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Abstract

The existence of solutions for a non - linear eigenvalue problems is well studied and proved
for an even dimension n. In this article we will study the case of odd dimension n > 1 for the
family of quasi-homogenous and we will gi ve some examples for the case when the imension
of the space either n = 3 or n= 5. We study the conditions for which we can prove the

existence of non trivial solution for each case.
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Introduction

In this article we interest by studying the existence of the non-trivial solutions for a nonlinear
eigenvalue problem with a quasi-homogenous operator defined on an odd dimensional space.

In 2003, Helffer, Robert and Wang have proved the existence of eigenvalues on every even
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dimension. The problem for the case of odd n, the case n = 1 was studied by [19], [18] and
[3]. For the case odd n > 1 was studied in [1] (Doctorate thesis 2009), in which the author
proved the existence of non-trivial eigenvalues for some quadratics families of operators for
the cases of dimensions n = 1, 3, 5 and 7 and a conjecture was given for the upper odd
dimensions. In section 3, we recall the results given in the thesis [1], in which Aboud has
studied the quasi-homogeneous family Le(A) of type (k1, k2, € 1, £ 2) for any dimension
(even or odd). The aim of this article is to study the following more general type of quasi-
homogenous operators (section 4):

L(A) = Ho + AH1 + A2, Q)

where Ho and H; are pseudodifferential operators with the symbols Ho et H1 and of order M et
%, respectively and of type (k,#)such that:

k= (ki ka) £ = (81, ,)

and we prove the existence of non trivial eigenvalues for any odd dimension also we give
some examples for the case of dimensions n = 3, 5.

For the case n = 3 we give the following example:

Le(2) = Dy - DZ + (P(Xy) - 1),

with P a positive quasi-homogenous polynomial of degree M and type (k4, k») i.e.

P@"'x, p*y) =p"P(x,y), x € R*, y € R.

and

L(A) = |x|®— DX+ 2 |x|3+2% , x € R3 .

For the case n = 5 we will study the following example:

L(A) = D¢ + Dy + |x|> + [y|* + A/ |x|? + [y|*)+2*,

X€ R?,y € R3. For each case we will prove the existance of non-trivial solutions by proving
general results and by using the theorem of Lidskii.

Preliminaries

In this section we give some well-known results. Let T be a compact operator on H, where H
is a separable Hilbert space. If r(T) # 0 (spectral radius) one order the non-zero eigenvalues

of Tin a decreasing sequence in module [A,(T)| = |4,(T)| = ... = |4, (T)|= - - -, every
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eigenvalue be repeated following its algebraic multiplicity. For proving the existence of non-

trivial eigenvalues, we use the following theorem:

Theorem 1 (Theorem of Lidskii 1958)

For every T € C*(H) we have Tr(T) =Y>; 4;(T).

We get directly the following corollary:

Corollary 1 If there exists k > 1 such that Tr(T*) # 0, then o(T) #{0}.

Definition 1 Let X be a Banach space, an application f : R™\ {0} = X, and a multi-index

he N* h=(h1, .-, hn)
and d € C. One say that f is quasi-homogenous of type h and of degree d if
f(p"txy - p"xn ) = poys o v X)),
foreachp>0and (x4, -, x,) € R*\{0}.
We give now the definition of quasi-homogenous symbol.
Definition 2 For the two multi-indices
he N h=(hl, -, hn)
and
keN" k=(ki, -, kn)
we set
M =p.p.cm{hl, -, hn k1, -, kn}.
For, a, C* function such that
a:R?™\{0} - L(H)

DOI: http://dx.doi.org/10.24237/djps.1404.452A

with
a(p™xy, o Py PMEL - PME)
where ¥(H) is the space of continues linear operators fromHtoH, x € R", (x4, - - -, x;,) and
EeRY (&, ...,&)and
Drp (X,§) = D (x,8) =1+ X, | x| PPN 1§ 12PY)
Where p; :hﬂi,qizkﬂi, 1<i<n,(x,¢&) €R*™
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1 Conditions of trace class and Hilbert-Schmidt class for symbols

In the following we give a result which help us to know if the operator is of trace class (or
of Hilbert-Schmidt class) by using the formula of the associated symbol. For the proof of the
following lemmas see [23]:

Lemma 1.1 Let o™ (L) be the Weyl symbol of L. One has L is an operator Hilbert Schmidt iff
a% (L) € L2(R?™).

