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ABSTRACT
The Wiener index is a graphica invariant which has found many
applications in chemistry. The Wiener Polynomial of a connected graph G is
the generating function of the sequence (C(G,k)) whose derivative at x=1 is
the Wiener index W(G) of G, in which C(G,K) is the number of pairs of
vertices distance k apart. The Wiener Polynomials of star-like trees and
other gspecia trees are found in this paper; and hence a formula of the

Wiener index for each such treesis obtained .

1. Introduction
Let G be a finite connected graph of vertex set V. The distance
between vertices u and v in G isthe length of a shortest u-v path.

Let ds(u,v), or simply d(uyv), denote the distance between
vertices u and v. The eccentricity e(v) of a vertex v is the greatest possible
distance fromv to all other vertices of G, that is

e(v) = max d(u,v)-
The diameter of G, denoted by diamG or d, is defined as
d=maxe(V).

viv
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Theradiusof G, denoted by radG or r, is defined as
r:dew.
The Wiener index of G is defined as
W(G) = & d(u,v) -
{uv)
where the sum is over al unordered pairs { u,v} of distinct verticesin G. It is
clear that
W(G) =3 s(v)/2:
viv

where S (V) isthe transmission of a vertex v defined by

s(v)=ad(v,u)-

The average distance of G is defined as

= 1
B(G) =W(G)/ Sp(p- 1.

where p isthe order of G . It isknow [2] that
1£5«»£%@+D-

If X isaparameter, then the Wiener polynomial of G is
W(GiX) = & x*
{uv}
where the sumis taken over all unordered pairs{u,v} of verticesin G .
Let d(G,k) denote the number of al distinguishable unordered pairs
of verticesthat are of distance k apart. Then
d
W(G;x) = g d(G,k)x* -
k=0

It is clear that the Wiener index W(G) is equal to the value of the
derivative of W(G;x), with respect to x , at x=1

Deriving a formula for the Wiener polynomial of some type of
graphs requires that the graphs must have a particular degree of uniformity.
Therefore severa authors had obtained Wiener polynomias for special
graphs and compound graphs (see [4] and [5]).The trees are considered as
the most important and useful kind of graphs.

Therefore many papers have been written about the average distance
of particular graphs including trees. Since Wiener polynomials provide us
with more information about distance, it is useful to find Wiener
polynomials of some type of trees. In 1996, Sagan, Yeh and Zhang [6]
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obtained and studied Wiener polynomial for trees called "dendrimer”" which
are used in chemistry. In 2002, D. Bonchev and D. J. Klein [1] obtained the
Wiener index of thorn rods and thorn stars that are used in theoretical
chemistry. Therefore it is suitable to find Wiener polynomials for some
other kinds of trees, as we have done in this paper.

2. The Wiener Polynomial of a Star-like Tree
Definition 2.1: A tree T of order p2 4 is said to be a star-like tree if T is

homomorphic with a star F, i.e. it is possible to get T from F by inserting
vertices of degree 2 on some edges of F. The tree T has a particular root ¢

which is in the origin the center of the star F. Let U, U,,...,u_ be the end-
verticesof T, and let @,, 1£1 £ m, be the length of the unique path from
c to U;. Assume that the end-vertices of T are labeled such that
a,fa,£..£a_, , then such sar-like tree will be denoted by
T(a,,a,,..a,).

Now we find the Wiener Polynomia for T(a,,a,,...,a ), using the
symbol [n] defined by

[N]=1+x+x*+...+x"",
for every positive integer n .

