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ABSTRACT

The concept of g-semi-open sets in topological spaces was
introduced in 1984 and 1986 by T. Noiri [9, 10]. In this paper we introduce
and study a generalization of a contra pre semi-open maps due to (Caldas
and Baker) [3], it is called contra pre gs-open maps, the maps whose images
of a g-semi-open sets is g-semi-closed. Also, we introduce and study a new
type of closed maps called contra pre gs-closed maps, which is stronger than
contra pre semi-closed due to Caldas [2], the maps whose image of a g-
semi-closed sets is g-semi-open.1991 Math. Subject Classfication: 54 C10,
54D 10.

Keywords and Phrases g-semi-open sets, Contra pre gs-open and Contra
pre gs-closed maps.
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1. Introduction

The concept of g-semi-open set in topological spaces was introduced
in 1984 and 1986 by T. Noiri [9, 10], which depends on semi-open sets due
to N. Levine [8]. When semi-open sets are replaced by g-semi-open sets,
new results are obtained. M. Caldas and C. Baker defined and studied the
concept of contra pre semi-open maps [3], where the maps whose images of
semi-open sets are semi-closed.

In this direction we shall define the concept of Pre gs-open maps. In
this paper we introduce two new types of open and closed maps called
contra pre gs-open and contra pre gs-closed maps via the concept of g-
semi-open sets and study some of their basic properties. We aso establish
relationships a mong these maps with other types of continuity, openness
and closedness.

2. Preliminaries

Throughout the present paper, spaces aways mean topological
spaces on which no separation axiom is assumed unless explicitly stated. Let
S be a subset of a space X. The closure and the interior of S are denoted by
CI(S) and Int(S), respectively. A subset S is said to be regular open(resp.
semi-open[8]) if S = Int(CI(S)) (resp. ST ClI(Int((S))). A subset Sissaid to
be g-semi-open [9] if for each x T S, there exists a semi-open set U in X
suchthat xT U1 CI(U) 1 S. The complement of each regular open (resp.
semi-open and g-semi-open) set is called regular closed (resp. semi-closed
and g-semi-closed). The family of al semi-open (resp. semi-closed, g-semi-
open and g-semi-closed) sets of X is denoted by SO(X) (resp. SC(X),
gSO(X) and gSC(X)). A point x is said to be in the g-semi-closure [10] of S,
denoted by sCly(S), if SC CI(U) t f for each Ul SO (X) containing x. If S
= sCly(S), then S'is caled g-semi-closed. A point x is said to be in the g-
semi-interior [10] of S denoted by sint(S), if CI(U) I Sfor someU T SO
(X) containing x. If S = sInty(S), then S is called g-semi-open. For each U
1 SO (X), Cl(U) is g-semi-open and hence every regular closed set is g-
semi-open. Therefore, xI sClq(S) if and only if SC At f for each g-semi-
open set A containing X. A function f: X® Y is said to be contra pre semi-
open [3] (resp. contra pre semi-closed [2]) if for each semi-open (resp. semi-
closed) set U of X, f (U) T SC(Y) (resp. f (U) T SO(Y)).

3. Contra pre gs-open and contra pre gs-closed maps

Let f: (X, t)®(Y,s) beamap from atopologica space (X, t) into
atopologica space (Y, s).
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Definition 3.1: Amap f: (X, t) ® (Y, s) issad to be contra pre gs-open
(resp. contra pre gs-closed) if f (A) is g-semi-closed (resp. g-semi-open ) in
(Y,s), foreachsst AT gqSO(X, t) (resp. AT gSC(X, t)).

The proof of the following two lemmas follows directly from their
definitions and, therefore, they are omitted.

Lemma 3.1: Every contra pre semi-open map is contra pre gs-open.

Lemma 3.2: Every contra pre gs-closed map is contra pre semi-closed.
The converse of the above lemmas is not true in general as it is shown by
the following examples.

Example 3.1: Let X ={a, b, ¢} and t ={f, X, {&}, {b}, {a b}, {a c}}.
Then the family of all semi-open subsets of X with respecttot is:

SO(X) = {f, X, {a}, {b}, {a b}, {a c}} and the family of all g-semi-open
subsets of X with respect to t is gSO(X) = {f, X, {b}, {a, c}}. The identity
map

f: (X, t)® (X, 1) iscontra pre gs-open map, but it is not contra pre semi-
open maps.