Lemma 1.2 Let 6™ (L) be the Weyl symbol of L. One has L € Cp if:

1
Zos|a|+|ﬁ|5k(p)(ff|D§‘D50(L)|p dxdg)’,
with k(p) even integer > 2n(( 2;) —1)ifp € [1, 2], k(p) even integer > 3n(1 + (2?)) if p€(2,00).
We recall the following lemma (for the proof see [1]):
Lemma 1.3 For an operator L the symbol a(L) quasi homogenous of order M and of type:
(k, £) = (K1, k2, £1,%;)
such that

o(L)(p*'x, p*%y, p't&, p'n) = p™(xy,€ 1),

a(L) € Sify
where (x, y) € R™ x R"?,(¢,17) € R™ x R™ and nl + n2 = n.then :

i) L is of trace class if o(L) € S,’;’é with the condition:

M+ (nyky +nzk; + €4+ £5n, ) <O0. (2)

i) L is of Hilbert-Schmidt class if o(L) € S,’(""L with the condition:

2M + (n k; + nyk, + €ny+4,n, ) <0. (3)
Theorem 1.2 (Theorem of Composition)
One suppose that ¢, ¢ are weight functions, if A € L(‘;ip with symbol a € Sf;,l(p andB €
u2
L¢> ®

of symbol b € S4°  then AB € L/’ > Moreover, the symbol a.b of AB admits an
asymptotic

expression
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ab= Yz (a,B)(3f DEa)(9f DED),
in the following sense:

for an integer number N, one has

ab = Tiapien (@ B)(0F DYa) (9 DED) € SH1w2=N)

where I'(a, B) = G)a (= i)ﬁ ﬁ

2. Functional analysis of the problem

Let H be a complex Hilbert space and let:

L(A)=HO+AH1+ ...+ 2™ IHm-1+ ™, 4)
where L is a family of non-bounded operators on H, and A € C.

In addition, HO is a closed operator with a dense domain D (H,).

The operators Hy, ...,H,,,_, are defined on D (H,).

One considers the following hypothesis:

Hypothesis (H,): H,is a self-adjoint positive operator of the domain D (H,) in H.
Hypothesis (H,): For each integer j, 0 < j < k — 1, the operators

Hy'H; and Hy ' H; are bounded in H.

To give the third hypothesis, we give the following definition:

Definition 1.3 Let H,, H,be two complex Hilbert space and T: H; - H, a compact operator.

We denote by (1;(T))j = 1 the decreasing sequence of eigenvalues of (T = T)% where each

eigenvalue repeated corresponding to its multiplicity. Let p strictly positive real number. We

say that:

T € CP(Hy, Hy)

D TP < +oo
j=1

where CPdenotes the class of Schatten.
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Hypothesis (H3): There exists a real p > 0 such that:

-1

H™ € CP(H).
Hence, we have the following result, for the proof see [1].
Proposition 1.1 Under the previous hypothesis one has:
1)L (4) define a closed operator of domain D(HO).
ii)If L(1)~! exists, then it is compact.
iii)VA € C,L(A) is an operator with index and Ind (L (1)) = 0.

3 Quasi-homogenous operators of type (k1, k2, 4, ¥€5) [1]
In this section we recall some results given in [1], we reformulate these results for a general
case of homogenousity and we will generalize these results in section 4 for a more general
kind of operators.
We consider the operator Lp (1) which is studied by Aboud in [1]:
Lr (1) = a(Dx,Dy) + (P(x,y) — )%, ()

where P is a positive quasi-homogenous polynomial of order M and of type (k1, k2) and ais a
pseudo-differential operator, positive, quasi-homogenous of order M and of type (¢;¢,) i.e.:

P (p*'x,p*?y) = p"P(x, ),

a (p"' Dy, pD,) = p™'a(Dx,Dy).
where x € R™,y € R"2, R* x R™ = R™ We start by taking an arbitrary n and in this
article
we interest by the case of n odd.

