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ABSTRACT

Chae et. d. (1995) have studied the concept of a-strongly g-
continuous functions and (a, q)-closed graph. The aim of this paper is to
investigate several new characterizations and properties of a-strongly g-
continuous functions and (a, g)-closed graph. Also, we define a new type
of functions called ag-open functions, which is stronger than quasi a-open
and hence strongly a-open, and we obtain some characterizations and
properties for it. It is shown that the graph of f, G ( f) is(a, g)-closed graph
if and only if for each filter base Y in X g-converging to some p in X such
that f (Y) a-convergesto someqinY holds, f(p)=aq.

Keywords. a-strongly g-continuity, ag-open function and (a, q)-closed
graph.
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1.Introduction

Njastad (1965) introduced and investigated the concept of a-open
sets. Chae et.al. (1995) have studied the concept of a-strongly g-continuous
functions. It is shown in Chae et. al. (1995) that the type of a-strongly g-
continuous function is stronger than a strongly g-continuous function [25]
and astrongly a-continuous function [12].

The purpose of the present paper isto investigate
i) Further characterizations and properties of a-strongly g-continuous
functions[7] and (a, g)-closed graph [7].
i) We define a new type of functions called ag-open functions, which is
stronger than quasi a-open and hence strongly a-open, and we obtain some
characterizations and properties for it.

2. Preliminaries

Throughout the present paper, spaces always mean topological
gpaces on which no separation axiom is assumed unless explicitly stated.
Let E be a subset of a space X. The closure and the interior of E are denoted
by CI(E) and Int(E), respectively. A subset E is said to be regular open
(resp. a-open [22] and semi-open [16]) if E = Int(CI(E)) (resp. E I
Int(CI(Int(E))) and E I CI(Int(E))). A subset E is said to be g-open
[34](resp. g-semi-open [26]) if for each xI E, there exists an open (resp.
semi-open) set U in X suchthat x T U1 CI(U) 1 E. The complement of
each regular open (resp. a-open, semi-open, g-open and g-semi-open) set is
called regular closed (resp. a-closed, semi-closed, g-closed, g-semi-closed).
Theset aCl(E) ={ pl X: EC H ! f for each a-open set H containing p}. A
filter base Y is said to be g-convergent [34](resp. a-convergent
[32]) to apoint x T X if for each open (resp. a-open) set G containing X,
thereexistsan F1 Y suchthat F1 CI(G) (resp. FI G).

In[9], E is afeebly open set in X if there exists an open set U such
that Ul E1 sCI(U), where sCl is the semi-closure operator. It is shown in
[13] that a set is a-open if and only if it is feebly open. It is well-known that
for a space (X, t), X can be retopologized by the family t? of al a-open
sets of X [19] and also the family t9 of all g-open set of X [34], that is, t1
(called g-topology) and t? (called an a- topology) are topologies on X, and
it isobviousthat t% 1 t 1 t2 The family of al a-open (resp. g-open and
feebly-open) set of X is denoted by aO(X) (resp. qO(X) and FO(X)).
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f: X®Y is caled strongly g-continuous [27] if for each xI X and each
open set H of Y containing f (X), there exists an open set G of X containing
x such that f (CI(G))1 H.

f: X®Y iscaled strongly g-continuous [27] if for each openset H of Y,
f 1(H) is g-open in X if and only if each closed set F of Y, f (F) is g-closed
in X.

f: X®Y is cdled a-continuous [20] (resp. faintly continuous [18],
completely a-irresolute [21] and strongly a-irresolute [12]) if for each open
(resp. g-open, a-open and a-open) set H of Y, f ! (H) is a-open (resp.
open, regular open and open) in X.

f: X®Y iscaled semi-open [23] ( resp. a-open [20], quas a-open [33],
gs-open[1], weakly gs-open[1] and s**-open[2]) function if the image of
each open (resp. open, a-open, open, g-open and semi-open) set G of X, f
(G) is semi-open (resp. a-open, open, g-semi-open, g-semi-open and open)
iny.

f: X®Y is cdled pre-feebly-open[8]( resp. strongly a-open [33] and
a**-open[2]) function if the image of each a-open set G of X, f (G) is a-
openinY.