Example3.2: Let X ={a, b, c} and t = {f, X, {&}, {b}, {a b}}. Then, the
family of al semi-open subsets of X withrespect tot is:

SO(X) ={f, X, {a}, {b}, {a b}, {a c}, {b, c}} and the family of al g-semi-
open subsets of X with respecttot is:

gSO(X) ={f, X, {a c}, {b, c}}. Define afunction

f: (X, 1)® (X,1t)asfollows:

f(@ =b, f(b)=f(c) =a Then f iscontra pre semi-closed, but it is not
contra pre gs-closed.

Remark 3.1: Contra pre gs-openness and contra pre gs-closedness are
equivaent if the map is bijective.

Theorem 3.1: Foramapf : X ® Y thefollowing are equivalent:

i) f iscontra pre gs-open;

ii) for every subset D of Y and for every g-semi-closed subset G of X with
f (D)1 G, there exists ag-semi-open subset B of Y withD 1 B and

f YB)I G;

iii) for every y1 Y and for every g-semi-closed subset G of X with
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fX(y) 1 G, there exists a g-semi-open subset B of Y with yl B and

f B)] G.

Proof: (i)p (ii). Let D be asubset of Y and let G be a g-semi-closed subset
of X with f (D)1 G.Set, B=Y \ f(X\G). Since f iscontra pre gs-
open, then B is a g-semi-open set of Y and since f "%(D) I G we have
f(X\G)l Y\DandhenceD I B. Also,

f 1B)=X\[f H(FX\G)]1 X\(X\G)=G.

@i)b (iii). It issufficient, set D = {y}, we get the result.

(iii)b (i). Let A be a g-semi-open subset of X with yT Y \f (A) and

let G = X \ A. By(iii) , there exists a g-semi-open subset B of Y withy T B,
and f '(B,)1 G.Then, y1 B, 1 Y\f(A).

Hence Y \f (A) =E { By:y1 Y \f(A)}. Therefore, by [6, Lemma2.2] that
Y \f (A) isg-semi-open. Thus, f (A) isag-semi-closed subsetin.

Theorem 3.2: Foramap f : X ® Y thefollowing are equivalent:

i) f iscontrapre gs-closed;

i) for every subset D of Y and for every g-semi-open subset A of X with f -
(D) 1 A, there exists a g-semi-closed subset H of Y withD1 Hand f ~
H)1 A.

Proof: (i)P (ii). Let D be asubset of Y and let A be a g-semi-open subset of
X with f (D)1 A.Set, H=Y\ f(X\A). Since f iscontrapre qs-closed,
therefore, H isag-semi-closed set of Y and since f (D)1 A,
wehavef (X \A)T X\DandhenceD1 H.Also, f *(H)1 A.

(if)p (i). Let G be ag-semi-closed subset of X. Set,

D=Y\f(G)andlet A=X\G.
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Hencef (D) =f Y(Y\f(G)) =X \f (f(G))I X\G=A.Byassumption,
there exists a g-semi-closed set Hi Y for whichD1 Handf “(H)1 A. It
followsthat D = H. If yT Hand y1 D, then y1 f(G).

therefore, y = f (x) for some x1T Gandwehave x1 f Y(H)1 A=X\G
which is a contradiction. Since D = H, that is, Y \ f (G) = H, which implies

that f (G) isg-semi-open and hence f is contra pre gs-closed.

Taking the set D in Theorem 3.2 to be {y} for y1 Y we obtain the
following result.

Corollary 3.1: If f : X ® Y iscontra pre gs-closed map, then for every y
T Y and every g-semi-open subset A of X with f*(y) I A, there existsag-
semi-closed subset H of Y withyT Hand f “(H)1 A.

Theorem 3.3: Amap f : X ® Y is contra pre gs-open if and only if for
each x 1 X and each semi-open set S in X containing X, there exists a g-
semi-closed set H in Y containing f (x) suchthat H1 f (CI(S)).

Corollary 3.2 Amapf : X ® Y is contra pre gs-open if and only if for
each x 1 X and each g-semi-open subset A of X containing x, there exists a
g-semi-closed subset H of Y containing f (x) suchthat HT f (A).

Corollary 3.3: Amapf : X ® Y iscontrapre gs-open, then for each x T X
and each regular closed subset R of X containing x, there exists a g-semi-
closed subset H of Y containing f (x) suchthat H1 f (R).

Theorem 3.4: Amapf : X ® Y iscontra pre gs-closed if and only if for
each x 1 X and each g-semi-closed subset G of X containing x, there
exists a semi-open subset W of Y containing f (x) suchthat CI(W) I f(G).

Corollary 3.4: Amapf : X ® Y iscontrapre gs-closed if and only if for
each x 1 X and each g-semi-closed subset G of X containing X, there exists
ag-semi-open subset B of Y containing  f(x) suchthat BI f (G).