Theorem 2.1: For any star-like tree T(a,,a,,...,a,,) of order p3 4, we
have
W((T,a,,a,,..a,);X)=4

=1

A (a, - x'y+H1+a,)[1+a,]

—_———

+4 ([+a]+[1+a ]+ +[1+a, ]- r+2)([1+a]- 1)  -.(2D)
r=3
Proof:
To smplify the symbols in this proof , we shall denote T(m)
liketree T(a,,a,,...,a,,) -
Itisclear that theorder of T, isp=a,+a, +..+a +1.

for the star-
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If m=1, then T, isapath from the vertex c to the vertex u,, and of the

degree 1+ @,, and using the formula of the polynomial of a path [4], we get
W(Ty:X) =& (L+a, - i)x'.
i=0

which is the same result obtained from (2.1) when m=1.
If m=2, we use Theorem 1 of Gutman [4] , and we get
W(T(Z) ' X) = W(T(l) ;X) + W(F,x) + W(c, T(l) X)W(c,F;x)
- W(c, Tyy5X) - W(c,F;x),
where F is a path from the vertex c to the vertex U, of order 1+a,, and
T, =T, - F.Hencewe have
W(T:X) =8 (1+a,- X' +3 @+a,- i +(@ x')E x')
i=0 i=0 i=0 i=0
a a,

-ax -ax

0 i=0

[e]

=
_ 81
izt 1
which is the result obtained from (2.1) when we put m=2.

If m=3 we again use Theorem 1 of Gutman [4], and we get

W(T %) = W(T5);x) + W(Q;X) +W(C, Ty ;X)W (C, Q; )
- W(C, T, x) - W(c,Q;%),
where Q is a path from the vertex c to the vertex U, of order 1+ a, , and

& (a,- x'y+1+a,)1+a,],

(3

T =Ty - Q Hence, we have
W(T(3);X) = W(T(z) ;X) + W(Q;x) - W(c,Q;x)
+W(c, T(Z);X)(W(C’ Qx)- 1
W(TiX) =414 @, - i)x‘§+[1+ a,J[1+a,]
=17 i=0
+ ([1+ al] +[1+ az] - 1)([1+ aa] - 1)’
which is the result obtained from (2.1) when we put m=3.
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Now assume that the formula (2.1) be true for the tree T(k) , Where

3EKEmM.
We shall prove that it'strue for the tree T, ., -

Using Theorem (1) of Gutman [4], we get

W(T sy X) = W(Ty: X) + W(R; X) + W(C, T, s X)W(C,R; X)
- W(C, Ty X) - W(c,R;X)

where R is a path from the vertex c to the vertex U, ,, of order 1+a,,, ,

andthat T, =T, - R.

Then

W (T 1 X) = W(T 5 X) + W(RX) - W(C,R;x)
+W(C, Ty X)(W(C,R;x) - D).

It's clear that

a1 aZ ak
. _ o i o i o i
W, T x)=ax' +ax +..+ax
i=0 i=1 i=1

=[1+a,]+[1+a,]+ .. +[1+a,]- (k- 1).
Therefore , substituting for , W(T,,,;X) and W(c,T,,,;X) and simplify,
we get

W(T(k+1);x) = kg_llg (a, - i)Xig"' [1+a ][1+a,]
=17 i=0
+8 (1+a,]+[L+a,]+..+[1+a,]- r+2)(l+a,]- 1
r=3
r([1+a]+[1+a,]+..+[1+a,]- k+D)([1+a,.,]- 1)
A - ppiralna)
=17 i=0

+ kgl([]_q. a,|+[1+a,]+..+[1+a ]-r+2)(1+a,]- 2

r=3
Since the theorem is true for T,,,, , then it's true for any tree T, , and
thus the proof is completed.
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Corollary 2.2: Let T(a,,a,,...,a,,) be a star-like tree of order p3 4,
wherea, £a, £...£a,, thenits Wiener index is
10 1
W((T’al’aZ""’am)) =—a aj(ajz B 1) + _(1+ al)(1+ az)(al + az)
j=1

ald@+a) +a, (1+aa)-r+2%
|

i=1

+

N~
Qs O

r=3

Proof:
Differentiating (2.1) with respect to x and replacing x=1, we get

W((T,a,,a,,..a,)) = giﬁi(aj - i)§+(1+a1)§i+(1+az)§i

=] =t

+
Qos

i=1 r=3 | i=1 i=1

i
&)