It isclear that pre-feebly-open, strongly a-open and a**-open
functions are equivalent.
- A subset N of a space X is said to be a g-neighborhood[5] of a point x in
X if there exists an open set G suchthat xT GI CI(G)1 N.

f: X®Y is caled g-open function [5] if for each x T X and each
g-neighborhood N of x, f (N) isg-neighborhood of f (x).

- A gpace X is said to be amost regular[31] if for each regularly closed set
R of X and each point x | R, there exist digoint open sets U and V such
that R1 Uand xI V.

. A space X is said to be a-Hausdorff [12] if for any x,y1 X, x! vy, there
exist a-open sets G and H suchthat x T G,yT Hand G C H=f. Itisclear
that a-Hausdorff and Hausdorff are equivalent.

- A space X is said to be g-compact [30] (resp. a-compact [14]) if and only
if every cover of X by g-open (resp. a-open ) sets has a finite subcover.

A subset S of aspace X issaid to be quas H-closed [28] relative to X if
each cover {E; : il I} of Sby open sets of X, there exists a finite subset |, of
| suchthat ST E {CI(E) : il Io}.
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- A gpace X is said to be quas H-closed [28] if X is quas H-closed
relative to X.

- A function f: X®Y is sad to have g-closed[24](resp. s*-closed[17],
semi-closed[11], gs-closed[1], amost strongly gs-closed[1] and strongly
gs-closed[1]) graph if and only if for each xI X and each yI Y such that
yt f(x), there exists an open (resp. semi-open, semi-open, semi-open, semi-
open and semi-open) U containing X in X and an open (resp. open, semi-
open, open, open and open) set V containing f (X) in Y such that:
(ClIU)" CI(V) CG( f)=f{resp.(U" V)CG(f)=Ff,(U"V)CG(f)
=f,(Cl(U) " V)C G( f)=f,(CI(U)" Int (CI(V))) C G( f )=f and
(CI(U) " Ci(V)) G G( f)=f}.

3. a-strongly g-continuity

Definition 3.1. A function f: X® Y issad to be a-strongly g-continuous
[7] if for each x T X and each a-open set H of Y containing f (x), there
exists an open set U of X containing x suchthat f (CI(U))1 H.

The proof of the following theorem is not hard and therefore, it is
omitted.

Theorem 3.1. For a function f : (X, t )® (Y, @), the following are
equivalent:

i) f isa-strongly g-continuous,

i) f:(X,tH® (Y, g isstrongly a-irresolute;

iii) For each point x T X and each filterbase Y in X ¢-converging to x, the
filterbase f (Y ) convergesto f (x)in (Y, aO(Y));

iv) For esch point xT X and eachnet {x };ix inX g-converging to x,
the net { f{x/)}iix converges to f(x) in (Y, aO(Y));

v) For each point x 1 X and each filterable Y in X g-converging to X, the
fiterbase f (Y ) a-convergesto f (x) in (Y, Q);

vi) For each point x T X and each net {x },7 in X g-converging to x, the
net { f{x)}ix a-converges to f(x) in (Y, 9.

Lemma 3.1. (Andrijevic [4]). Let E be a subset of a space (X, t). Then
the following hold.

1) aCl(E) = E E CI(Int(CI(E)));

2) alnt(E) = E C Int(CI(Int(E))).
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Theorem 3.2. For f: X® Y, the following are equivalent:

a) f isa-strongly g-continuous;

b) f(Cli(E)) 1 f(E) G CI(Int(Cl (f (E)))), for each subset E of X;

c) Cly(f (W) 1 f t(WE CI(Int(CI(W))), for each subset W of Y;
d) (W C Int(CI(Int(W))) T Intq (f *(W)), for each subset W of Y.
Proof. Thisfollows from Lemma 3.1 and Theorem 2 of [7].

Theorem 3.3. If f: X®Y is a-strongly g-continuous and if E is an open
subset of X, then f|E: E® Y isa-strongly g-continuous.

Proof. Let H be any a-open subset of Y. Since f s a-strongly g-
continuous. By [7, Theorem 2], f *(H)T qO(X), so by Lemma 1.2.9
of [1], (f|E)*(H) =f *(H) C ET qO(E). Thisimpliesthat f|E: E®Y is
a-strongly g-continuous.