Theorem 3.5: Foramap f: X ® Y, the following are equivaent:

a) f iscontrapre gs-open;
b) f (sinty (A)) 1 sClq (f(A)) for each subset A of X;

63



Abdullah M. Abdul-Jabbar

c)sint, (f *(B))1 f *(sCly(B)) for each subset B of Y;
d)f L (sinty (B))1 <Clq ( f *(B)) for each subset B of Y.

Proof: (a)b (b). Suppose f is contra pre gs-open maps and A I X. Since
sintg (A) I A, f(sinty (A)) T f(A) and hencef (sinty (A)) I sClq (T (A)).
(b)P (c). Let B be any subset of Y. Then f *(B)1 X. Therefore, we apply
(b), we obtain f (sinty ( f *(B)))1 sClq ( f(f *(B) I sClq (B). Thus,
sintg (f *(B))1 f *(sClq(B)).

(©)P (d). In(c), wetake Y \ B instead of B, we get sintq ( f *(Y\B))1 f*
(sClq (Y \ B)). Then, snty (X \ f*(B))1 f (Y \sCly(B)), whichimplies
that X \ sClq (f *(B)) 1 X\ f 1 (sinty (B)). Hence f * (sintq (B))
sClq (f(B)).

(d)p (a). Let A beany g-semi-open subset of X andset B=Y \ f (A) =f
(X \A).By(d), f(&ntg ((f (X\VA))T sClq( f1(f (X\A))) =sClq(X
\A) = X\ A. Therefore, f (X\A) =Y \ f (A) is g-semi-open and hence f
(A) isg-semi-closed subset of Y. Thus, f iscontra pre gs-open map.

The proof of the following theorem is similar to the above theorem
for the contra pre gs-closed maps.

Theorem 3.6: Foramapf : X ® Y, the following are equivalent:
a) f iscontrapregs-closed;

b) f (sClq (A)) I (sinty f (A)) for each subset A of X;

) sClq(f *(B))1 f*(sinty (B)) for each subset B of Y;

d)f* (sCly (B))1 sinty ( f *(B)) for each subset B of Y.

Theorem 3.7: Let f: (X,t) ® (Y, s)beamap. Then,

i) If f iscontra pre gs-open, then sClq (f (A)) 1 f (sClq (A)) for every g-
semi-open subset A of X.

ii) If f iscontrapre gs-closed, then f (A) I sint, ( f (sClq (A))) for every
subset A of X.

Proof: i) Since f is contra pre gs-open, then sCly (f (A)) =f(A)1 f(sClq
(A)) for every AT gSO(X, t).

i) Since f is contra pre gs-closed and since sCly (A) is g-semi-closed, then
f(A)1 f(sClq (A)) = sinty (f (sClq (A))) for every subset A of X.

Amap f: (X, t)® (Y, s) issad to be pre gs-open, if f(A)isqg-
semi-openin (Y, s), for every AT qSO(X, t).
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Recal, that amap f: (X, t) ® (Y, s) iscalled S-closed [4] if sClq (
f (A)) 1 f(sClq (A)) for every subset A of X.

Theorem 3.8: Foramap f: (X,t) ® (Y, s) ,thefollowing properties hold,
i) f isS-closed, whenever f iscontrapre gs-closed and sClq (sintq ( f (A)))
I f(A) for every g-semi-closed set A of X.
i) f ispre gs-open, whenever f iscontrapre gs-openand f (A) I sinty(sClg
(f (A))) for every g-semi-open set A of X.

Proof: i) Let G be ag-semi-closed subset of X. Since sCl, (sintq(f (G))) 1 f
(G) and f (G) is g-semi-open, then sClq (sintq ( f (G))) = sClq (f(G)) 1 f
(G). So, by [1, Remark 1.2.6], f (G) is g-semi-closed. Therefore, by [10,
Theorem 3.1], f is S-closed map.

ii) Let A be a g-semi-open subset of X. But f (A) I sintq (sClq (f
(A))) and f (A) isg-semi-closed, then dinty (sClq (f (A))) = sintq (f (A)) and
hence f (A) I sinty (f (A)). Therefore, f (A) = sint, (f(A)). So, by [1,
Proposition 1.2.2(4)], f (A) is g-semi-open.

Lemma 3.3[7]: If Y isaregular closed subset of aspace X and A1 Y, then
A isg-semi-openin X if and only if A isg-semi-openinY.

Regarding the redriction f | g of amap f: (X, t) ® (Y,s)toa
subset R of X we have the following:

Theorem 3.9: If f: (X,t)® (Y, s) iscontrapre gs-open and Risaregular
closed st of (X, t), thenthemap f|r: (R,tr) ® (Y, S) isaso contrapre
gs-open.