In [1], Aboud has studied this kind of quasi-homogenous family of operators LP (A) of type

ki ky £1 2
—1 —2 ,—,—) for any dimension (even or odd).
"M M

We associate to L(A) the non-self-adjoint matrix operator Ap in L2(R™) x L£2(R™) such that :

. 0 H
Ap-

O Nk

O Nk
|
T

Where
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H, = a(Dx,Dy) + P%(x,y). (7)
H, = —2P(x,y).
The symbol of Ap is
1
0 2
AP= 1 0 y
—H? —H,

Where

HO = a(f 'Tl) + PZ(X’ y)!
Hy ==2P (x,Y),

so the symbol Ar has two complex eigenvalues:

ut =P (x, y) = ya(§,m). (8)

By using the definition (2.2) we have:
Ap € Sy (L2(R™) X (L%(R?)).

where
M= (50

20, 20,
M = =2).
v = (57 37)

Tr(Ap + )™ 1 - o,

We find

i.e. we find the trace of the parametrix of the operator Tr(Ap + A)~™for m is a sufficiently

big real number and for a big A. We note that:

(Ap + D™ € St (LA(R™) x (L2(R?)).
So we have the following proposition:
Proposition 3.1 [1] For the operator Apwith the symbol in (6) with P a positive quasi-
homogenous operator of order M and of type (k,, k,) and a is a pseudo-differential, positive,

quasi-homogenous operator of order M’ and of type (¢, ¢,) if there exist j, j =1 such that:
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nlfl +n2‘€2 == M’]

So for
m>M {n1k1+n2k2 Z(nlt’;\/[-{;nzt’z)_i_n’Zt;;‘:‘Ll + 2{;;':1.2+M}’
we have
T(Ap + 1) = coA% + ¢, A%070 4 ..,
where
e = e ~N\—
Co = (_1)2f1R2n (1 + P(x, y)) m+dedYIR2n (1 + a(f; TI)) mdfdﬂ:
ao =-m + k1n1+k2n2 2(€1n€1+£2n2)
Mr
6 2 MMI.min{M’k1+2M{’1 ,M’k2+2m€2}’
MM MM
2¢ny  24;n,
0= G + T
M M
and ¢, # 0.

By using the proposition (3.1) and the theorem of Lidskii we can prove the existence non
trivial
solutions for the family of quasi-homogenous operators Lp , so this prove the following
theorem:
Theorem 3.1 [1] The operator Lp in (5) is defined on £2(R™) with P is a positive quasi-
homogenous
polynomial of order M and of type (k4, k,) and a is a positive quasi-homogenous
pseudo-differential operator of order M’ and of type (¢4, £,), if there exists j, j = 1 such that :

nty +nyt, = M'j,
where n; + n, = n. Then there exists 1, € C et uy, € L?(R?),uy # 0 such that Lp(Ao)uy =
0.

Quadratic family of type (kq, k2, €1, £2)
We consider the following quadratic family of operators:
L(A) =Hy + Hy A+ A%, (9)

Where H, and H; are pseudo-differential operators with the symbols H, and H; which are

of order M and % respectively and of type (k, ) such that:
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k=(kikz)  £= (1, ¢2)

Ho(p*x, p*2y, p©1&, p%2n ) = pMHo(x,y, &, 1)

M
Hl(pk1x,pk2y,p{’1f,p{’2n ) = p?Hl(x, Y, f, T])

Wherex e R™ ye R"neR™ ¢ € R andn; +n, =n.
H, and H; verify the hypotheses (1), (2) and (3) of the section (2.2). We assume that H, and
H,_H, % are positive operators. For the linearization of the problem we associate to L(1), the

following non selfadjoint matrix operator:

1
4 0 Hy?
A w) (10)
-H,2 -H,
with the matrix symbol A which belongs to S,%_f(LZ(R”) x LZ(R™)) where:
_ k1 k2 41 fz
K D NG
such that
1
) 0 H,2
A= . (11)
—H,2 —H,
and

pr=H F i,/Ho_H12

We study the asymptotic form of the trace of the operator (A + 1)~™, for m sufficiently big.
The operator (4 + 2)~™ have the symbol B which belongs to S; ,(£L%(R™) x £Z(R™)) such

that:
By, EmN =~ ) bty
boa(x,y,$,m) = (Alx,y,&,m) + )™
bre1a(% :6,m) ==boa(xY.€,1) TaT(@ B) 8¢, Dk (A%, y, §,1m) + D)™
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0f, Dty biMx.y.€,m),
A={l(kD).(a. P+l =j+11<j},
a = (a;,a,)€ N x N"2 | B = (B, 3,) )€ N™ x Nz,
So the trace have the following asymptotic form
Y206 J gentr (0J,A)(X, y.¢,m)dxdydEdnT. (A + )™ =

= z cj,—m(4),
j=0

Cj,—‘m(/l) ZIRZH tr(bj,l)(x, yvf' n)dXd)’dfdﬂ,

we set

and

bia (% ¥.E,m) € Sey 7 (L2(R™) x L2(R™)).