The proof of the following result directly istrue.

Theorem 3.4. For any two functions, f : X®Y and g Y® Z, the
following are true:

i) if fis a-strongly g-continuous and g is a-continuous, then g o f is
strongly Q-continuous.

i) if f isfaintly continuous and g isa-strongly g-continuous, thengof is
strongly a-irresolute.

Theorem 3.5. Let f : X®Y be a function. If g Y® Z is an a-open

bijectionand go f: X® Z isa-strongly g-continuous, then f isstrongly g-
continuous.

Proof. Suppose g is a-open function. Let H be an open subset of Y, since
g isoneto one and onto, thenthe set g (H) isan a-open subset of Z, since
gof isa-strongly g-continuous, it follows that ( gof Y*( g (H)) = f (g
g (H)) = f1(H) is g-openin X. Thus, f is strongly g-continuous.

Theorem 3.6. If X is amost regular and f : X®Y is completely a-
irresolute function, then f isa-strongly g-continuous.

Proof. Let H be an a-open subset of Y. Since f is completely a-
irresolute, f *(H) is regular open in X and from the fact that a space X is
amost regular if and only if for each x T X and each regular open set
f {(H) containing x, there exists a regular open set O such that
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xT Ol Cl(0)1 f (H)[31, Theorem 2.2]. Therefore, f *(H) is g-openin
X and by [7, Theorem 2], f isa-strongly g-continuous.

Lemma 3.2 [10]. Let { X I:I 1 D} be afamily of spacesand U |; bea
n

subset of X i for eachi=1,2,....n.ThenU= O U,;’ Ipl X is a-
i=1 [

openin I?D X, ifandonlyif U;T aO(X ;) foreach i=1.2,...,n.

Theorem 3.7. Let g: X|®Y, be a function for eech | T D and
g: 0 Xi® O Y, afunctiondefined by g ({ x |}): {9 (x I)}

foreach { x | 11 O X .If gisa-strongly g-continuous, then g | is

a-strongly g-continuous for each | T D.

Proof. Let b T Dand V, T aO(Yp). Then, by Lemma 3.2, V =V, ~
O Y isaopenin O Y ad gV)=g?tp (Vb)~ I(Pbx s
ITh

g-openin ® X, . FromLemma3.2, g, (Ve) 1 qO(X). Therefore, gy is
a-strongly g-continuous.

Remark 3.1. It was known in [6, Example 2.2] that V T aO(X" Y) may not,
generally, be a union of sets of the form A~ B in the product space X ~ Y,
where AT aO(X) and BT aO(Y). Therefore, the converse of Theorem
3.8 may not be true, generally.

Theorem 3.8.Let g: X ® Y1 Y, bea-strongly g-continuous function and
fi : X ®Y; be coordinate functions, i.e. for x1 X, g (X) = (X1, X2), fi(X) =
Xi, 1=1,2. Then fi: X® Y ; isa-strongly g-continuous for i =1, 2.

Proof. Let x be any point in X and H; be any a-open set in Y containing
f1(x) = xg, then by Lemma3.2, H; "~ Y,is a-open in Y1~ Y., which
contain (X1, X2). Since g is a-strongly g-continuous, there exists an open set
U containing x such that g (CI(U)) I Hy~ Ya. Then f 1(CI(U)) ~ f 2(CI(U))
I Hi "~ Y. Therefore, f 1(CI(U)) I Hi. Hence f 1 is a-strongly g-
continuous.
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n
Lemma 3.3. Let Xy, Xz, ..., X bentopologica spacesand X = O Xj .
i=1

- N N N
Let Eil qO(Xj),for i=1,2,....,n.Then O El qO( O X;).
i=1 i=1

- N R _ .
Proof. Let (X1, X2, ..., Xn) | O Ej,thenx; | E for i=1, 2, ..., n Since
i=1
E T qO(X)), for i=1,2, ..., n. Then, there exist open sets U;, for i=1, 2,
...nsuchthat x 1 Ul CI(U)I E;,for i=1,2, ..., n Therefore, (X1, Xo,
ceey Xn) | Ug . U, oL Un | C|(U1), C|(U2), s C|(Un) =Cl X1~ X2 ..”Xn

