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ABSTRACT
The Biharmonic equation is one of partial differential equations
which arise from discussion of some applied sciences such as fluid
dynamics. In this paper, we have adopted a numerical method to solve that
equation, this method is developed basically from ADI (Alternating-
Direction- Implicit) finite difference method which was used in the solution
of Laplace equation.

1-Introduction:

The ADI (Alternating- Direction-Implicit) method is one of the finite
difference technique used in the solution of partia differential equations. A
parabolic partial differential equation having two space coordinates, that is
let u=(xy,t) and v=(i, j,n), where y= jDy. A simple example arising
from unsteady-state heat conduction in aflat plateis

Tu_Tu, Tu

Tt ™ fy?
the explicit method leads to the difference equation
V,

it Vign _
= Dt = _dxzvi,j,n+djvi,j,n
on the other hand, the implicit method leads to the difference equation
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V',', - V',', 3
% - d><2Vi,j,n+1 +d5Vi,j,n+1

which, when written out in full to the simple case of square grid with
Dx =Dy, hastheform

Vi
Dt
(Dx)?
Essentialy, the alternating implicit direction method is to employ
two difference equations are used in turn over successve time-steps each of

duration DyZ' The first equation is implicit only in x-direction and the

AV

+@1+4l)v lv, lv,

it~ Vi © T Vi ja = Vi

where | =

second is implicit only in the y-direction. Thus, if vi*'jis an intermediate
vaue of the end of the first time-step, we have

Vi*.J[')tVi.J.n :dxzvi*,j +d;Vi,j,n -(1.1)
%2

followed by

\Y \

i+l T Vi o0k 2
Dy _dxvi,j +dyvi,j,n+l
2

written out in full and rearranged with Dx=Dyfor smplicity, these
equations become

* 1 *
(13)' Vi—l,j +2(|_+1)Viqj -V

(1.2)

* 1

i+1j = Vij-1n +2(|_' 1)Vi,j,n Vi j+n

*

i+1,]

1 * 1 *
= Vijna +2(|_+1)V Viina = Vi +2(|_‘ Dv;; +Vv,

i,j,n+l -V (14)
2- Example .1 (solution of Laplace equation by usng ADI )

Consider for smplicity the following Laplace equation N*T =0
under the boundary conditions given by,

T =constant aong the sides x=land y=1
E:O andﬂzo along the sides x=0and y=0
ix 0%

Now, by using ADI we have to solve the unsteady-state case instead
of Laplace equation, that means we have to solve the following equation,[1]

T _1°T . 17T
v _ (21
I * Ty? 1
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Using the formula (1.1),(1.2), equation (2.1) can be written as two
difference equations,

2h? 2h?

- T +(F+2)Tifj - T :Tiyj_1+(F— AT, +Ti i .(2.2)
w207 M el s 2h? -
- -I—iyj.11+(ﬁ+2)Ti,j1_ -I—iyjj-l :Tl'lj +(H' 2)-|—|1J +-I—I+1,J ...(2-3)

Where Tis the absolute temperature, T'is the intermediate
temperature h=Dx =Dy, space incrementsDt , time increments each of

equations (2.2),(2.3) represents a tridiagonal system, which can easily be
solved by Gaussian elimination method, see [7, 9] for more details.

3- Example .2 (solution of Biharmonic equation by using ADI )
Consider the following Biharmonic equation
Ny =0 ..(31)
with the boundary conditions, y = ‘Uﬂl = % =0, ontherigid boundaries.
X y

Equation (3.1) can be written as, [5]
‘H‘\/4 2 ‘ﬂz‘\/ _ ‘ﬂ‘\/4 —0 .(32)
fix >y Ty
When we implement the ADI method into the solution of equation
(3.2), we have to solve the following equation,

v _ '”‘\/4 +2 '”}’ _+ “4‘/4 .(33)

it x ix“y= Ty

Equation (3.3) under the finite-difference ADI method convert into
the following form

y i*' -y in' * n n
—'JDt/ L=dy [ +2rddy " +rdy (34
2
y ir,Tl -y i*,j _
Dt

%,
Where ris an arbitrary weight factord,,d, are the difference in
xand y direction, respectively. Equations (3.4),(3.5) can easily be written as

a linear system AY =B, whereA is a five-diagonal coefficient matrix
[3,8].The finite-difference equation in each time-step can be expressed as

dy iij + 2rdfd5y irjj +d;y e ..(3.5)