Proposition 1 The operator A in (10) is defined in £2(R™) x £2(R™) where H, and H, are
pseudo-differential positive operators of order M and % respectively and are of type (k, £),

k =(ky, k,), £ = (£1,%,) such that there exists j, j =1 with:
nq(ky, £1) + ny(ky, £2) = M

where n; + n, =n. For m large enough and 4 — +co we have:
T.(Adp + D)™™ = X 20 Gjm (A)
= A% + c5A00+
such that
¢j-m(A) [ ganbj A(x, y,€,m)dxdydédn,

where bj,A are the terms of the symbol of the parametrix of(4, + 2)™ m and

co= (=D gan (Hy (,y, &) + oGy, &m) = HEG . &) + D)™™

c5,—m = csgA®079

:fRang,A(X, y;f: U)dXdydde'
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2nq (k1+£’1)+2n2(k2 +{72)

=-m+
ay =-m - ,
Kit+l1 kot+f
6= Mmln{1 L ZMZ},

_ 27’11 (k1+{’1)+2n2(k2+€2)
- M

de plus ¢y # 0.
Proof: To find the asymptotic form of the trace we start by calculate the trace of the first term
by, Aie.:

ty (bo,A) = R(Hy+/Ho — HZ + )™,

For the integral

[pen(H1(x,y, &) + VHo(oy, &) = HE(,y, &, 1) + )™ dxdydédn,
we do the changement of variables:

2k

2k )
=A=' = dx = A%dx

y=AZZy = dy = 1222 dy

21’1

£=2 2y o de = ,1”1"1 dé
2%y s dp = 2 X2 dy
we get

Co-m(D) = (D)™ Rmiﬁ((Hl &y, &)+ VHo Ly, &) = HEK,y', &,n') +

1) dx'dy'dé'dn’,

where
2
Ca — _m+ 27’11 (k1+‘£1)+ le(kz'l'fz)'
M
we set

¢o = [ R((H Oy, €0") + VHGGE Y, ) — H2GEyh 8 ) +1) da'dy'dg'dr,
e

Co—m(A) = (D)
To calculate ¢, we follow the same method of previous sections. We assume that
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f((l) = fRZTl((Hl(X,I y" flﬂ 77') + (i/HO(XI: y/’ fl: 77,) - 1—112 (X,' y,' E,' 77,) +
-m
1) dx'dy'dg'dy’,

by doing the changement of variables

1. 2k1nq

1. 2k1
X=@QH X = dd'= () W dx’

1 2k2n2

2k ’ "
Y=y = dy'= ) dy

1,201

‘()_s‘"=> d§' = ()™ d§"

= dn’ - (l)zl’ﬁlnz dn”

a

1,2%2

=™

we get

4
f@) = (3) Jgon (FaG"y", €7 ™) + VHo Oy, &7 1) — HEGE™,y", €707 +
-m
1) dx”dy”df”dn”,

_ 2711 (k1+{’1)+2n2 (kz +1-02)
= Y :

By considering an analytic prolongation of f(a), we can suppose that @ = i, and we obtain :

COZSR(i)_Qf]RZH (Hl (X”: y”l E”; 7]”) + \/HO (X”' y”' 5”1 T]”) - le (X”' y”' 5”! 77”) +

where

1) dx"dy"dg"dy’,
S0 ¢y # 0, there exists j, j > 1 such that:
ny (ki +4€) +ny(k, +€,) =M
we have either n is even or n is odd.
When n is even, we have nl and n2 are even (n, and n, are odd), then for M even we must

have (k4, k,) and (¢4, ¢,) such that (13) is verified (the sums k; + ¢, et k, + £, are even
such that (13) is verified).

When n is odd, we have nl is even and n, is odd (n, is odd and n, is even) and M even so

the sum must be k, + £, either even and (13) is verified (the sum k; + ¢, either even and
(13)is

verified). For example, the case n =5, n; =2, n, =3, (k1,k;) =(2,1), (1,€2)=(1,1) etM =
4. So, we obtain
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_e "oz [T AN TR [T TR
CO:(_]-) 2 RZH(Hl(X 'y 'f '77 )+\/H0(X :y 'E '77 )_le(x 'y lf 'T’ )+

