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Abstract

In this paper, we will discuss Bifurcation solutions of fourth order nonlinear equation using local
method of Lyapunov-Schmidt. In the case when the system is non-homogenous with symmetric, it was
shown that Discriminant set (bifurcation diagram) is the union of two surfaces. In the case when the
system is non-homogenous with non- symmetric, geometric representation of the discriminant set
(Caustic) was discovered, replete with bifurcation distributions of critical points in every region of the
plane of parameters.
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1. Introduction

Many problems in Physics and Mathematics, equations depending on a parameter arise. The
equations may be written as with parameters,can be written in the form of operator equation,

l(w, 1) =, ueEODCM, , EE, AERT - (1.1

where y(x) = Y(r — x) and where [ is a smoothing Fredholm map for index zero, M and E are
banach spaces and O is an open subset in E. The solutions of this problem can be found by solving the
equivalent equation,

O, (t,A)=p, TE y, pEY, ..(1.2)

where y,y are a smoothing finite dimensional manifold. The reduction of equation (1.1) to the
equation (1.2) by local method of Lyapunov-Schmidt (MLS). Has all properties topological and the
analytical of equation (1.1) (multiplicity, bifurcation diagram, etc) [ 3,11, 13]

On the method of finite dimensional reducing the solutions of infinite-dimensional spaces
coinciding with the solutions of finite-dimensional spaces, this became a major factor in modern
mathematics. Nonlinear algebraic equations have a crucial role in physics and engineering, especially
mechanical engineering , electrical and computer engineering. It's crucial in numerous other factors
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such as population growth, economy, etc. Many studies have been conducted on different sorts of
bifurcation solutions.

In [6] M. A. Abdul Hussain (2007), studied bifurcation of the periodic solutions of the nonlinear
system of algebraic equations of the following:

&G 8D +286 G5+ 80 + q1(5283 — §180)+0261 = 0,

§(7 + &) +26(83 + 6D + q1(8183 — §280) + 25, = 0,

255G+ +EE+HED b+ @i =0,

285G +ED +LE D+ L1 — D + @y = 0.
And taking the equation of the following :

12 12 6
4 2
ut -3 u" + o uu' + o (u)= -

36(r — k?/7r) 54 , 18
—k2r3 u—mu +k2r2u = 0.

In [7] M. A. Abdul Hussain (2009), studied bifurcation solutions of the nonlinear system of algebraic
equations used the method of Lyapunov-Schmidt reduction of the following:

§ +2868 + & +q, =0,
§3 + 2808 + 16, +q, = 0.
And taking the equation without symmetry of W(x) as following :

&u+ ¥u+ﬁ-+3 LY
e a—-;z u u- = ,
dx* dx?

with the boundary condition: ©(0) = u() = u''(0) = u'' () = 0.

In [2] B.M. Darinskii et al (2007), studied bifurcation solutions and they found bif-spreadings of the
nonlinear system of algebraic equations of the following :

M&E +E +286E =0,
8, + 2888, + &7 =0.

And taking the equation of the following:

dp  d*p
_ _ 3=0
dx4+adx2+ﬁp+p ,

with the boundary condition: p(0) = p(m) = p"'(0) = p" (7)) = 0.
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In [10] M. J. Mohammed (2011), studied the bifurcation solutions using the method of Lyapunov-
Schmidt reduction and he founded the bifurcation diagram of the following nonlinear system,

§ + 2688 +5réf +4reE + 16+ 41 =0,
&3 + 2878, +8r& 18, + 1,8, = 0.
And taking the equation with symmetry of W(x) as the following:

d4w+ dzw+ﬁ +wi+wd =V
—— T d— wTw w- =%,
dx* dx?

with the boundary condition: w(0) = w(r) = w'' (0) = w" () = 0.

In [9] M. J. Mohammed (2007), he was studding the bifurcation solutions using the method of
Lyapunov-Schmidt reduction and he was founding the Discriminant set. Then he calculated the
topological indices of the solutions of the nonlinear system of algebraic equations of the following:

niny +bn3 + iy —q1 =0,
N3 + bnang +2zm; = 0.
And taking the equation of the following with symmetry of ¥(x),
Zoxxx + QLyy + PL+T?T =¥,
with the boundary condition: Z(0) = Z(1) =Z"(0) =Z""(1) = 0.