. n N N N
U” Uy” .. Up) I O E and O Ul t (0O X). Hence
i=1 i=1 i=1

n
E isg-opensetin & X;.
1 i=1

I O

[
Theorem 3.9. Let X3, Xy, ..., Xy and Z be topologica spaces and
.8 xi@z - If givenany point p of § Xi, and given any a-open set

i=1 i=1
U in Z containing f (p), there exist g-open sets Ein X; fori=1,2, ..., n

~ N N N .
suchthat pl O E adf (O E)I U. Then f is a-strongly g-
i=1 i=1
continuous.

n

Proof. Let pT O X; and U be any a-open set in Z containing f (p). By
i=1

hypothesis, there exist g-open setsE; in X; fori=1,2, ..., nsuchthat p1

~

n n .
O E ad f(O E)I U. Since E T qO(X)), fori =1, 2, ..., n.
i=1 i=1

n N N .

Therefore, by Lemma3.3, & E | gO(O X;),fori=1,2, ...,n Thus, f
i=1 i=1

isa-strongly g-continuous.
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4. ag-open Functions.
In this section we define a new type of functions called ag-open
function and we find some characterization and properties for it.

Definition 4.1. A function f: X®Y is caled ag-open if and only if for
each a-openset GinX, f(G)1 qO(Y).

It follows immediately that every ag-open functions is quas a-
open and hence strongly a-open, the converse is not true as seen from the
following example.

Example4.1. Let X ={a, b, c,d} and t ={ X, f, {a}, {c}, {a b}, {a ¢},
{a b, ¢}, {a c, d}}. Theidentity function 1 : (X, t) ® (X, t) isstrongly a-
open, but it is not ag-open function since {a}1 aO(X, t), but f ({a}) ={a}
I gO(X, 1).

We find some characterizations and properties of ag-open
functions.

Theorem 4.1. For any bijection function f : X®Y, the following are
equivalent:

i) Theinversefunction f *: Y® X isa-strongly g-continuous;

i) f:X®Y isag-open function.

Proof. Follows from their definitions.

Theorem 4.2. For afunction f: X® Y, the following are equivalent:

a) f is ag-open function;

b) f (alnt (E)) I Intq( f (E)), for each subset E of X;

o) alnt(f (W) T f *(Intq(W)), for each subset W of Y;

d) f *(Clg(W)) 1 aCl(f *(W)), for each subset W of Y.

Proof. ()P (b). Suppose f isag-open functionand E1 X. Since alnt(E) |
E, f(alnt(E)) T gO (Y) and f (alnt (E))1 f (E) and hence f (alnt (E)) I
Inty( f (E)).

(b)b (c). Let Wi Y. Thenf (W) X. Therefore, we apply (b), we obtain
famnt( f W)l Intg( f(f (W) Then, alnt( f *(W)) 1 f *(Int
(W)).

(c)b (d). Let W1 Y, thenapply (c) to Y \W, weget alnt(f (Y \W))1 f
L (Intg (Y A\ W)). Then, alnt (X \ f 1 (W)) 1 f (Y \ Cly(W)), which
implies that X \ aCI(f 1 (W)) 1 X\ f *(Clq(W)). Hence f *(Clq(W)) I

aCl( f1(W)).
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(d)P (a). Let Gbeany a-open setinX. Then Y \f (G)1 Y, apply (d), we
obtain f *(Cly(Y \f (G)))1 aCl( f *(Y\f(G))). Then f (Y \Inty( f
(G))) 1 aCl (X \ G). Which impliesthat X \ f *(Inty( f (G))) 1 X \Int G
=X \ G. Therefore, G 1 f * (Int( f (G))). Then, f (G) 1 Inty( f
(G)).Therefore, f (G)1 qO (Y). which completes the proof.

Remark 4.1. Let f: X®Y be a bijective function. Then, f is ag-open
function if and only if f (F) T qC (Y), for each a-closed set F in X.

Theorem 4.3. If Y isaregular space, then each s**-open function is ag-
open.

Proof. Let G be any a-open subset of X, then it is semi-open. Since f is
s**-open function. Therefore, f (G) isopeninY. But Y isaregular space,
thenby [1, Lemma1.2.8] f (G) isg-openinY.

