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Abstract.

In this paper, we constructed an example for a warped product of the Hermitian manifold
and real line for a class of Kenmotsu type. On the associated G-structure space, the
conditions required for the mentioned class to be of constant pointwise &-holomorphic
sectional curvature tensor are obtained. New classes of almost contact metric manifolds
introduced and their relationships with our class are found. We studied the generalized
Sasakian-space-forms and the conditions that satisfied our class, new classes and Einstein
manifold are investigated.
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1 Introduction constant & HS-curvature. In 2003, the

In 1969, Tanno [21] investigated Russian author Kirichenko [16] derived
the @ -holomorphic sectional (& HS-) the corresponding condition for the
curvature in the Sasakian manifolds. The almost contact metric (ACR-) manifolds
necessary and sufficient conditions of pointwise constant ®HS-curvature in
required for the Kenmotsu manifolds to the associated G-structure (AGS-) space
be of constant & HS-curvature which is similar to the condition of
determined by Kenmotsu [14]. In 1991, almost  Hermitian  manifolds  of
Sinha and Srivastava [18] discussed ®HS-curvature that used by Abood and
curvatures on the Kenmotsu manifolds of Abdulameer [2]. In 2008, Falcitelli [10]
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studied the  pointwise  constant
& HS-curvature of Locally conformal
cosymplectic  manifolds. In 2012,
Kirichenko and Kharitonova [17] gave
the constancy ®HS-curvature conditions
of locally conformal almost cosymplectic
manifolds in AGS-space. On the other
hand, the generalized Sasakian (GS-)
space forms studied by Alegre et al. [3].
In 2006, Kim [15] established the
necessary condition for the GS-space
forms that have the Killing characteristic
vector field to be conformally flat. Alegre
and Carriazo [4] studied the contact
metric and trans-Sasakian GS-space
forms. In 2010, Falcitelli [11] proved that
locally conformal C, — manifold is a
GS-space form if and only if, it satisfies
the k — nullity condition and has
pointwise constant & HS-curvature. In
2012, Sular and Ozgur [19] verified the
Contact CR-warped product
submanifolds in GS-space forms under
specific conditions. Finally, in 2015, De
and Loo [7] classified GS-space forms.

2 Preliminaries
We denote by M2"*1 X (M),

End(X(M)) and V , the smooth
manifold M of dimension 2n + 1, Lie
algebra of smooth vector fields of M, the
set of all endomorphisms on X(M), and
Riemannian connection respectively.
Definition 2.1 [16] An ACR-manifold is
a smooth manifold M?"*1 furnished
with the structure (&®,¢,7n,g9), where
® € End(X(M)), § € X(M), n is the
dual of &, and g is the Riemannian
metric such that

) =0 nl@=1
{ ®? = —id + nQ¢;

g(®X, @Y) = g(X,Y) —n(XIn(Y);
vV X,Y € X(M).

Moreover, if dn #0 then
(M1 ®,&,m,g9) is called a contact

ne®=0;
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metric manifold.

Abood and Abass [1] defined a new
class of ACR-manifold characterized by
the following identity:

Vi (P)Y — Vepx (D)DPY =

-n(NPX; VvV X,y eX(M); (1)
and they found the following
components:

(Roco = =68

a _ a .
Rbcd_ZAbcd ’
a __ bd ab hd .
A(i—Ba c_B h B c

bc
) Rgcd = Z(Bab [cd]l — 6[% 5(119]); (2)
pea = A5E — B ¢ By ¢
—6¢ &85
ab,c,d=1,..,n ;

\ T = 4n
where Rj;; are the components of the

Riemannian curvature tensor R of
ACR-manifold satisfied (1) in the
AGS-space. Moreover, the equalities
below are hold

d d h d _ .
(Afbe) = B* (o) = B bBnief” = 0
{ A(ll;cd _ Ba[Cd]b + Ba[chB|h|d]b — 0,(3)

b
Agcd + Ba[cd] - Ba[c hB|h|d]b = 0;

