Raf. J. of Comp. & Math’s., Vol. 2, No. 2, 2005

On Some Nonstandard Asymptotic Approximation of Integrals

and Series
Tahir H. Ismail IbrahimH. Omar Rashad R. Haji
College of Computer Sciences College of Sciences
and Mathematics, University of Mosul University of Salahaddin
Received on: 4/9/2004 Accepted on: 5/4/2005
oaddall

saiad 1 bl e el aalie (e dadiul e Gl (e ciagll
A alaiall Lyl (e ol yd il osluly Nelson, E. 4a 55 Robinson, A.
el 5 clabiall o e g A el JIsall JalSiy

ABSTRACT
The aim of this paper is to use some concepts of nonstandard
analysis given by Robinson, A. and axiomataized by Nelson, E. to prove
some theorems concerning the approximation of integrals and the
convergence of sequences and series.

INTRODUCTION:

Through this paper we consider properties of a quite general nature,
which unify certain number of processes used to establish approximate
expression of numbers and functions.

Finally, we shal explain our nonstandard works and we treat the
following problems.

a) How to approximate certain functionsto other functions?
b) How to calculate the proper and improper integrals for

approximate functions?

C) What is the method to transform an unlimited integrand to
another, everywhere limited?

d) How to find an appreciable length for functions which are
infinitesimal ?

) How to calculate the sum of integral sequences under certain
nonstandard conditions?

Throughout this paper the following definitions and notations will be
used:

33



Tahher H. Ismail _Ibrahim H. Omar & Rashad R. Haji

A real number x is called infinitesimal if and only if [x| <r forall rl R.

If xand y arered numbers, then x and y are said to beinfinitely near,
(denoted by x €y ), ifx - y isinfinitesimal.

A real number x iscalled limited if x| £ 1 for some I'l R™.

A real number x is caled appreciable (denoted by A™), if x is limited
but not infinitesmal.

A real number x iscalled unlimited if |x| >rforal 'l R”.

The collection of limited, unlimited real numbers of infinitesmals
are called external sets[3], [5].

The external set of infinitesimal real numbers is called the monad of
O (denoted by m (0)). In genera, the set of all real numbers, which are
infinitely near to a standard real number a, is called the monad of a,
(denoted by m(a)) [6], [7].

The set of al limited real numbers is called principal galaxy,
(denoted by G).

For any real number a, the set of all real numbersx suchthat x - a
limited is called the galaxy of a (denoted by G (a)) [2].

Let a(a * 0) and x1 R ,we define the a - galaxy(x)as follows:

a - galaxy(x)={yT R: y-Xx islimited} and denoted by a - G(x) [2].
a

THE MAINRESULTS:
I. Asymptotic Approximation of Integrals

Theorem (1.1): If f and g are two measurable internal functions such that
b b

f(x) €g(x)foral x1 [a,b] of limited length, then ¢§(x) @cg(x)

Proof: Definethe function h:[a,b] ® R by h(x) =f(x)- g(x) then
h(x) € Ofor everyx1 [a,b]. LetS = Sup|h(x)|. ThenS € 0. Hence

xi [a,b]

J (x)dx - cp(x)dx

£ ah(x)dx| £S(b- a) @O0 therefore tE‘j(x) @z‘p(x)

In the following theorem, we form a condition in order that the approximate
equality of Theorem (1.1) holds for unbounded intervals.
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Theorem(l,2): Let f and g be two measurable internal functions such that
f(x) € g(x)for every limited x. Let h be an integrable standard function

such thatf(x)| , |g(x)| £ h(x) for everyxT R. Then z‘)‘(x)dx @z‘p(x)dx

Proof: By Theorem (1.1) for every limited nT N we have
g (X)dx - g (x)dx
By Robinson Lemma [2] there exist anon-limited g1 N such that
9 9
g (x)dx - g (x)dx
-9 -9

Since h(x) isintegrable standard function, we have (x)dx @0 .
x/>g
Hence g(x)dx @ ,and  cg(x)dx @0.

[x>g [x>g

Therefore g(‘j(x)dx :¥(‘j(x)dx and g(‘);;(x)dx :&(xﬁx.
-g -¥ -g -¥

¥ ¥
We conclude that ¢¥ (x)dx @cg (x)dx
- ¥ ¥

The above properties (Theorem (I,1) and (1,2)) permit, particularly
to give an approximate value to the integral of a function which is near a
function with known primitive. Notice that in the proof of Theorem (1.2),
the major function h interferes only in the justification, and did not interfere
in the approximation's quality.

Theorem (1, 3): Let f and g betwo measurable internal functions such
that f(x) € g(x)for xT A*(the set of appreciable numbers). Let h bean
integrable standard function such that|f(x)| , [g(x)| £ h(x) for everyxT R".