Theorem 4.4. If afunction f: X ® Y is ag-open and E1 X isan open
set in X, thentherestriction fYE: E® Y isaqg-open function.

Proof. Let H be any a-open set in the open subspace E. Then, by [15,
Theorem 3.7], Hisa-openin X. Since f isaqg-open function. Therefore, f
(H) isg-openinY. Hence f ¥E isaqg-open function.

Theorem 4.5. Let f: X® Y beafunction and {E 5: al N} be an open cover
of X. If the restriction f¥E,: Ex ® Y is ag-open function for each al N,
then f isaqg-open function.

Proof. Let H be any a-open set in X. Therefore, by [15, Theorem 3.4], H C
E. is a-open inthe subspace E, for each al N. Since f ¥E, isag-open
function (f ¥Ea) (H C Ez) isg-openinY and hence f (H) = E{( fYEa.)
(HC E,) : al N}isg-openinY. Thisshowsthat f isag-open function.

Theorem 4.6. A function f : X®Y is ag-open if and only if for each
subset S of Y and any a-closed set Fin X containing f (S), there existsa g-
closed set M in Y containing S suchthat f *(M)1 F.

Proof. Suppose that f is ag-openfunction. Let SI Y and F beana-
closed set in X containing f X(S). Put M =Y\ f(X\F), then M isg-
closed inY and since f(S)i F,wehaveS1 M. Since f isag-open
function and F isa-closed in X, M is g-closed in Y. Obviousy f * (M)
| F.
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Conversdly, let G be any a-open subset of X and put S=Y \ f (G).
Then, X \ G is a-closed set containing f %(S) . By hypothesis, there exists a
g-closed set M in'Y containing Ssuchthat f *(M)1 X\ G. Thus, we have
f(G) 1 Y \ M. On the other hand, we have f (G) =Y \ SEY \ M and hence
f (G) =Y \ M. Consequently, f (G)is g-openinY and f isag-open
function.

5. Functionswith (a, g)-closed graph
In this section we investigate several new properties of (a, q)-closed

graph [7].

Definition 5.1[7]. Let G(f) = {(x, f (X)): xT X} bethegraphof f:X®Y
then G (f) issaid to be (a, q)-closed with respect to X Y, if for each
point (x, y) I G ( f), there exists an open set U and an a-open set H
containing x andy, respectively such that f (Cl(U)) C H=f.

The following diagram is an enlargement of the diagram 4.1.1 of
[1]. Note that none of the implicationsis reversible
almost strongly gs-closed graph

/

gs-closed graph  strongly gs-closed graph®== g-closed graph<¥==(a, q)-closed graph

s*-closed graph semi-closed graph
Diagram 5.1

Example5.1l. Let X ={a,b,c} and t ={f, X, {a}, {a b},{a c}}, thenthe
function f : (X, t)® (X,t) isdefined as:

f (x) =a, foreachx1 X, hasg-closed graph, which has not (a, g)-closed
graph.
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Theorem 5.1. If f: X® Z isafunctionwith (a, g)-closed graph, and g:Y
® Z is a-strongly g-continuous functions, thentheset {(x,y):f(X) =g
(Y)} isg-closed in XY,

Proof. Let E = {(X, y) fO)=g@}. If (x,y)T X" Y\E then f(X)t g
(y). Hence (x, g (y)) T (X~ 2)\ G (f). Since f has (a, g)-closed graph.
Therefore, there exists open set U1 X and a-openset H1 Z containing x
and g (y), respectively, such that f (ClI(U)) C H = f. The a-strongly g-
continuity of g impliesthat thereisan open set V of Y suchthat g (Cl(V))
I H. Therefore, we have f (CI(U)) C g (CI(V)) = f. This establishes that
(Cl(U) ~ CI(V)) C E =f, which implies that (x, y) I Clq (E). So, E is g-
closedin X " Y.

Corollary 5.1. If Y is an Hausdorff space and f, g X® Y are a-strongly

g-continuous function, then the set {(x, y) : f(x) =g (y)} isg-closedin X ~
X.
Proof. Followsfrom Theorem 5.1 and Theorem 16 of [7].