\ Afbea) = 0; A7 =0,
The symbol [-|-|-] denotes the

anti-symmetric operator of the including
indexes except |- |.
In [16], Kirichenko calculated the

components of g and @ in the
AGS-space as the following:
((Goo=1 Got=0; gap =0;
®3=0; P?=0; PI=0;
Gap = bp; 905 =95 ; P
Log =v=T o5 of =87
where gl] = g]l , (D]l = —(D]Ai ,

i,j=01..2n, t=1,..2n, 0=0, A
is the complex conjugate of A, and | =
j.
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Further, in [1], the authors established
the components of the Ricci tensor r of

ACR-manifold verified (1) in the
AGS-space as follows:
(Too = —2n ; T =0 ;
Tap = _ZAgbc + Bcabc
_Bcah Bhbc ) (5)

Tap = —2(n5§ + Bca[bc]) +A?§

k —B™, By® ;

where 1;; = 7j;.
Definition 2.2 [1] An ACR-manifold
(M ®,&,n,9) with Ricci tensor r,
is called
1. Einstein manifold, if r;,=A1g; ,

where A is an Einstein constant.

2. @ -Einstein manifold, if
r; = A9; + unn;, where 4, u are
scalars.

3. of @ -invariant Ricci tensor, if
ro="r,=0.

3 Example for ACR-manifold as
warped product space

Bishop and O’Neill [5] introduced
the idea of warped product spaces to
constructed an example on the manifold
of negative curvature.
Definition 3.1 [5] Suppose that (B, gg)
and (F,g.) are Riemannian manifolds
and f:B—>B is a positive smooth
function. The Riemannian manifold
(BxF,qg) is called a warped product

manifold and denoted by Bx, F , if

9(X,Y) = gg (7. (X), 7.(Y))

+ 127 (p))9r (- (X), - (Y))
for all X,Y belong to the tangent space

T,(M) , where M=BxF , and
7:M—>B, w:M —F are projection.
Moreover, 7. and . are the
differential map of ~ and vy

respectively.
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Regarding the idea of Bishop and
O’Neill, Kenmotsu [14] confirmed that
his class is identical to Rx, F, where

F is a Kéhler manifold and f (t) = ce'

with positive constant c¢. Further, Dileo
and Pastore [8] proved that almost
Kenmotsu is a warped product of the real
line and almost Kahler manifold and the
converse is true. Recently, Erken et al. [9]
produced nearly Kenmotsu manifold

from the warped product Rx, H , where

H is a nearly K&hler manifold and f
as defined by Kenmotsu [14]. So,
according to the previous results we try to
give an example on ACR-manifold
satisfies (1).

To introduce such example, we
suppose that (N*",J,h) is an almost
Hermitian manifold of class W, ®W,
(see Gray and Hervella [13]), then N
satisfies the following identity:

Dx(J)Y = D;x(DJY = 0; vV X,Y €

X(N), (6)

where D is the Riemannian connection
of N with respect to the metric h. We
take M =Rx, N , where f(t)=¢
defined on R . If N has local
coordinates (X, X,,...,X,,), then M has

local coordinates (t, X, X,,..., X,,) . Now,

suppose that & :g is the characteristic

vector field of M. Let X € X(M), then
X=X, +n(X)¢ , where X,e X(N)
and 7(X,)=0. Then we define the
endomorphism @& on M by
®(X)=J(X,). Suppose that g is the
Riemannian metric of M and V s the
Riemannian connection of g. Then from
Goldberg [12] we obtain

VXO Yo = DXO Yo —

H(Xo,Y0)é; ¥V Xo, Yo €X(N), (7)
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where H(X,,Y,) =9g(Vy &.Y,) . If we
put Y =¢& in the equation (1) we get
V,E=X—-n(X)& . Since n(X,)=0,
then H(X,,Y,) =09(X,,Y,) and the
equation (7) becomes

onYo = onYo _g(xo’Yo)f-

Moreover, for any X,Y eX(M) we
have
Vi (@)Y = VXO+17(X)§CD(Y)

_(D(VX0+77(X)§ (Yo +7(Y)$))
=V, O(Y) + n(X)V,B(Y)
—q){vxoYo +77(X)V§Yo
+ (vxo (mMY)S + U(Y)ongg

F (X)) )E+n(X)n(Y)V &}
=V, DY) +7(X)V,D(Y) ~ BV Yy)