(+a,+a,+..+a, )auy%iar(gwgw +au)g

Qoz

%a (a, +1)-—a (@, +1(2a, +1)F\3/’+ (1+a1)a2(1+a2)

i

I
I8

NI—‘

(1+az)al(1+al)+ aa 1(1+aa J1+a, )+aa (1+a, )E

1z
-—a aj(aj2 - 1) +_(1+a1)(1+a2)(a1 +a2)
=1

émar}ar(1+aa )+1+28a, +A a, Zg
|

3 i=1 i=1

+

N |

r

3

zgé.laj(aj B 1) +_(1+ al)(1+a2)(a1 +a2)

+;aa1a (+da)+d ra)- r+2¥

03

Notice that it's poss ble to fmd the average distance of a star-like tree
T(a,,a,,..,a,,) by dviding the Wiener index W(T(a,,a,,...,a,))by

892 where p=1+3 a, .
1] i=1

Definition 2.2: The tree T(a,,a,,...,a,,) of order p3 4 is called a Fan
grephif @, =a, 1£ j £ m, which will be denoted by F(m,a).
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Corollary 2.3: The Wiener Polynomial of afan graph F(m,a) is given by
W(F(m,a);x) =m4 (L+a - i)x’ +%m(m- D([1+a]-D>*-m+1 (22

Proof: _
Using Theorem 2.1 and putting & ; = a for al j=1,2,...,m, we get

W(F(m,a);x) =4 {‘ 2 (a i)x‘g+[l+ al’

= | =0

+4 (- Dia+a]- r+2)(1+a]- 1)

=m3 (a- i)x' +[1+a]? +[1+a]?a (r- 1)

i=0 r=3

[+ala@-3+A (-2
r=3 r=3

:méa_ (a-i)x' +%m(m- D[1+a]®- m(m- 2)[1+a]

i=0
+2(m- (m- 2
—m& (L+a- i)x +%m(m- D([1+a]- 1)- m+1.
i=0
#
We notice that when a =1, the fan F(m,1) becomes a star of order

m+1, and if we substitute & =1 in the formula (2.2) we get the Wiener
Polynomial of the star of order m+1.

Corollary 2.4: The Wiener index of afan graph F(m,a) of order p3 4 is
W(F(m,a) = %ma(1+ a)(Bma - 2a+2),

and its average distance is
D(R(M.a) = grarfy- 2220

ma+1)u
Proof:
The Wiener index W (F(m,a)follows from corollary 2.2 by

substituting a; =a for j=1,2,....m
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And since the number of vertices of F(m,a)is p=ma +1, then
its average distance is

D -2

D(F(m,a)) = (ma +Dma W(F(m,a))
_(1+a)Bma-2a+2) e 2a+1 U
- 3(ma +1) 81 3(ma +) Y

#

Its clear from the above result that D(F(m,a)) <1+a, and this
inequality generally means that the average distance of the tree F(m,a)is
bounded above by 1+¢e(c), where cisroot .

3. Other trees

Definition 3.1: Let M) D€ @ tree constructed from a path whose
vertices (in order ) are W, W,,..., W with afan graph F(a,a) which has
W, asits center , and another fan graph F(b,b) of centerw, as shown in
Fig. 3.1.

Vb,b Fig. 3.1,. Thetree M a(a),b(b),g

Notice that the order of M .,,p.), IS P=aa +bb+g, its
diameter a +b+g- 1, and will supposethat g3 a3 b.
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To simplify the symbol M, ), WE!l denoteit by M inthe
following results.

