0.

Then the intersection point of {L;} and {L,.} in PHC isgiven by:

Xe (1) =v(t+e)w(t) - v(t)w(t+e)
Ye (t) =w(t+e)u(t) - wt)u(t+e)
Ze (t) = u(t+e)v(t) - u(t)v(t+e)

Suppose that the functions u, v, and w are differentiable functions
each of order at least N, then by expanding each of u(t+¢), v(t+¢), and
w(t+¢e) using Taylor development, we get

Xe (1) = v(t+e)w(t) - v(thw(t+e) \
=(V (OW(D) - W OU(D) € + "+ tw(t) -w‘”)(t)v(t))% +0,e"
Ye (t) =w(t+e)u(t) - wt)u(t+e)
=(W (Ou(t) -u'(w(t) e + - +HWRu(®) -u(”)(t)w(t))f]—n,+ d,€"
Z < (t) = u(t+e)v(t) - u(t)v(t+e)

(2.2)

~—

= (U O(D) - VOuU() €+ +HuOwE) -v‘”)(t)u(t))%+ d5e”)
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where d,, 0,, 9, areinfinitesmals. In general, put

rn() = W)u(t) - u®t)w(t)
an(t) = u™ OV - VO (Hu()

The following cases are related to the last assumption
Casel. If gqu(t) O and py(t)and r(t) are not both zero, then the PHC points
of envelope curve y(t), (pa(t), ri(t), qu(t) ), are independent on ¢, and the
triple (pa(t), ra(t), qu(t) ) represents the classical definition of an envelope
curve.

Pn(t) = VP (OW(E) - W E)(D)
} ..(2.3)

Proof:
Using (2.2), we get:

Xe (t) =(V'(t)w(t) -w't)v(t)) € + ... +(v(n)(t)w(t) -W(n)(t)v(t));—n! + 615n

= e (V'()w(t) -w'(t)v(t))+ ... +(v(n)(t)w(t) -w(n)(t)v(t)) 52}—71 + 615” -1
Taking the shadow of the of the last equation we obtain

Xe ()=e (v (OWE)-W ()v(1))
In the same way, we have

Ye ()= (W Qu(t)-u'(w(b))

and °Ze (t)= e (U'(t)v(t)-V' (H)u(t))
Therefore,
(Xe (1),Ye (1.2 (1))> (Xe (1),°Ye (1),°Z¢ (1)
=(e (V (OW(t)-w (V(1)), e (W (Hu(t)-u'(w(t)), e (U Ov(t)-V (Hu(t))

Now, using the properties of the PHC, we deduce that any point of
the form (Aa, Ab, Ac) is equivaent with the point (a, b, ¢) for any
parameter X .

Therefore, the PHC of ~ (t) is (Xe (t),Ye (1),Z¢ (1)), and it is equal
to

(v (Ow(t)-w () v(t),w (Du(t)-u’ Qw(t),u’ (Ov(D)-V (u(t)

= (Pa(t),r2(5),0u(t)) ... (2.4)

That is, (pa(t),ra(t),0.(t)) representsthe classical definition of an envelope
curve which does not depend on ¢ .
Moreover, the Cartesian coordinates of points of v are given by
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(x().y()=2® Ye®O
z (t) z (t)g
_ay G w(t)-wetv(t) wetiu(t)-udtw(t)o .. (25)
“Sugtv(t)-vetu(t)’ utv)-veu() ;

Thisisthe classical form of the envelope curve of the family of straight lines.

Case2. If qu(t) =0, pu(t), and ry(t) are not both zeroes, then the PHC points
of the envelope curve ~ (t) are infinitely large, and the corresponding

tangents { L} are asymptotesof ~ (t) .

Case3. If py(t)=r(t)=gu(t)=0 and px(t) 1 O ,rat) O =qp(t) * O then, the
PHC points of the envelope curve ~(t) are (p2(t),ra(t), go(t)), and
(pa(t),r1(t),qu(t)) is aninflection point of the envelope curve + (t).

Cased. If p(t)= r(t)= qe(t)=0 for LEK <N (n standard) and pa(t), ra(t),
gn(t) are not al zeros, then the PHC points of ~ (t) are of the form (pn(t),

r(t), gn(t)) which does not depend on &€ . Thus, we get the generalized
nonclassical form of the envelope curve  (t) asfollows:

xyO)=gre® Y e®0
eZ ) z (t)z

_&Mown)-wMeve wouw-u™owwd
£uM v -vouw 1 @ovo-vDouw 5

Caseb. If pk(t)= rk(t)= gk(t) =0 for any value of k, then we can not say any
thing about the generalization of the envelope curve. In the following
sections, by p(t) ,r (t) and g (t) we mean py(t), r1(t) and ou(t) respectively.

3. Applicationsto Conic Sections

We restrict our study on a family of straight lines only, other studies
on envelops and singularity of envelops, for example can be found in [1].
Our god is that for a given conic section curve f(x,y)=0, we search for a
family of linesin which f isits envelope.
Lemma 3.1

Consider a standard family of lines {L_} defined by
u()X + v()Y +w(t)Z =0 ... (3.1.2)
where u, v, and w are standard real polynomials of at most second degree,

then the equation of { Lt} can be written as follows:
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AX, Y, 22+ B(X, Y, Z)t + C(X, Y, Z)=0, ... (312

in which A, B, and C are linear equations of the variables X and Y and Z
belonging to PHP. And conversely every equation of the form (3.1.2)
represents a family of lines of the form (3.1.1)

Proof:
Obvious
Theorem 3.2
it { Ly} isafamily of lines defined by:

u(t)x + v(t)y + w(t) =0,
where u, v, and w are standard real polynomials of at most second degree,

then the envelope of { L[} is a cone of the form:

B2(x,y) — 4A(X,y)C(X,y)=0, ... (3.2.1)
in which A, B, and C are linear equations of the variables x and y belonging
to R[x,y].