—n(X)(V,Y) =n(Y)®(V S)
Since d(X) e X(N) , then
[®(X),£]=0 and from the fact that
[X,Y]=V,Y-V,X , we get
VDY) =V =D(Y) and
V.Y, =V, &=-0*(Y) . Then from the

previous discussion, we deduce that
Vi (@)Y =Dy (3)Y, = 9(X, D(Y))S

—n(Y)®(X). (8)
Now, from the equation (8) we conclude
that

Vo) (D)D(Y) = DJ(XO) (3)J(Y,)

—9(X, D(Y))S. (9)
So, by subtracting the equation (9) from
the equation (8), and using the equation
(6), we obtain the equation (1) and then
we get the desired.

The above result proved that our class
of dimension > 3 exists, therefore the
method of Cabrera [6] does not apply
here.
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4 @
curvature

-Holomorphic  sectional

Definition 4.1 [17] A ® HS-curvature of
ACR-manifold (M,®,&,17,9) in the
direction of X (X #0;X eker(n)) is
defined by
H(X) = g(R(X,d)X)XZ,q)X)
g9(X, X)
where R is the Riemannian curvature
tensor of M . Moreover, M is called
has pointwise constant @ HS-curvature

if H(X)=y, where yeC”(M) and
y does not depend on X .

Theorem 4.2 [17] An ACR-manifold
(M ®,&,n,9) has  pointwise
constant @ HS-curvature if and only

if, the Riemannian curvature tensor R
of M on AGS-space satisfies

R, =% 8o = (6508 + 6267);

(bc) )
where 6, is the Kronecker delta,

a,b,c,d =1,2,...,n, and (--) denotes the
symmetric operator of the including
indexes.

If we return to the ACR-manifold
which satisfies the identity (1), then its

Riemannian  curvature tensor on

ad _ pa _

A(is-space ownsd Rbcd =Ry.5=
h

Ape —B™ ¢ By ©—6¢ &y,  (see

equation (2) above). Then regarding the
Theorem 4.2 above, we can state the
following theorem:

Theorem 4.3 An ACR-manifold
(M* @, & n,9) furnished with the
identity (1) has pointwise constant
® HS-curvature if and only if, on
AGS-space the following equality hold:

d
Agg = Bbc lad] _ Bhba Bdhc
+1
+ %65‘2.
Proof. Suppose that M is an

ACR-manifold satisfied the identity (1)
and has pointwise constant
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@ HS-curvature. Regarding the Theorem
4.2, on AGS-space of M, the following
equation hold:

45 = B 8,0 + g
where |h| means the index h does not
act by the symmetric operator. Then
using the fact B, ’=-B,° and the
symmetric operator of the indexes b
and c, we get

(@d) _ _ palnl a)
Ape =B "% B T

Ay
Since A = ALY + Al 4+ ALY 4 AGD
Then regarding the equation (3), we get
the required assertion.
Theorem 4.4 If M is an Einstein
manifold satisfies the identity (1) and has
pointwise constant ® HS-curvature y ,
then » =-1.
Proof. Suppose that M is an Einstein
manifold satisfied the identity (1). Then
from [1], we have

Bca[bc] =0; b = Bahb B’ (10)
Since M has pointwise constant
® HS-curvature y , then from the
Theorem 4.3, we get

Ay = Bcb[ac] -B,.* BChb
+(y+1)2(n+1) 52

Now, combine the equations (10) and
(11), we obtain

ihopoo_p oapn - Z+HDN+1) o
Bhb Bch _BCh Bhb_fé‘

(11)

b -

Then the contracting of the above
equation with respect to the indexes a
and c, we conclude the result.

Corollary 1 The Einstein manifold of
pointwise constant @ HS-curvature and
satisfied the identity (1) is locally
isometric to the warped product Rx, C".