Theorem 3.1: The Wiener Polynomial of atree M is given by
d
W(M;)= & d(M,k)xK,

k=0
where d(M,0) =p=aa +bb+ ¢ ,andfor all k3 1, we have

1280, abeh
— IO-k+(k-1)%§25+§2%,whenl£k£b

s b+l- k-- -
L p- k+(k-1)§‘%+§ ?%Whenb<k£a
25 2

1 )
d(M,k) =
k+a@a +1- kc_iaa9+a@b+1- kcaho whena <k £
- PR L o e 1 22 ’
a@+0- ko ab+go- ko a@a+l- kEao
=+Dh =+ €T
_agl ﬂgl ﬂgl ézﬂ
+a§b+l- k®g+ mab; wheng<k £d
1 X2y
inwhich
k-0; when g<k£¢g+b-1
m= b; when g+tb£k£g+a

d- k+1 when g+a+l1l£kE£Ed
andd=a+b+g-1

Proof:
We partition the set of the vertices of the tree M into three subsets
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Vl’V2 ,V, , where

V, ={w, W, W},

V,=UV, , V, ={u, .Uy, p,  1EiEa,
i=1

b
V,=UVy . Vg =iV Vo 0eaVef, 1EI£D,
i=1

It's clear that each of the induced sub graphs <V >and <V >, isa

path.
To explain the proof we divide it into two parts.

First: When 1£ k £ ¢, this part is divided into the following three cases
(a)When 1LE£ k £b, we note that

1. If the two verticeswereinthe set V., , or if one of the two vertices

isinthe set V., and the other vertexisinthesetV,, foral 1£i £ a,

then we have a , of the pairsthat are distance k apart , and this case
leadsto aa unordered pairs for al these valuesof i .

2. If thetwo verticeswere inthe set V,,, , or if one of the two vertices
isintheset V,; and the other vertex isinthesetV,, foral 1£i £ b,
then we have b, of the pairsthat are distance k apart , and this case leads
to bb unordered pairs for all these values of i .

3. If the two verticesareinthe set V., then we have ¢ - K pairs.
4. If one of the two vertices was in the set V,, and the other was in the
set V,;foreachi® j, thenwe have (K - 1) unordered pairs, and this leads

to (k- 1)§@9 when we take all the casesfor i,j=1,2,...,a
25

Similarly, we have a9 unordered pairs if one of the two

(- D2
a
vertices is in the set V; and the other isin the set V; foreach i j, and

for al valuesof i,j=1,2,...,b.
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Hence, the total number of unordered pairs of vertices that are
distance k apart, when LE K £b is

@0 abo
aa+bb+g- k+(k-Dg =+(k- Dg =
0- kot (k- Dg=+ (k- D =
Therefore
d(M,k)=p-k+(k-1)+:'§g+ggg’j; when 1£k£Db
ieco %

(b) When b<k £ a, then the numbers of unordered pairs of vertices
mentioned in case (a) are all hold except for the case in which one of the
two vertices is in the set V; and other isin Vy; for dl i? |, in which if,

k £ 2b, then the number of the pairsis 2b+1- k, and if k> 2b, the
number of the pairsis zero. Therefore
s b +1_ k-- e
d(M,k):p-k+(k-1)§@g+§Q ?’2 whenb<k£fa.
25 1 25

Notice that its not true in this case to write the number 220 +1- K6 ijn
1 3
theform 2b +1- k, since, if k 3 2b +1, then this combination will be

zero, this style of expression will be used later in similar cases.

(c) When a <k £ ¢, then the numbers of unordered pairs of vertices
mentioned in case (b) are all hold all except for the case in which one of the
two verticesisintheset V,;, and otherisin V,; foral i j, inwhichif,

k £ 2a , the number of the pairsis 2a +1- k, and if kK > 2a, the
number of the pairsis zero. Therefore
a@a +1- kggao a@b+1- kb whena <k £ 0.

