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ABSTRACT
In this work, we study rings whose every principa ideal is a right
pure. We give some properties of right PIP — rings and the connection
between such rings and division rings.

1. Introduction:

Throughout this paper , R will denote associative ring with identity .
Werecall that:
1) For any element a in R , we define the right annihilator of a by
r(a)={x1 R:ax=0}, and likewise the et amihilator | (a).
2) Y , Z, Jwill denote respectively the right singular ideal , left sngular
ideal and Jacobson radical of R .
3) Following [2] aring R is caled reduced if R has no non — zero
nilpotent elements .
4) Ris called uniform if every non— zero ideal of R is essentid, see [3].

2- PIP - Rings:
Following [1], an idedal | is said to be a right (left) pure if for every

al |  thereexistshi |, suchtha a = ab(ba) .
Definition 2.1:

A ring R is said to be aright PIP — ring , if every principal ideal is
pure.
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Example:
Thering Zg isaPIP — ring.

Lemma 2.2:
Let R bearight PIP—ring. Then R is areduced ring.
Proof:

Let al R, suchthat a> =0 . Since R is PIP — ring , then every
principal ideal is pure and hence there exists bl aR . such a = ab,
whee b=ar , for some r'l R . Therefore a=aar , hence

a-= azr , whence @ =0 . Therefore Ris areduced ring .

Proposition 2.3:
Let Rbe PIP—ring. Then Z(R) =0 .

Proof:
Suppose that Z(R)1 O . Then by Lemma 7 [3] , there exists

0t al Z(R) . such tha @®>=0 . Since R is a PIP — ring then
a=aar , for some rl R . In fa Rall(ar)=0 , snce
al Z(R) . then |(ar) is essential left ided . Therefore Ra = 0, where
a =0, acontradiction . Therefore Z(R) =0.

Proposition 2.4:

Let R be PIP - ring, then J (R) =0.
Proof:

Let al J(R) , since every principal idedl is pure then there exists
b=arl J(R) such thaa a=aar . For Ul Rsich tha

(1- b)Ju=1trena(l- b)Ju=asa=0tus J(R)=0.
3- The connection between PIP — rings and other rings:

In this section we study the connection between PIP — rings and
division rings, semi ring — ring.
Theorem 3.1:

Let R be aright PIP — ring, without zero — divisors. Then R is a
division ring.
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Proof:
Let a be a non — zero element of R . Since R is PIP — ring , then

every principal ideal is pure . There exists bT aR , suchthat a=ab ,
whee b=ar for some rl R . Therefore a=aar , whence

(1- ar)i r(a)=0,s01=ar .Nowsince r(a) =I(a) (Lemma2 -
2),oa=ara ,gvesa(l- ra)=0 sl=ra.
Therefore aisinvertible , whenceR isadivisionring .

The next result considers other conditions for aright PIP —ring to a
division ring.

Theorem 3.2:

Let R be aright uniform, PIP— ring. Then R isadivision ring.
Proof:

Let a be a non — zero element of R . As in (Theorem 3 — 1) .

a=aar , for some I'l R . Since R is right uniform, so every right
idedl is an essential idedl. In fact Ra 1 I(ar)=0 ,let xT Ral I(ar) implies
that x=sa and xar =0 for some S| R , whence saar =0 yielding
sa=0 ,s0 X=0. Therefore Ra I I(ar)=0 implies that I(ar) =0, on
the other hand, since @ = aal then ra =raar . If weset e=ra , note
that e is an idempotent eement of R, this implies that ar = arar ,and
hence(] ~w)u.=q , this implies that 1- arl I(ar)=0. Therefore
ar =1 and hence a is a right inevitable. Now since ar =1, we have
ara=a , which implies that .(1_ ra)T r(a) Since R is reduced, we get
1- ral r(a)=r(ar)=0. Therefore 1- ra=0. Whence ra=1, soaisa
left inevitable. Hence R isadivision ring.

Recall that a ring R is said to be semi prime if it has O as the only
nilpotent ideal.

Proposition 3.3:
Let R bearight PIP—ring. Then R is asemi — prime ring.
Proof:

Let | be anon— zero right ideal of Rsuchthat 12 =0 .Let al |
and R is PIP — ring, this implies that every principal ideal is pure, hence
there exists pi ar such that a=ab where b=ar , for some rl R ,
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therefore a=aari 12 =0, acontradiction . Therefore R isa semi — prime
ring.

Theorem 3.4:

Let R bearight PIP—ring with aR = Ra , and without zero
divisors then there exists aunit element Ul R, and idempotent element
el R,suchthaa @=€U=UEand a=(1- €)+u .

Pr oof: ~

Lee O al R andsinceRisPIP-ringthen a = aar = a’r and

azr = ra2 (without zero divisors). If weset € = Al , that eisan

idempotent element of R, thisimplies that:
a=ae=ea=ara ,le u=a+e-1, then:

eu=e(a+e-1)=ea+e’- e=ea=a

ue=(a+e- l)e=ae+e’- e=ae=a

Sinceuisaunit, thenthereexiss V =ar +e- 1

uv=(a+e- 1)(ar +e- 1)=a’r +ale- 1)+(e- 1)ar +(e- 1)
=—e+ae- a+ear- ar+1- e
=ar- ar+1=1

and, vu=(ar +e- 1)(a+e- 1)=1

Therefore @ = €U = UE
Now, (1- €)+u=1- e+a+e-1=a

Thus a=(1- €)+u.
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