Proof. The result follows from the above
theorem and Tanno [20].
According to Vanhecke [22], we can
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define new classes of ACR-manifolds as
the following:
Definition 4.5 An ACR-manifold

(M ®,&,n,9) is called of class

G iIf VX,)Y,ZWeker(n) , then
R(OX, DY, dZ,dW) = R(X,Y,Z,W);
G, if VXY, ZWeker(y) , then
R(X,Y,®Z,®W) = R(X,Y,Z,W);
G, If v X,Y,ZW eker(n) ,
R(®X,Y,Z,®W) =R(X,Y,Z,W);
G, if VX)Y,ZWeX(M), then
R(P*X, DY, d*Z, d*W) = R(X,Y,Z,W).
Moreover, ACR-manifold of class G,
and G, can be called classes of @ -

invariant and @2 -invariant Riemann
curvature tensor respectively.
Theorem 4.6 In the AGS-space, the

ACR-manifold (M*"* @, & n,9) is of
class

1. G, ifandonlyif, Rgpeq = O;

2. G, ifandonlyif, Rgp.q = 0;

3. G, ifandonlyif, Rgp.q = 0;

4. G, ifand only if, Ryop0 = Raopo =

then

Raobe = Raove = Raope = 0.
Proof. Since
R(X,Y,Z,W) =Ry, X'Y!Z*W! :
where i, j,k,1=0,1,...,2n and for short
we set i,j,kl=0ada , where
a=12,..,n and a=a+n. Then we
have M of class G, ifand only if,
R(DX,DY,DZ,dW) = R(X,Y,Z,W);
v X,Y,Z,W eker(r7) . Then the above
equation equivalent to
Ry, (@X)" (®Y)* (@Z)' (dW)" =
Rja X'Y1Z¥w!,
where 1, j,k,I,r,s,t,u do not vanish
because X,Y,Z,W eker(n) . Then the
last equation simplifies to
Ry @ @5 @, @ X'YIZ¥W!' =

rstu
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Ry X'YJ ZFW'.
Then Ry, ®f @5 @, ® =R, and
from the values of the indexes and @ in
the equation (4) attain the result.

Similarly, if M ofclass G, or G;.
Now, if M of class G,, then we have

R(P*X, D%, d°Z,d°W) =R(X,Y,Z,W).

The above equation can be written in the
following form:

0=n(X)n(Z)R(E,Y,5W)
+n(X)nW)R(S,Y,Z, &) +n(Y)n(Z)R(X,E,&,W)
+n(Y)nW)R(X, &, Z, &) —n(X)R(E,Y, Z,W)
-n(Y)R(X,&,Z,W)
—n(Z)R(X,Y,EW)—n(W)R(X,Y, Z,E).
If we replace X,Y,Z,W,& by the
indexes 1, j,k,1,0 respectively in the last
equation, we get

0 =nmRyjor + 1M Rojko + 71 Rioan

= Rio + 71 Rioko — 7 Roja

_77jRi0k| Tk Rij0|-

So, if we take the values of i, j,k,| as

above and use the properties of the
Riemannian curvature tensor, then we
obtain the result.
Corollary 2 The ACR-manifold
(M*™ ®, & n,9) which satisfies (1)
can not be of class G, .
Proof. Suppose that M satisfies the
identity (1), then from the equation (2),
we have

Raovo = Ropo = —0p # 0.
Then from the Theorem 4.6, we arrive to
the substance of this corollary.
Corollary 3 The ACR-manifold
(M* @, & n,9) which satisfies (1)
can be of class
1. G, if and only if, Ai,=0; or

equivalently B, 2 =B, "B, *;
G, ifandonlyif, B® ;=85 g
G, if and only if,
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¥ =B" B, +5° I .

C C

Proof. The results follow from Theorem
4.6 and the equations (2).
Corollary 4 If the ACR-manifold

(M*™ @, & n,qg) satisfies the identity
(1) and of class G;, then M of class
G,.

Proof. The assertion of the present
corollary follows from Corollary 3 and

the first part of the equation (3).
Corollary 5 If the ACR-manifold

(M* ®, & n,qg) is a manifold of class
G, , then M has vanishing
@ HS-curvature tensor H .