R A R IR

Second: When , the unordered pairs of vertices that are distance k apart are
of the following five kinds:
(1) One vertex inthe set V, and the other inthe set V., ; the number of the
these pairsis

@ +0- ko

1 g
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(2) One vertex inthe set V, and the other in the set V,;; the number of the
these pairsis
ab+0- kg
b T
1 g
(3) Onevertex inthe set V; and the other intheset V,;; foral i* j;the

total number of these pairsis
aada +1- ko

25 1 5
(4) Onevertex inthe set V; and the other intheset V;; fordl it J; the

total number of these pairsis
abiagh +1- ko

RE 1
(5) One vertex inthe set V,, and the other inthe set V,(i.e. avertexin V,,
and other in V) where 1Ei £a,1£ J £ b, then the number of such pairs

of vertices is mab in which the values of m depend on k, and we find it
easily from Fig. 3.2.

Thereforeif g<K£ g+b-1,then m=k - ¢;
if g+tbE£kKE£g+a,then m=Db;
if gta<k£d,thenm=d+1- k.
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Hence by taking the numbers of pairs in the cases (1),(2),(3),(4) and
(5), we get the formula mentioned in the statement of the theorem when
¢ <k £d. Thusthe proof is completed .

Remark
The Wiener Polynomial of thetree M, ) CaN be expressed in

the terms of Wiener Polynomial of the path graph Q =<V, >, the fan
graph F(b,b), and the fan graph F(a,a) , by using Theorem (1) of
Gutman [4], asit isgiven in the next theorem.

Theorem 3.1: Forthetree (M =) =M ) .1, We have
W(M;x) =W(Q; x) + W(F(b,b);x) + W(F(a,a);x) - 2
+b(& x)E x")

k=1 k=1

a -1 gtb-1
ra(d x)A x +b 3y x¥) .. (3.1).
k=1 k=1 k=g

Pr oof:
Let H=Q - F(b,b), then

W(H; X) =W(Q x) + W(Hb,b);x) +{W(w,,Q x) - T {W(w,,Hb,b);x)- §-1
= W(Qx) + W(F(DD))) + (A x)(A X) - 1 -

k=1

Since M =H - F(a,a), then
W (M;x) =W(H;x) +W(F(a,a);x)

+H{W(w, , H;x)- 3{W(w ,F(a,a);x)- -1 ..(2
But
%1 g+°b—l
W(w, , H;x)=1+a x +b g x* (3
k=1 k=g
and W(w,,F(aa);x)=1+a8 x* (4
k=1
Thus, substituting (1),(3) and (4) in (2) , we get the required relation
(3.).
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Notice that Theorem 3.2 is more general than Theorem 3.1, because
it doesn’t require the condition g2 a 2 b; but it's possible to find formulas

ford(M,k)when a3 g3 b ora® b3 g, asinTheorem3.1.

But Theorem 3.1 is more useful than Theorem 3.2 when we want to
find the coefficient of a particular power of x.

Corollary 3.3: The Wiener index of thetree M =M, ) iy 4 IS

W(M) =%{g(gz - 1) +b(3b- 2)b® +a(3a- 2)a® +(aa + bb)(3¢° - 1)}

+ %{b(b - Db® +a(a- 1)a> +b(aa + g)b> + a(bb + ga’} + ababg.

Proof:
To get the Wiener index of M), o - differentiate the formula

(3.1) with respect to x then substitute x=1, as follows:

W(M;x) =W{(M.1) =W(Q) + W(F(b,b)) + W(F(a,a))
+bbA k+b(g- DA k+aa(h k+ba k)+a(g- 1+bb)A k
k=1

k=1 k=1 k=1 k=g

=%g(g2 -1 +%bb(1+ b)(3bb - 2b +2)
+%aa(1+ a)(3aa - 2a +2) +%bbg(g- 1 +%b(g- 1b(b +1)

+aa‘{‘%g<g- 1) +b(9b+%b(b- 1»%+%a<g- 1+bba(a +1)

Simplifying the above expression , we get
W(M) =€—13{g(g2 - 1) +b(3b- 2)b° +a(3a- 2)a° +(aa +bb)(3g’ - 1}

+ %{b(b - Db® +a(a- 1)a> +b(aa + g)b> + a(bb + ga’} + ababg.
4
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