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ABSTRACT
In this work, we study singular and non singular rings and we give
some new basic properties of such rings and its relation with other rings.
Finally, we consider rings for which R/Y (R) isregular.

1.Introduction:

Throughout this paper, R denotes an associative ring with identity
and al modules are unitary right R-modules. Recall that: (1) A ring R is
called right duo-ring if every right ideal is a two-sided ided in R[5] . (2)A
ring R is called strongly right bounded (briefly SRB), if every non-zero right
ideal contains a non-zero two sided ideal of R [1]. (3) A right R-module M
is caled a genera right principaly injective (briefly GP-injective) if for any
0! al R, there exists a positive integer n such that a" * 0 and any right
R-homomorphism of a'R into M extends to one of R into M[5].(4) A ring R
is called Von Neumann regular ring if for any al R there exists bl R such
that a=aba. (5) r(x), I(x) , JR) will stand respectively for the right
annihilator of x, left annihilator of x and the Jacobson radical of R. (6) A
ring R is said to be reduced if R contains no non zero nilpotent elements.
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2. Singular Ideal (Basic Properties):

Recall that the right singular ideal of R is Y(R)={xl R| r(x) is
essentia in R} . Ring R such that Y (R)=R is caled singular, and ring R
such that Y (R)=0 is called non-singular.

We start this section with the following results:

Lemma 2.1: Let | be a reduced ideal in R . Then aRC r(a)=0 for any
element ainl.

Theorem 2.2: Let R be aring. Then Y(R)C =0 for any reduced idedl | in
R.
Proof: Let | be a reduced ideal and Y(R)C It 0. Let Ot a Y(RC |
implies that r(a) is essential and al |, since | is a reduced ideal then by
Lemma (2.1) we get aRCr(a)=0. But r(a)is essential therefore a=0 ,a
contradiction .Thus Y(R)C 1=0.

Following [4] aring R is called zero commutative if for every ab in
R with a.b=0 implies that b.a=0.

Theorem2.3: Let R be zero-commutative ring. Then Y(R)C 1=0 if and only
if  isareducedideal inR.
Proof: Supposethat Y(R)C 1=0, let Ot a | and & =0 impliesthat a r(a) .
We have to prove that r(a) is an essential right ideal of R, if not, then
there exists a non-zero right ideal K in R such that r(a)C K=0. Then Kal
KC I(a),since R zero-commutative then 1(a)i r(a), so Kal KCr(a)=0 implies
that Ka=0 , so Ki (@i r(a) a contradiction .Therefore r(a must be
essential .

Thusal Y(R), buta I, soa Y(R)C I=0. Thus a=0 a contradiction,
therefore | must be reduced aideal in R.
Conversdly, follows from Theorem (2.2).

Theorem 2.4: If R is SRB ring, then Ni Y(R), where N is the set of all
nilpotent elements of R.

Proof: Let a=0 impliesthat a r(a) . If r(a) is not essential there exists a
non-zero right ideal K such that r(@)A K is essential right ideal in R . Since
R is SRB ,there exists a non-zero two-sided ided | of R such that Il K.
Now, ali aRCIl r(@C K=0 ,hence Il r(a)C K=0.This is a contradiction .
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Thus r(a) must be an essential right ideal of R, implies that a Y(R),
therefore, Ni Y(R) .
Corallary 2.5: Let R be anon-singular SRB ring. Then R isareduced ring.

Theorem 2.6: Every right duo-nil ring issingular.
Proof: Let 0t al R such that a'=0, now we have to prove that r(a) is
essentia. If not, there exists a non-zero right ideal | such that 1IC r(a)=0
,since =0 implies that @1 r(a) and so 1a™ IC I(a) .But I(a)i r(a) and
ICr(a)=0 therefore Ia™'=0 .Similarly we get 1a=0 so |i 1(a)i r(a) therefore
I=0 contradiction so r(a) isessential .Thus R issingular .

A ring R issaid to be aright strongly prime if every non-zero idedl |
of R contains a finite subset F such that r(F)= 0. Anideal P of aring R is
called strongly prime if the ring R/P is strongly prime [3].

Proposition 2.7[1]: Every strongly prime ring R is nonsingular.

Proof: If Y(R)! O, then since R isaright strongly prime, there
existss a finte subsst F ={ f1,...... , fn}l Y(R)such that
r(f)Cr(fo)...... Cr(f)=r(F)=0. However f; T Y(R), so r(f) is an essential
right ideal of Rfori=1, ......... , N.
Consequently, r(F) is an essential right idea of R, a contradiction.
Therefore Y (R)=0 .