Proof. Suppose that M of class G,,

then for all X eker(r), we get

R(DX, X, X, ®X)
(9(X, X))*

_R(OX, X, X, X)

S X)

H(X) =

5 Generalized Sasakian space forms
In this section, we introduce the
definition of generalized Sasakian (GS-)
space forms as mentioned in [3] and
derive the conditions of our class to be
GS-space forms.
Definition 5.1 [3] An ACR-manifold
(M, d,&,n,9) is called GS-space forms
if there exist three functions f,, f,, f, on
M such that
+ f,{g(X,DZ)DY — g(Y,DZ)DX
+29(X,DY)DZ}
+ £ {n(X)n(2)Y —n(Y)n(Z)X
+9(X, Z)n(Y)&—9(Y, Z)n(X)c}:
forall X,Y,Ze X(M), where R isthe
Riemannian curvature tensor of M .
Moreover, such manifold is denoted by
M(fl’ f2’ f3)

Suppose that
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R(X,Y,Z,W)=g(R(Z,W)Y,X) and
Q(X,Y)=g(X,DdY) . Then on the

AGS-space, we have
Qoo = Qg0 = Qgo = 0;

Qap = Qg5 = 0; (12)
.de = V—l 6l§l ; ‘Q‘l] = _‘Q]l
Moreover, the  components  of

Riemannian curvature tensor of the
GS-space forms on the AGS-space given

by

Ria = 0w 9 —9i 95}
+ fz{Qn ij _Qu Qik + 2Qij Q|<|}
+ f3{77j e Qi =15 1 Qe 77 T Qi
=T Mk gjl}' (13)
Theorem 5.2 An  ACR-manifold
(M ®,&,n,9) satisfies the identity

(1) is GS-space forms if and only if, on
AGS-space M attains the following:

1. f,=1f+1 A =0;
2. A =B™ B,," +(f,+ f;)o2 &
+2f, 62 5
3. B = (f3—1,)85 o
B! = B*, B"..
Proof. Using the equations (2), (4), (12)

and (13), we get the requirements.
Theorem 5.3 An ACR-manifold

M(f, f,, f;) has pointwise constant
® HS-curvature equal to y if and only
if, y+f +3f,=0.
Proof. M(f,f,, f;) has pointwise
constant @ HS-curvature equal to y if
and only if, ¥V X eker(n)
R(®X, X, X, ®X) = (g(X, X))%.
But the Riemann curvature tensor of
M(f,, f,, f;) satisfies the following:
R(DX, X, X,0X) =

—(f,+31,)(9(X, X))%;
Vv X eker(n7) . Then the subtracting of
the above equations confirm the result.
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Theorem 54 If M(f,f, f;) has
pointwise constant @ HS-curvature and

satisfies the equation (1), then
1 -3

f,=f,= Z; f, = 7

Proof. Combine the value of AY from

the Theorem 4.3 with its value in the
Theorem 5.2, we get

+1 .
Bbc [ag) _ Bhba Bdhc + ! 2 6l§lcd
B B, ¢ +(f, + f;)0267 +2f, 6757,
The above equation reduces to

Bbc 5

= (f,+ f3)5ca oL +2f1, 58 57
Regarding the Theorems 5.2 and 5.3, we

have B, ! =(f,-f)o*s7 and
y=—(f, +3f2) respectively, and
substitute them in the above equation
gives f,=f, :% Then  using

f, = f,+1, we get the result.
Theorem 5.5 M(f, f,, f,) isof class

1. G, constantly;

2. G, ifandonlyif, n=1 or f =f,;
3. G, ifandonly if, f, =f,=0;

4. G, ifandonlyif, f =f,.

Proof. Taking the equation (13) into
account, we conclude that

Ripea = 0;

Rchd =(f,— f ){5a5b_ 525 b}.

— a od d
R, = (fi+f,)5 6, +2f, 000y
RaObO = Raobc = Réobc = Raoﬁc = O’

Raovo = (fy = )55
Compare the above equations with the
Theorem 4.6, we deduce the results.
On the AGS-space can determine the
components of the Ricci tensor of
M(f, f,, f;) from the equation (13) as
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follows:
Fix = _g“RijkI = (2nf, +3f, - fs)gjk
—-(3f, +(2n-1) f3)77j s
where g" are the components of g.
Then we deduce the following theorem:

Theorem 56  M(f,f,, f,) is 7 -
Einstein manifold with
A=2nf +3f,—f, and

u=—3f,+(2n-1)f,).
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