Then ¥6(x)dx @(x)dx

Example (1.4): Let t >0and p be standard, and w be unlimited positive
integer, define f(v) and J(t) asfollows:
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I(t-v)*!
f(v)= % @+v)"

10 if v >t

The maximum of the integrand attains forv =0, putting this
maximum as a factor, we obtain

if OEVEL | J(t):td(v)_

t w-1 t
aL@- .
J) =tV A t dv =t" g (v)dv
R e R

The new integrand is limited everywhere. By using the Euler
formula (1- 2)" @e™ we see that the passage from the appreciable to the

infinitesmal for the integrand effected when leaving thel - galaxy . We
w

obtain an approximately standard integrand, by settingv:t—u. Then
w

-
w1+ )"
(- !
Letl(w) = g )™
1o if u>w

if OEFEUfw

1+t)u

Then for every limited u 3 0,1(u) = e and forevery u3 0,

Nle

U w-Dogr- Yy ®hy -
I(WE@- )" =e W Ee " fe
W

¥ ¥
1
Hence, by Theorem (1.2) (u)du G “du = ——
y (1.2 0d() % T+t

w

Consequently J(t) = (1+ a) WD’ (a€0)

Comments on the strateqy which comes out from example (1.4):

The above example is an illustration of the situation for which
Theorem (1.2) is applied particularly, and of the procedure to follow. First
of al we observe that Theorem (1.2) is mainly concerned with the
functionsf , which are: i) Limited every where, ii) noninfinitesmals on a
subset of R, which contains at least one interval of appreciable length, and
does not exceed the principa galaxy[2]. In fact, if {x (f(x) @O} EG, we
can not find a standard majoration of f, and for example if
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{x:f(x) @}1 m(0), we get ¥c‘j(x)dx @owhich implies that

¥
P(x)dx @0. Now such approximation of an infinitesmal number by
0
another infinitesimal number is not meaningful

In order to be able to treat the case of an integrand, which does not
satisfy the conditions (i) and (ii), we examine the reason in the Example
(1.4). The departure function f(v) is not necessarily limited everywhere,

and {v : f(v) @} 1 m(0).

We obtain the integrand g(v) which is limited everywhere by
putting maximum of f(v) infactor.

We know that {v:f(v)=0} is equa to the positive part of

1 galaxy
w
This observation guides us to the choice of the variable changement

—, dfter which we obtain the integrand I(u) which satisfies the
w

conditions (i) and (ii).

I1. Asymptotic Approximation of Series

The following theorem links the series and integrals.
Theorem (11.1): Let f be apositive, decreasing function such that f(0) €0

then for every kT N

) a f(n) @d(x>dx

¥
i) é f(n) isconvergent if and only if ¢§(x)dx isconvergent .In the case
n=0 0
g ¥
of convergencewehave g f(n) € ¢§(x)dx.
n=0 0

Proof:
k+1
i) Since af(n)3 d(x)dx3 af(n) Therefore
n=0
k k+1

a f(n)- & f(n)=f(0)- f(k +1) €0 .Hence af(n) @d(x)dx

n=0 n=1
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¥ ¥ ¥ ¥
i) Since § f(n)2 F(x)dx 2 § f(n), & f(n) is convergent if and only
n=0 0 n=1 n=0
¥
if (x)dx is convergent. In the case of convergence, we have
0

¥

é_f(n) € ¢ (x)dx.

Finally we give some asymptotic theorems on the series. Theorem
(11.2) isaversion of Theorem (1.3).

Theorem (11.2): Let {u,};, ad {v,};, betwo interna sequences such
that

¥
u, @, for everynl N. Let éwn be a convergent standard series such
n=0

¥ ¥
that [u,||v,|£w, for every nl N, then§ u, @q v, .

n=0 n=0
The following theorems are special cases for the above theorem; they
facilitate the calculations of the theoretical characterization concerning the
shadow developments.

Theorem (11.3): Let {un} be an internal sequence of nonzero terms such

ni N

¥
thath@OforeverynT N,then Ju, =u,(l+a) (a €O)

u, n=0
Pr oof:
. 3 g u u
Sinceq u, =u,q —. Setv, =—"
n=0 n=0 uO UO
Then v, =1 and v, @0 for every n1 N .Moreover for every nT N we
u. u u .
have v, A =—t "L —L<s, wheresisastandard number greater than

un—l l'In—2 u

o

Z€exo.

Since gvn @, henceg u, =u,(1+a), (a €0)

n=0 n=0
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Theorem (11.4): Let {u,},, be an internal sequence such that u, is
limited, u, @0 for every n 3 1, and such that the ratio of two nonzero

¥
successive terms isinfinitesimally zero. Then § u, € u,
n=0

Proof: Let P be the minimal index such that u, * 0. By using Theorem

¥
(11.3), weget éun =(@@+a)u, .If p=0,then

n=0
(1+a)u, =u,(1+a) cu, .If p>0, since u, @ for every n3 1 then

¥
(1+a)u, @0, but u, @, 0 (1+a)u, @u,. Thus § u, @u,

n=0
Remark (11.5):

The statement of the Theorems (11.3) and (11.4) remains true if the sum is
taken only up to certain index or if we mitigate the conditions on the

.u .
ratio—1 . Thuswe have, for example, the following theorem
u

n

Theorem (11.6): Let {un} be an internal sequence and k1 N . Suppose

ni N

u
that u, is limited, —% @0, whenp >0 is the smallest index for which
u

o

u,* 0, and that the ratio of two nonzero successive terms of indexes

k
included betweenp and kis < (€)1. Then § u, @u, .

n=0
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