In [4] I. A. Shanan (2013), studied the bifurcation solutions using the method of Lyapunov-Schmidt
reduction and he founded the bifurcation diagram of the following nonlinear system,

d*uy d?uy s , 2
W+/11W+u1 +ui +uqus +ufuz +u3 =Py,

d*u, d?u, 2 y 2
e + A, TxZ + Uy +ui +ugus +uiuy +u; =Y,

d*us
dx*

d*u
+ 23 dx23 +ug + uguf + ugul +ui +ud = s
And taking the equation of the following with symmetry of ¥(x),

3.3,1 2 1.2

—x ZX1X5 — —xix kixy—q,; =0
X T XXy — XXzt RaXy — gy )
1 2 3.3

xfx, +—x kox, =0
“xPxy + x5 + kpxy = 0,

3.3

1 2
—x —X1X kax; — g3 = 0.
X3 T XXy + KXz — g3

In [1] A. H. Resan (2019) used the method of Lyapunov-Schmidt reduction to problems:

y'" tay"+By+yy' + @) +y*+y3=0.
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In [12] W. S. Sadiq (2020), studied the bifurcation solutions using the method of Lyapunov-
Schmidt reduction and he founded the bifurcation diagram of the following nonlinear system,

V12 + ¥+ 4y — Ay, =0,
Y1Y2 + A3y1 + A4y, = 0.
And taking the equation of the following:
U — Upyy + Uy, + 2kuy, = 2uy uyy, + Uly,,y.
In [8] M. A. Jassim (2021), she studied the bifurcation solutions using the method of Lyapunov-

Schmidt reduction of the following nonlinear equations,

3 3.5 s
ax, +Ex1 +Ex1 =0.

And taking the equation of the following:

d*u  d*u .

W+aw+u+u +u” =0.
In this paper, to find the bifurcation solutions of non-linear differential equations of the fourth order
in three parameters we used the local method of Lyapunov-Schmidt,

1O Py Lo (1.3)
u, _adx‘* ﬁdxz ou udx . (1.
with the boundary conditions:

u(0) = u(m) =u"(0) = u"(n) =0, . (1.4)

Definition 1.1 [23]

Suppose that( E, M are Banach spaces) and a linear continuous operator A: E — M.

The operator A is called Fredholm operator, if the kernel of A,( ker(A)) and the Cokernel of A,(
Coker(A)) is finite dimensional. The Rang of A ( Im(A)), is closed in M. The number dim (Ker A) -
dim (Coker A) is called Fredholm index of the operator A.

3.2 Reduction to Bifurcation with Non-Symmetric Case

We will discuss in this section when the system is non-homogenous with non-symmetric of
equation (1.3), and using the boundary conditions (1.4), where F : M — E is nonlinear Fredholm
operator of Banach space M to Banach space E form index zero. form Banach space M to Banach
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space E. M = C*([0,n],R) is the space of all continuous function that have derivative of order at

moust four, E = C°([0,7],R), x € [0,m]. Is the space of all continuous functions and u = u(x)
(a, B, o). the bifurcation solutions of equation (1.3) are corresponding to the bifurcation

€ [0,m], 1
equation (1.1).

Theorem 3.1.
The equation (1.3) has a bifurcation equation that corresponding to it, is given by the following

nonlinear system of three equation
q1x1 — A1X1X3 — AxXaX3 — Py
O (1, A) = dpxp, + Agxf — Apxyxz —p, |+ o(t1?) + 0(I7>)0®)
43Xz + Azx1X; — p3
..(1.5)

=1,

where py, 02, P3,41, 42,43 € R, the parameters equation T = (xq, x5, x3)

A =Py, P2 P3, 41, Uz, 43) ER, ¥ = (61,62, 83)
Therefore, the solutions of the equation in (1.3) correspond one-to- one to the solutions of nonlinear

system.

Proof:
Letl(u,A) =y, where Y €M
So, at the point (0, 4) the Frechet derivative of the nonlinear operator I(u, 1) is
d(u+th)

2
LR 4 5w+ th) + (u + th) 20

d*(u+th)
+ '8 dx?

[(u+th)=a ppon

2

4 d
h+ﬂwh+0’h,

df(0,)h =
FODh=a——

as a result, the equation's linearized equation (1.5). Is given by,

Ah=0; heekE,
d* d?
f(O/l) a—+ﬁm+a x € [0, m]
= u"(m) =0.

u(0) = u(mr) = u"(0)

98



Journal of Basrah Researches ((Sciences)) Vol. (47). No. 1 (2021)

By substituting in the linearized equation, we get a characteristic equation to
which corresponds to this solution.

am*+ B m?+0=0.

This equation gives in the plan of parameters (e, 3, o) characteristic lines lp. The characteristic lines
lp consist of the points («, 8, 0) for which the linearized equation has non-zero solutions. The point of
intersection of characteristic planes in the space of parameters (a,B,0) is a bifurcation point,
cause a bifurcation of the modes,

ep = cpsinsin (Px), P=1,23,..
e; = ¢ sinsin (x), e, = C, sinsin (2x), es; = c3 sin sin (3x)

Where [le; || = llez]l = lles]l = 1.