Let R be a non-nilpotent finitely generated ring. For every naturd
number n, the ring R" is finitely generated as well. Hence applying Zorn’s
lemma one can find an ideal M of R maximal with respect to R'E M for
n=1, 2........ The ring R/M is strongly prime. Indeed, if I/M is a non-zero
ideal of R/M, then the maximality of M implies that there exists a natural
number n, such that R |. Let F be afinite set generating the ring R". Then
rem(F+M)= rem(R™+M/M)=JM for an ideal J of R. If M1 J , then the
maximality of M implies that R™ J for a natural number m. However, in
thiscase R™™ | R"JI M, a contradiction,

Now from Proposition (2.7) it follows that the ring R/M is non-
singular. Taking in particular R a finitely generated non-nilpotent nil ring
one gets that R/M is anon singular nil ring . This shows that Theorem (2.6)
does not hold for non-commutative nil ring.

Nam([5] proved the following :
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Lemma 2.8: If a Cent(R) with a=ara for some rl R, then there exists
bl Cent(R) such that a=aba [where Cent(R) is the Center of R] .
Now we give the following main result.

Theorem 2.9: Let R be a non-singular ring with every smple singular right
R-module is GP-injective. Then Cent(R) is areduced Von Neumann regular
ring.

Proof: First we have to prove that Cent(R) is reduced. Let at 0l Cent(R)
and a®=0 implies that a r(a) .If r(a) is essential then a Y (R)=0 implies that
a=0 .We are done . If r(a) is not essential , there existsaright ideal | in R
such that r(@C 1=0 and I* 0.Thenlal IC r(a) [ a Cent(R) ] but ICr(a)=0
implies that 1a=0 and we get |i 1(a)=r(a) so 1=0 contradiction .Therefore
a=0 ,s0 Cent(R) is a reduced ring . Now we shall show that aR+r(a)=R for
any a Cent(R) . If not ,there exists a maximal right ideal M of R such that
aR+r(a)l M, observethat M is an essential right ideal of R. If not ,then M is
adirect summamd of R.So we can write M=r(e) for some 0t e=e’l R. Since
a M and al Cent(R), ae=ea=0. Thus €l r(a)i M=r(e), whence e=0 . It isa
contradiction. Therefore M must be an essentia right ideal of R . Therefore
R/M is GP-injective .So there exists a poditive integer n such that any R-
homomorphism of a'R into R/M extends to one of R into R/M.Let
f:d'/R® RIM be defined by f(a'r)=r+M .Since a Cent(R)and Cent(R) is
reduced ,then f is a well-defined R-homomorphism . Now R/M is GP-
injective so there exists ¢l R such that 1+M=f(d")=ca+M .Hence 1-ca'T M
and so 11 M. which is a contradiction; therefore, aR+r(a=R for any
al Cent(R) and we have a=ara for some rl R. Applying Lemma (2.8)
Cent(R) is Von Neumann regular ring .

3. Ring for which R/Y(R) Regular

In this section, we consider rings for which R/Y (R) is regular and we
characterize such ringsinterms of any ideal | and Y (R).

We shall begin this section with the following resullt.

Theorem 3.1: If R/Y(R) is regular ring, then for any reduced idea IT R is
an idempotent.

Proof: Let | be areduced ideal in R and R/Y(R) is regular , and let 0t al |,
then there existsrl R such that a-aral Y (R) ,but a-aral | .
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So aara ICY(R) applying Theorem (2.2) we get aara=0 implies that
a=ara. Therefored 1°p =12,
Next we give the following results

Theorem3.2: Let R be aring. Then R/Y(R) isregular if and only if for any
right ideal 1 inR, 1=1°+(Y(R)CI) .
Proof: Let R/Y(R) be aregular ring and a |, then there exists i R such
that a-aral Y (R), but a-aral | so a-aral Y(R)C | .
Now take k=a-ara, then a=aratk ,but aral 1%, therefore a 1°+(Y(R)CI)
implies that 1+(Y(R)C Di | and clearly I*+(Y(R)CI)I | .Therefore
1=I>+(Y(R)C I) .

Conversely , let a R, take 1=aR and aR=(aR)’*+(Y(R)CaR), then
there exists rl R and xI Y(R)CaR such that a=ara+x implies that a
ara=x] Y(R), so atY(R)=ara+Y (R) .Hence R/Y (R) isregular

Theorem 3.3: Let R be aright duo-ring and R/Y(R) is aregular ring. Then
JR) Y(R).

Proof: First we have to prove that R/Y(R) is reduced .Let @+Y (R)=Y(R)
and a+Y(R)! Y(R) ,implies that & Y(R) and r(a°) is an essentia right
ideal, let Ii r(a®) such that IE r(a) so ai r(@C | .Therefore r(a) is an
essential ideal in r(&) so r(a) is essential inRand a Y(R) ,contradiction.So
R/Y(R) is areduced regular ring and for any xI R there existsyl R such that
x-yx4 Y(R) . Now let al J(R) then, there exists ri R such that a-ra?l Y (R)
and r(a-r&’) is an essential right ideal in R . For any xI r(a-ra) implies that
(1-ra)ax=0 and since al J, there existsul R such that u(1-ra)=1. So ax=0
and implies that xI r(a) ,therefore r(ara®)i r(a) . But r(ara’) is essentia
therefore r(a) is essential and a Y (R) . So JR)I Y(R) .
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