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  الملخص
كما . في هذا العمل درسنا الحلقات التي يكون فيها كل مثالي خاص هو مثالي نقي أيمن 

 ثم وضحنا العلاقة بينها وبين حلقات PIPأعطينا بعض الخواص لهذه الحلقة اليمنى من النمط 
  . القسمة 

 
ABSTRACT 

In this work, we study rings whose every principal ideal is a right 
pure. We give some properties of right PIP – rings and the connection 
between such rings and division rings.  
 

1. Introduction:  

         Throughout this paper , R will denote associative ring with identity . 
We recall that:  
1) For any element a in R , we define the right annihilator of a by 

( ) { }0: =∈= axRxar  , and likewise the left annihilator ( )al .  
2) Y , Z , J will denote respectively the right singular ideal , left singular 

ideal and Jacobson radical of R .  
3) Following [2]  a ring R is called reduced if R has no non – zero 

nilpotent elements .  
4) R is called uniform if every non – zero ideal of R is essential, see [3].  
 
2- PIP – Rings:  
 Following [1], an ideal I is said to be a right (left) pure if for every 

Ia ∈  , there exists Ib∈  , such that ( )baaba =  .  
 
Definition 2.1:  

A ring R is said to be a right PIP – ring , if every principal ideal is 
pure .  
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Example:  
The ring Z6 is a PIP – ring.  

 
Lemma 2.2:  
 Let R be a right PIP – ring. Then R is a reduced ring.  
Proof:  
 Let Ra ∈  , such that 02 =a  . Since R is PIP – ring , then every 
principal ideal is pure and hence there exists aRb∈  . Such aba = , 
where arb =  , for some Rr ∈  . Therefore aara =  , hence 

raa 2= , whence 0=a  . Therefore R is a reduced ring .  
 
Proposition 2.3:  
 Let R be PIP – ring . Then ( ) 0=RZ  .  
Proof:  
 Suppose that ( ) 0RZ ≠  . Then by Lemma 7 [3] , there exists 

( )RZa0 ∈≠  . Such that 02 =a  . Since R is a PIP – ring then 

aara = , for some Rr ∈  . In fact ( ) 0=arlRa I  , since 

( )RZa ∈  , then ( )arl  is essential left ideal . Therefore 0=Ra , where 

0=a  , a contradiction . Therefore ( ) 0=RZ .  
      
Proposition 2.4:  
 Let R be PIP – ring, then ( ) 0=RJ .  
Proof:  
 Let ( )RJa ∈  , since every principal ideal is pure then there exists 

( )RJarb ∈=  such that aara = . For Ru ∈ such that 

( ) 11 =− ub  then ( ) auba =−1  so 0=a  thus ( ) 0=RJ  .  
 
3- The connection between PIP – rings and other rings:  
 In this section we study the connection between PIP – rings and 
division rings, semi ring – ring.  
 
Theorem 3.1:  
 Let R be a right PIP – ring, without zero – divisors. Then R is a 
division ring.  
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Proof:  
 Let a be a non – zero element of R . Since R is PIP – ring , then 
every principal ideal is pure . There exists aRb∈  , such that aba =  , 
where arb =  for some Rr ∈  . Therefore aara = , whence 

( ) ( ) 01 =∈− arar  , so ar=1  . Now since ( ) ( )alar =  (Lemma 2 – 

2) , so araa =  , gives ( ) 01 =− raa  , so ra=1  .  
Therefore a is invertible , whence R is a division ring .    

The next result considers other conditions for a right PIP – ring to a 
division ring.  
 
Theorem 3.2:  
 Let R be a right uniform, PIP – ring. Then R is a division ring.  
Proof:  
 Let a be a non – zero element of R . As in (Theorem 3 – 1) . 

aara = , for some Rr ∈  . Since R is right uniform, so every right 
ideal is an essential ideal. In fact ( ) 0=arlRa I  , let ( )arlRax I∈  implies 
that 0== xarandsax  for some Rs ∈  , whence 0=saar  yielding 

0=sa , so 0=x  . Therefore ( ) 0=arlRa I  implies that ( ) 0=arl , on 
the other hand, since aara = then raarra = . If we set rae = , note 
that e is an idempotent element of R, this implies that ararar = ,and 
hence  , this implies that ( ) 01 =∈− arlar . Therefore 

1=ar  and hence a is a right inevitable. Now since 1=ar , we have 
aara = , which implies that .( ) ( )arra ∈−1  Since R is reduced, we get 

( ) ( ) 01 ==∈− arrarra . Therefore 01 =− ra . Whence 1=ra , so a is a 
left inevitable. Hence R is a division ring.  
 Recall that a ring R is said to be semi prime if it has 0 as the only 
nilpotent ideal.  
 
Proposition 3.3:  
 Let R be a right PIP – ring. Then R is a semi – prime ring.  
Proof:  

Let I be a non – zero right ideal of R such that 02 =I  . Let Ia ∈  
and R is PIP – ring, this implies that every principal ideal is pure, hence 
there exists aRb∈  such that aba =  where arb =  , for some Rr ∈  , 
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therefore 02 =∈= Iaara  , a contradiction . Therefore R is a semi – prime 
ring.  
 
Theorem 3.4:  
 Let R be a right PIP – ring with RaaR =  , and without zero 
divisors then there exists a unit element Ru ∈  , and idempotent element 

Re∈  , such that ueeua == and ( ) uea +−= 1  . 
Proof:  

Let Ra ∈≠0  and since R is PIP – ring then raaara 2==  and 
22 rara =  (without zero divisors). If we set are = , that e is an 

idempotent element of R, this implies that:  
araeaaea ===  , let  1−+= eau  , then : 

( )
( ) aaeeeaeeeaue

aeaeeeaeaeeu

==−+=−+=

==−+=−+=
2

2

1

1
 

Since u is a unit, then there exists 1−+= earv  

( )( ) ( ) ( ) ( )22 11111 −+−+−+=−+−+= eareearaeareauv   

11
1

=+−=
−+−+−+=

arar
earearaaee

 

and , ( )( ) 111 =−+−+= eaearvu  
 
Therefore  ueeua ==  
 
Now, ( ) aeaeue =−++−=+− 111  
 
Thus  ( ) uea +−= 1 .  
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