2
C1:C2:C3: E,

It is easy to see that for n,m = 1,2,3 and

o, _ _(lif n=m
(en,em) = fo sin(nx) sin(mx) dx = {0 ifnem
this mean that e, e, and e are orthonormal basis of the null space Ker(A).

Let N = Ker(A) = span{e,, e,, e3}, then the space M can be decomposed in direct sum of two
subspaces, N and the orthogonal complement to N,

M =N N+, Nl={z €E: [/ Zep dx=0,P= 1,2,3}.

In the same way, the space M can be decomposed into the direct sum of two subspaces N
and orthogonal complement N ,

E = N ®N*,
n
Nt = {u) € M: J;) wep dx =0, wherever,P = 1,2,3}.
There exist two projections P: E — N also, (I — P): E — N+, such that
Pu=V and(I—P)u=7.
Hence every vector u € E can be written in the unique form,
u=V +Z, V =% xie,€N, ZENL, x; = (u,e).

Similarly, there exist two projections
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0:M—> N and (I — Q): M - N+,
such that
Ly(w, A) = OL(w, 2),
Ly(w A) = (I — 0)L(u, 2).
And hence,
L(u,A) =L (u, )+ Ly(u,A)
=0L(w, D) + U - QF(w,),
Li(u,A) = QF(u,2) = Y3_,v;(u, De; € N, when, v;(u, ) = (L(u, 1), e;),
Ly(u,A) = (I —Q)L(u,A) € N*.
Accordingly, equation (1.5) can be written in the form,
QL(w, ) =1y,
(I = QL) =1,
Whereas ¥ =1 + 9,
Or OL(V+Z,2) =y,
I-QL(V+Z2) =1,

By using Implicit Function Theorem (IFT)[14], there exists a smooth map ©: N — N+ (relies on 1)
such that ©® (u, 1) = Z and,

L, ) (V + 6(7,2), 1) = .

To find the solution for (1.3)in the neighbourhood of the point u = 0, it is sufficient to find the
solutions of the equation

Lyw, D) (V+6(V,2),2) = . .. (1.6)

Equation (1.6) is called (bifurcation equation) for equation (1.3). So, the bifurcation equation is
O(r, 1) =9,

T = (X1, X2, X3,,01,02,03 ), A= (a,p,0)

1 T 1
tieg =(Y* e ) =", \/;sinx ):f lp*\/;sinx dx = py,
0
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2 (2
tres = (" e, ) = (", j;s1n<x)>= f P \/;Sln(x)=p2,

0

1 T 1
tze3 = (Y7, e3) = (@7, \/;sinx )=f lp*\gsinx dx = ps,
0

where
O(t,2) =L, (V +6(V,2),1),
can be written Equation (1.5) in the form,
FV+ZA)=AWV+2)+K(V+Z).
Simple calculations show that
K(V +Z) = KV + terms consists elements of Z.
Hence,
L(V+Z2)=AV + KV + -
Where the dots denote the terms that consist of the element Z . Hence,

3
O (r,1) = OL(V + Z,2) = Z(AV LKV, e) + =, - (17)

=1

By using the inner product (.,.) 5 in Hilbert space £,([0,7],R) and by some calculations of
equation (1.7), implies that,

(AV + KV ,e))er HAV + KV ,ey)e, +{AV + KV ,e3) es=1 .. (1.8)

By using the properties of the inner product {.,.) ;, Simple calculations of equation (1.8) implies
that,

(AV + K V ,el) = _Alxle - A2x2X3 + qlxl - pll

(AV +K ‘7 ,62) = A1x12 - Ale.X3 + (2X2 — P2,

And, (AV + K ‘7 ) 63) = A3X1X2 + (_|3X3 - p3.
1 2 5
Where, Al—E,AZ—\E,/h— E’

4y = Ae; =& (MDey, (p =Aey = fz(/l)ez, qz = Aez = §3(Des,
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( —Ayxyx; — ApXaxz 4 411 — p1)eg + (A1xf — Azxixz + qoxy — pr)es + (Azxy Xy + (33
—p3lez + - =0.

By equating coefficients of e;, e, and e; we have,

41%1 — A1X1x — ApXaX3-P1
®1(t,2) = | qpxz + Byxf — Byxyxz —p, | +o(l7]®) + 0(|z[*)0(y)
q3x3 + Cx1x; — p3
= 0. ..(1.9)

From theorem (1.1) we found Discriminate set (bifurcation diagram) of bifurcation set of equation
(1.9) and we draw the p;p; -plane of 44, 4, g3. As shown in (the fig.1.1), (the fig.1.2) and (the fig.1.3).
(all these figures were found by using the Maple program.