Proof: Let A be a g-semi-open set in the subspace R. Since R is regular
closed in X, then by Lemma 3.3, A is g-semi-open set in X. Since f is
contra pre gs-open. Therefore, f (A) is g-semi-closed in Y. Thus, f | r IS
contra pre gs-open map.

The proof of the following result is not hard, therefore, it is omitted.

Theorem 3.10: Let f: (X,t)® (Y,s)and g: (Y,s)® (Z, g betwo maps
suchthat gof: (X,t)®(Z, g. Then,

a) gof iscontrapre gs-open, if f ispreqsopen and g is contrapre gs-
open.

b) gof iscontrapre gs-open, if f iscontrapre gs-open and g is S-closed.
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c) gof iscontrapre gs-closed, if f is S-closed and g is contra pre gs-
closed.

d) gof iscontrapre gs-closed, if f iscontrapre gs-closed and g is pre gs-
open.

Recall, that amap f: (X, t) ® (Y, s) isS-continuous[10], if and only if
for each g-semi-open subset A of Y, f ™ (A) is g-semi-openin X.

Theorem 3.11: Let f: (X,t)® (Y,s)and g: (Y,s)® (Z, g betwo maps
suchthat gof: (X, t) ® (Z, g iscontrapre gs-closed.

a) If f is S-continuous surjection, then g is contra pre gs-closed.

b) If g is S-continuousinjection, then f is contra pre gs-closed.

Proof: @) Suppose G is any arbitrary g-semi-closed set in Y. Since f isS
continuous. Therefore, by [10, Theorem 1.1], f " (G) is g-semi-closed in X.
Since gof iscontrapreqgs-closed and f issurjective (gof) (f *(G)) =g
(G) isg-semi-open in Z. Thisimplies that g is a contra pre gs-closed map.

b) Suppose G is any arbitrary g-semi-closed set in X. Since g o f iscontra
pre gsclosed, (g o f )(G) is g-semi-open in Z. Since g is S-continuous
injection, g ( (g 0 f))(G) = f (G) isg-semi-openin Y. Thisimpliesthat f
is acontra pre gs-closed map.

Arguing as in the proof of Theorem 3.11, we obtain the following
result.

Theorem 3.12: Let f: (X,t)® (Y,s)and g: (Y,s)® (Z, g betwo maps
suchthat gof: (X, t) ® (Z, g iscontrapre gs-open.

a) If f is S-continuous surjection, then g is contra pre gs-open.

b) If g is S-continuousinjection, then f is contra pre gs-open.

Lemma 3.4[10]: Let (X, t) be atopological space and D be a subset of X.
Then x1 sClq (D) if and only if for every g-semi-open A of x such that
ACD?®f.

Definition 3.2[5]: A subset D of atopological space (X, t) iscaled g-semi-
denseif sClq (D) = X.
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Theorem 3.13: For amap f: (X, t) ® (Y, s), the following properties
hold:

a) If f is contra pre gs-open and B 1 Y has the property that B is not
contained in proper g-semi-open sets, then f*(B) is g-semi-densein X.

b) If f iscontra pre gs-closed and A is g-semi-dense subset of Y, then f*
(A) is not contained in a proper g-semi-dense set.

Proof: @) Let x T X and let A be a g-semi-open subset of X containing X.
Thenf (A)isg-semi-closedand Y \ f (A) isaproper g-semi-open subset of
Y. Thus, B EY \f (A) and hencethereexistsy 1 B suchthatyl f (A). Let
z1 Aforwhichy=f (2). Thenz1 ACf *(B). HenceAC f *(B)* f
and thus by Lemma 3.4, xT sClq (f *(B)). Hence f *(B) is g-semi-dense
inX.

b) Assume that f * (A) 1 O where O is a proper g-semi-open subset of X.
Then, we have that f (X \ O) isanon-empty g-semi-open set such that f (X
\O) C A =f, which acontradicts the fact that A is g-semi-dense.

Lemma 3.5[6]: Let X; and X, be two topological spacesand X = X; ~ Xa.
Let AiT gSO(X;) fori=1,2,thenA;” AT gqSO(X1~ Xa).

Definition 3.3[7]: A space X is said to be strongly semi-T, if and only if for
each two distinct points x and y in X, there exists two digoint g-semi-open
sets A and B in X containing x and y, respectively.

Theorem 3.14: If X isastrongly semi-T, space and f:X® Y is contra pre

gs-open map, then theset A = {(x1, x2) : f (X1) =f (X2)} isg-semi-closed in
the product space X * X.
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