Moreover Equation (3.2.1) represents a general form of a second
degree equation of two variables x and y and conversely.

Proof:

Consider the families of lines { L } and { L.}
By using Lemma 3.1, we get that:

L1 Ay + Bxy)t + C(x.y)=0
L. D AY)(E+e)? + B(xy)( t+e) + C(x,y)=0

Then solving L[ and Lt+€ as an instantaneous system to omit t* we

get:
2e Ayt + A(Xy) €2+ B(x,y)e =O0.
Therefore,
2A(X Yt +A(X,y) e +B(x,y)=0 ...(322)
Taking the shadow of (3.2.2), we get t =- B(X.¥) and then putting
2A(x.Y)

itin L[ we obtain the required result.

For the second part, since A, B, and C are linear equations of the
variables x and y belonging to R [x,y], so Putting

A(X)y) =aix + apy + as
B(X,y) =bix+ bzy + bs
C(X,y) =cix + ¢y + ¢z,
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in Equation (3.2.1), we get the following equation
B2(x,y) — 4A(X,y)C(x,y)= ax® + bxy + cy*+ dx + ey + f =0,

where

a= (b12 - 48.1C1)

b =2(bib; - 2(a;¢2 +axc))
c= (b22 - 48.2C2)

d = 2(bsbs - 2(a1C3 +ascy))
e= 2(b2b3 - 2(8.2C3 +83C2))
f = (ba® - 4asCs)

This is a general form of second degree equation in two variables x and

y.
Conversealy, assuming that we have a second degree equation of two
variables x and y such as:

ax® + bxy + cy’ + dx + ey + f =0 ... (3.2.3)
By a suitable changing of coordinate's axis; if b® 0 then arotation of
axis through the angle o determined by the equation .5, -A-C will
B

transform Equation (3.2.3) to the following equation
ax’+ by +cx+dy+e =0 ... (3.2.4)

Completing the sguare for each uncompleted square related to the
variables x and y in Equation (3.2.4) and simplifying the result, we get:

¢ « VISP p £u
? X + * L:I g ¢ y+ E3 - H’
e 2a u _, ¢ 2b + U
e *D *D * * % U ?Z g *D *D * = L;I
gjc“b +d "a -4abe e \/cb+d a -4abe .0
S 4a*2b* H S é a*b*2 EJE

é 4 u

Now put A(xy) = & y+— u

p (xy) & ” u

e2 *2 * 2 * * **u

e \/c b +d *a*z— 4abe U

e ab 8]
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s > v

é X g
B(x,y) = é 2a f

? c 2b +d 2a -4abe l:'

e ¥ % u

e 4a “b O

: yod ;
C(Xay) = é3+ 2b* []1

22 \/c*zb* +d2a"-4ab'e 3

e a2

Ifa’,b"=0 or C’b +d”a’-4abe’ . then we obtan undefined or
4a’bh”
imaginary values which are unacceptable cases in real homogenous projective
plane.
Thuswe assumethat a’,b" 1 0 and ¢ b +d™a -24a be 5.
4a’b’

Hence we get the required result.
Remark 3.3
If the last conditions of the previous theorem are not valid or

a =b we deduce that Equation (3.2.4) represents a standard conic section
which can be transferred to the form (3.2.1) as it is shown in the following
table:
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General Form Standard Form

Circle X%+ yP+ax+by+c=0 X2+yP=r? r/2-x/2

r/12+x/2

Parabola yP+ax-+hy+c=0 y?=4ax

ax?+by?+ex+dy+e=0 Xlat+y?Ib? =1 1/2- x/2a

1/2 + x/2a

Hyper bolic ax?+by?+ex+dy+e=0 X*la-y?Ib? =1 x/2a-yl2b

Example 3.4

x/2a+y/2b

The circle x? + y? =1 is an envelope curve of the family of lines

(1-tA)x + (2t)y + (t* +1) =0, such as shown in the Figure 3.1

By applying Theorem 3.2 to the equation of the given circle we get

y2 - 4(1/2-x/2)(1/2+x/2)=0
Therefore  (1/2-x/2)t% + yt + 1/2 + x/2=0,
which is an equation of afamily of lines.

a=-6.3 (family of 99 , step 0.12)

a1 a2+
Yy ZaX 2a

X2+yn2=1

Figure 3.1
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Note that we can show that the given circle equation x* + y* =1 isan
envelope equation of the founded family classically or by nonstandard tools.
In the following, we give a nonstandard method for such purpose.

L, @ (@)x+ 2y + ( +1) =0
Lt+s - (1- (t+¢ )Z)X +2(t+e )y Htt+e )2 +1=0 } ...(34.1)

Solving equations Lt and LHE instantaneously, we get:
2etX + e’ -2¢ey-2et- 2=0.
Therefore
2tX +ex-2y-2t-c =0.
Taking the shadow, we get
2tx - 2y - 2t =0 ... (34.2)
Now, remove the variable t form Equations (3.4.1) and (3.4.2), we
get the required resullt.

Example 3.5
Consider the curve x + y* -1=0
By applying Theorem 3.2 to the given equation, we get
Y -4(1/4)(1- x) =0,
now use Lemma 3.1we get
1/4t% + yt + 1- x =0
which is a family of lines whose envelope is the given equation, such as
shown in the Figure 3.2

a=-6 (family of 99 , step 0.12)
y=éx— v4 :2+1
x+y"2=1

Figure 3.2

Remark: The graphs in Figs 3.1 and 3.2 are plotted with specific softwares:
Omnigraph V3.1b-2005. ,Function Grapher VV2.8-2006.
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