2000 3000 4000 5000

4.x10

3.x 10

2

Cx 100

0 s00 1000 1500 2000

Fig. 1.1 Describe the Discriminate set of equation ®,(t,4) = 0 when ¢q; = 3,4, =8,43 =9
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4.x 10"

3% 107

2.%x10

1.x10

Fig. 1.2 Describe the union Discriminate set of equation ®;(z,1) = 0
when qq = 3,(.|2 = 8,(.|3 =9

Fig. 1.3 Describe the Discriminate set of equation @, (7,4) = 0 when
4, = _0.1,q2 = _0.2,(.'3 =0.3
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The Discriminate set (bifurcation set) deteriorate the solution set in regions, A;, 4, , Az, we have only
one regular solutions, where 1,1,1, topological indices.

3.2. Reduction to Bifurcation with Symmetric Case
In this section, we will discuss when the system is non-homogeneous and symmetric,

d*u d?u du
QW ﬁ@+0u+Ua=lp,

with boundary condition
u(0) =ulm) =u"(0) =u"(m) = 0.

Using the same method as in section (3.1) in the following from, we have the bifurcation equation
corresponding to the above system,

1 2
(41%1 — m’ﬁxz \/;x2x3)ei =tyeq,

1, |2
(I2x2+\/7—nx1 T %% ey = tyey,

5
((.I3X3 + \/T_T[xle) 93 = tgeg.

The symmetry of the function ¥ (x) with respect of the in volition,

I: Y(x) = Y(1 —m) implistthat t, =0,

tiep = (Y% e ) = @7,

; 2
SLn(x) )= jl/) Esin(x) = p;3.
0

% sin(x)) = fw
0

tzez = (", e3) = (Y7,

g}%

Following that, we get:
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—X1%Xy 2 4 )
— |=x,x X, =
Nz 7 ¥2%3 41X1 = P1

x? 2 N 0 3 ..(1.10)
—— |—X1X Xy =
m T 143 q2 2

5x1x,

+ d3x3 =
mCI33 P3 )

The bifurcation equation of the equation (1.10) is equivalent in the neighborhood of point zero to the
equation,

41X1 — A1x1x; — AyXoX3_pq
ch(T, A) = (42X, + le% - Bzx1X3 . (111)
q3x3 + Cxqx; — p3

Where q4,d,,4s,p1,P3 € R, the parameters equation can be found by solving the equation (1.11) in
terms of x4, x,, x5 and then substituting the results in the equation

0¢,(t, 1)\ _ .
det <6—xi =0, i=123. . (1.12)
We found Discriminate set (bifurcation set) of equation (1.11). As shown in (the fig.1.4), (the fig.1.5)
and (the fig.1.6). (all these figures were found by using the Maple program to draw the  p;p3 -plane
for some values of 44,5, 3.

- 31[}[} —ELDD - 1.[}[} 0

2001

(04

0 ' 100 200

Fig. 1.4 Describe the Discriminate set of equation ®,(z,1) = 0 when ¢; = 3,4, = 8,43 =9
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1.x10° 2.x10° 3.x 20" 4.x10" 5.%10°

— 10000

— 20000

Fig. 1.5 Describe the union Discriminate set of equation ®,(t,1) = 0

Fig. 1.6 Describe the Discriminate set of equation @, (7,1) = 0 p;p, —
planwhen ¢; = —0.1,q, = —0.2,q3 = 0.3,p3 = 0.5
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Fig. (1.5) the Discriminate set decomposes the solution set into regions, A;, A, we have two regular
solutions with topological indices: +1, +1.

3.3 Application to dynamical system: Phase Portrait

3.3.1. Phase portrait In the case non-symmetry

The solutions of (1.9) represent equilibrium points for the below system:

XX )
1 2 x2x3 +d1X1 — 1

12 :. ..(1.13)
x1x3 t X2 — P2
5x1x2

o + (3X3 — P3

ﬁ\

We can classify the equilibrium points of system (1.13), in the fig. (1.2). corresponding to the
conduct of (1.9), at the real results. By Fixing the values of q; = 3,q, = 8,43 = 9 and p; = 0.5, in
every set A;: i = 1,2,3 and by testing the eigenvalues of the jacobian matrix of system (1.13) at every
equilibrium point in A; we can to determine the stability and the type of every equilibrium point in
these sets.