Theorem 5.2. If f : X® Y is any function with g-closed point inverses such
that the image of closure of each open set is a-closed, then f has (a, q)-
closed graph.

Proof. Let (x,y)1T (X~ Y)\G(f). Then x1 f *(y) andsince f 1(y)is
g-closed, there exists an open set U containing x such that Cl(U) C f*
(y) =f. By assumption f (CI(U)) is a-closed. Sincey I f (CI(U)), thereis
an a-openset H inY containing y suchthat f (CI(U)) C H=f. Thus f
has (a, g)-closed graph.

Theorem 5.3. Let f : X® Y be a function with (a, q)-closed graph, then for
eachx 1 X, { f (X)} = C {aCl(f (CI(U))): U isan open set containing x}
Proof. Let the graph of the function be (a, @)-closed.
If {f(x)}* C {aClI(f(Cl(U))): Uisan open set containing X} .

Lety® f(x) suchthatyT C {aCl(f (CI(U))): U is an open set containing
x}. This implies that y T aCl( f (CI(U))) for each open set containing X; it
means that , for each a-open set V containingy inY, VvV C f (Cl(U)) * f.
That contradicts Definition 5.1. Thusy = f (X).

Theorem 5.4. Let f : X® Y be afunction with (a, q)-closed graph. If E is
quas H-closed in X, then f (E) isa-closed inY.
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Proof. Let E be a quas H-closed in X. Suppose that f (E) is not a-closed
inY. Let yl f(E). Therefore, y* f (x) foreach x1 E. Since G(f) has
(a, g)-closed, for each x T E, there exists open set U, and a-open set H,
containing x and y, respectively such that f (CI(Uy)) C Hy = f, for each x 1

E. Thefamily Q = {U, : x T E} isan open cover of E. Since E isquas H-
closed, there exists afinite subfamily { Uxy,..., Uxn} of Q such that

. n
El U CI(U,g). Put
i=1

n n n
H= IH,. Then, f(E) CHI U (f(Cl(Usp))) GHT U (f (CI(U ) C Hxy) =f.
= i=1 i
Since H isan a-open set containingy, y I aCl( f(E)). Therefore,
aCl( f(E))l f(E), whichimpliesthat f (E) isa-closed.

Corollary 5.2. The image of any quasi H-closed space in any space is a-
closed under functions with (a, q)-closed graphs.

Theorem 5.5. Let f : X® Y begiven. Then G () is (a, q)-closed graph if
and only if for each filter base Y in X @-converging to some p in X such
that f(Y) a-convergesto someqinY holds, f(p) =q.

Proof. Suppose that G () is(a, g)-closed graphandlet Y ={Eq:dT N}
be afilter basein X suchthat Y g-convergesto pand f (Y) a-convergesto
q.l1f f(p)t g then (p,q) T G(f). Thus, there existsanopenset U1 X
and a-openset V1 Y containing p and g, respectively, such that (CI(U)
V)C G(f)=f.SinceY qg-convergesto p and f (Y) a-converges to q,
there exisssan Eq1 Y suchthat Eq1 Cl(U) and f (Eg) | V. Consequently,
(CIl(U) " V) C G(f)1 f,whichis acontradiction.

Conversaly, assume that G(f) isnot (a, g)-closed graph. Then, there exists
apoint (p, ) I G (f) such that for each openset U1 X and each a-open
set V1 Y containing p and g, respectively, holds (CI(U) " V) C G (f)?* f.
Let { Ug: dT Ny} bethe set of all open sets of X containing p. Define

Y 1={Cl(Ug): dT N},

Y . ={Vp: V} isan a-open set containinggand b T Ny}

Y3 ={E(d, b): E (d, b)AZN(CIN(Ud) " Vp) C G(f), (db)T Ny N} and

Y ={Y* (d, b): (d, b) I Ni" N2}, where
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Y* (d, b) ={x1 Ux: (x, f (X)) T E(d, b)}. Then Y isafilter basein X with
property that Y g-convergestop, f (Y ) a-convergesto q,and f(p)?* q.
This completes the proof.

Corollary 5.3. A function f: X® Y has (a, g)-closed graph if and only if
for each net {xg in X suchthat Xy ® 4 p1 X and f(x) ®aql Y holds,

f(p)=a.
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