-m
1) dx”dy”df”dn”,

and CO + O, Since Hl(X”,y",f",U") + \/HO(XII’yII,SII,T’H) _ H12 (Xn,yn’fulnn) + 1 iS
positive. For finding the second term of the trace de(4 + )™ we set:

ki+f, kp+?
k = mm{ 1 1’ 2 2}’
M M

we assume that

kq+44
M

K=
so we take in consideration the type of homogeneity we obtain by, , is the second term when
I=0anda; + f; =M, a, + B,=0i.e.

b a(6Y:§, M= -T(M, 0)bo 1 (x,y,$,m0¢ (Ap((%,y,§,m) + D)™ Dy bo a(X,Y:§,m)
-T(0, M)bo(x,y,§, MDY (Ap((%y,§,1) + A)™0¢" bo a(X,Y,$,7)
T(M = 1,1D)boa(xy, &m0 ' Di(Ap((x,y,&,1) +
MO DY b a(Y,E, M)
T(M = 2,2)bo 2(x%,y,§,m)9¢ *DZ (Ap((x,y,§,1) +
A0 DY 2 bo a(x,Y:6, M)
T(1L,M = Db (x,y, &m0 Dy (Ap((x,y, €, 1) +
MO Db A Y,E, M)

m (kM)

We have by 5 € Sk, so by doing the previous changement of variables we obtain

J Rzntr(bkm,z(x,y,f, m) dxdydédn = A% [pan t-(b'kn(Xy'\§',") dx'dy'dg'dn),
where
a, = ay —KkM
and b’y (X\Y',&',1")is the rest of by, 1(X,y,¢, 1) after the application of changement of

variables (12) and taking A as a factor.

O

By using the proposition 1 and the theorem of Lidskii we can prove the following theorem:

Vol: 14 No: 4, October 2018 100 P'ISSN:_ 2222-8373
DOI: http://dx.doi.org/10.24237/djps.1404.452A E-ISSN: 2518-9255




DIYALA JOURNAL FOR PURE SCI

Existence of Solution for Some Nonlinear Eigenvalue Problems

Fatima Mohammed Aboud

Theorem 1 The operator LP in (9) is defined on £2(R™)with H, and H; are positive pseudo-
differential operators of order M and % respectively and are of types (k, €), kK = (kq, k), € =

(£1,%5), if there exists J, ] = 1 such that :
ny(ky +£1) + ny(ky + £3) = M;
Where n; + n, = n.So there exists A, € C et ug € L2(R™), uy # 0 such that, Lp(14)u,=0
1. Example withn =3
We consider the operator:
Lp(A) = D¢ — Dj + (P(x,y) — D2,

with P is a positive quasi-homogenous of degree M and of type (k4, k;) i.e. :

P(p™'x,p*?y) = p"P(x,y), x E R?, y € R.
By using the theorem of Lidskii and the proposition (3.1), we can prove the following
theorem: Theorem 2 The operator Lp of the form
Lp(A) =D¢ — Di + (P(x,y) — D)* xER?, y ER,
is defined on £2(R3) with P is a positive quasi homogenous polynomial of degree M and of
type
(kq, k; ). So there exists 1, € C and u, # 0 such that Ly (A5)uy =0

2. Example withn =5
We consider the operator:

L(D) = Dy — Dy +|x|* + [y|* + AW/ |x|* + [y]*) +2%,

where x € R?, y € R3. The operator L is associated to the matrix operator 4 in £2(R>) x
L2(R>) such that

1
A 0 H,2

A= Lo
_A,7 -0,

where
Ho(x,y,Dy, D)) = Dif — Dj +|x|? + |y|%,
Hy(x,y.Dy, Dy) =/ 1x]2 + |y|*.
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Hence we obtain the matricial operator A have the symbol A with
Ho (xy,6,m) = [§1* + Inl* + |x] + |y|*,
Hy (xy.$,m) = 1x> + yl*,
H, and H, are of order 4 and 2 respectively of the type (k,£) where
k=(2,1),¢=(1,1).
Form> 9 and A — +oo, the trace of (4 + 1)~™ have the following asymptotic form :
T(A+2) " = Zj206,-mA),
= A%cy + A%2¢c, +..

2L

Where

-m+5
co=—fps(VIXE + IyF+1)  dxdy — [ (JIEE + [n]* + 1) ™dgdn
CZ,—m(;{) = leobZ,l(xi Y, f; Tl)dxdydfdn
ap=-m+6
a,=-m+4
-m+5

And ¢, # Ocar( |x|? + |y|4+1) " and (V1€1* + Inl* + 1)~™ are positives. So we
use the

proposition 1 and theorem 1 which give the existence of the non trivial solutions for the
operator L .
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