In the set A, we choose ¢; = 1.763 and ¢, = 12.723. for these values we have the following one
real solution (equilibrium point) is one real solution (equilibrium point) of system (1.13). p =
{0.8824773334,1.060396551}. For these value we have one equilibrium point is (Node /unstable).

After testing in the set A, we choose q; = —0.512 and ¢, = 7.043. for these values we have the
following one real solution (equilibrium point) is one real solution (equilibrium point) of system (1.13).
p = {—0.2023046841,0.7279458457}. For these value we have one equilibrium point is (Saddle
/unstable).

After testing in the set A we choose ¢, = —5.483 and ¢, = —8.575, for these values we have the
following one real solution (equilibrium point) of system (1.13).

p = {1.763803048,—0.1041386250}. For these value we have one equilibrium point is (Node
funstable). In each set A;:i = 1,2,3 is given below. All figures has been drawn by the Mathematica
program.
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As a=—5483,b = —8.575

R

-5 a
Fig.1.9. The phase portrait for set A5

3.3.2. Phase portrait In the symmetry case

The solutions of (1.10) represent equilibrium points for the below system:

. —X1X2 2 " )
X, = — |—x,x X, —
1 N 123 41X1 —P1
X 2
Xy = —=—=— |=X1X3 + (X3
Vam T

5x1%,

Ko =
3 \V2m

. - (1.14)

+ (3X3 — P3 )

We can classify the equilibrium points of system (1.14), in the fig. 1.5. corresponding to the conduct of

(1.12), at the real results. By Fixing the values of q; = 3,q, = 8,43 = 9 and p; = 0.5, in every set
A, and A, and by testing the eigenvalues of the jacobian matrix of system (1.14) at every equilibrium
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pointin A, and A, we can to determine the stability and the type of every equilibrium point in these
sets.

In the set A, we choose ; = 4.844 and ¢, = 0.005. for these values we have the following one real
solution (equilibrium point) is one real solution (equilibrium point) of system (1.14). p =
{1.47977432,0.0442151379}. For these value we have one equilibrium point is (Node /unstable).

After testing in the set A, we choose ¢; = —8.123 and ¢, = 0.002. for these values we have the
following one real solution (equilibrium point) is one real solution (equilibrium point) of system (1.14).
p = {—2.240826018,—-0.1458799357}. For these value we have one equilibrium point is (Saddle
/unstable).

In each set A; and A, is given below. All figures has been drawn by the Mathematica program

: . I .-'3:.1 :3=I4.RI344I.3=|:II.|:I|:II5 . : :
0.8
L} VA AAMIALALAIATAS AL ) AA
AR \ M A ‘l" |I ? T JI'L |I f "I f‘ / “3‘ ff-‘f'ff
alL N ."'. | Ill. i II ! [ I|I [y ."l _.r"lr
’ NN ‘:;'"-__\I".,II*,‘I'n*"lllll‘|".|'|"|'lj-'Ifl,."'l/.-; 4’!""/4
NWooho Y || |I | I.' L / y
XN \_}‘n"ﬂ -.Ihn,#lll|$," A4/44 ,(-’ff:// -
. \ \\"\ ‘l‘-"x Ly ""'-. 1 II'- Ihll ‘ |I I ."I ! “lli’ g V4 7 z{
“Er ™ \ \" RS \"R\,I\\ | II*|‘ ?I '4"I,r "Il:""f s ///f'/ r
‘N‘_ . S 1-\ \ I'.ll J [y i e ___:—F"'f:‘___——'l"
I\ =
N e e A O |
O et VA AT
. ﬁ_ -::./ ﬁ:’f //// _-f::’ ,-'J: ,l'.lll: |I " II ||I"""|I ::."' \‘:\\‘\i\\\\\\ \\\ ™~
- - L | | AL \
S Y)Y ALLNNN VOO
o=l s /'j/.r/f-' .l"I ! Il|I | |I | | I| | III | I'\\ ."'-\. \ x\. W \‘
B f ‘;I.r r ﬁ lllll."lr r-ll'|l r||I I*l Tl* l‘l ||* I'ul \ -"-\."' M \\‘x
Pl P | 14 'lI Vo '-\.\ ,
I#.-"'r. J,.- .III.-"'IF ,-'"II "‘l r I-"l r |'I|l .* |II | | | *n I| ‘ I'. i.I IIIIII * ‘-\‘ "\ " il
s L4 [ | \ o\ h
-0.4F rf r’ l,-’.-"llll ,l'lll I-rl |II r II r l + l + l i Il *.‘ II' 1'| II'I I“ \""
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Fig.3.10. The phase portrait for set A4
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Fig.3.11. The phase portrait for set A,
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