)]
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the following linear algebraic equation of the form,

_ Dt . . . . . 2Dt r N
(y.J Y.J) (DX) [yi-z,j 4yi-1,j+6/i,j ‘Viﬂ,j +yi+2,j]+—(DX)2([)y)2[y|-1,J-1

- 2yinj 1+yi+1j 1° 2y| 1j +4y|J - 2y|+1J +yir]1,j+1_ %/ir?j+1+yin+1,j+1]+

Dt r n n n n n
t— (Dy) [y ij-2 - ii-1 +6 i & i TY i,j+2] ..(3.6)
e _ Dt . . 2Dt r n
W ' ylj) (DX) [Yi-Z,j-Wi-l,J @u @Hlj |+2]] W[Yi-lj-l-
YAy St Y Y Y L Y e Y FY el F
Dt n+ n+ n+ n+ n+
+ (Dy)4 i,j—lZ - %/ i,j—ll +Q/ i,jl - %/ i J-:Il-l y i J-:II-Z (37)

The boundary conditions related to this equation will take the
following finite-difference form:

u
Yoj=Yn,;=00 :
Yii-Yiy _ . i
T =0.0, impliesy  ; =y \. lJy (3.8
Yii Yij P T

=00, impliesy , \ =Y .1 T
Simplifying the equatlons (3.6) and (3.7) we get:
Yiaj t4 - (6- )/u W LY ey TAY L Y Y g Y
+4/ir,11 - 3’i+1j +yi-j,j+1_ 3’i,j+1+yi+1j+1] +rl-yir,1j-2 - 4/ir,1j-1 +@/ir,1j - 4’ir,1j+1+

4

n 2h n
+y i,j+2]+Hy 0 ..(3.9)

' . ' . .
y|rT12 4’|J 1~ (6- E)’iﬁl"'%’iwil'YiTiz:W-zj |11 +(6+ )/i,j_%/iﬂ,j +
Ty i*+2,j +2r[y irjlj-l_ g/ir,]j-1+y ir:-],j-l_ g/ir-]],j +£Vir,]j - 3/ ir:-],j ty ir11j+1_ %/ir,]j+1+
+Y il ...(3.10)

Where h=Dx=Dy and y,)y refer to stream function at the
beginning and at the end of haf time-step Dt/z, equation (3.9) is applied to
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points i =1,2,...,n- 1 inthe jth column, with the boundary conditions (3.8),
we then have the following five diagonal system for the j™ column,

Coy(;,j+e(y£j+g(y;,j =do_|[,]
bjy;,j"'cj)’ij"'qy;,j"'gjyg,j =d, i
|
......................................................................................................... :I: 311
ay o Yy 1 Y TEY i T OY i =d, y (311)
|
lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll :I:
Ay neaj TOY N2 TONY N1 TENY N T OINY inn =dy, :
ay ;1»2,1' +byy ;l»lj +C\Y NJ TEWY ril+1,j oW i*N+2,j =d, b
with

d, =2rly ir-ll,j-l_ y ir,]j-1+y irl-l,j-l_ y irjlj +dy ir,]j -y irl-!,j
Ty irj],j+1 - Zy ir,]j+1 ty irll,j+1] ++r[y ir,]j-2 - 45/ ir,]j-l +6y ir,]j - 45/ ir,]j+1 ty ir,]j+2]

Similarly the equation (3.10) is applied to each point j =12,..,n-1

inthe i™ row, with the boundary conditions (3.8) which gives the following
five diagonal system for the i" rows:
Cy ir,gl t&y i",Sl oy ir;l =d, u
L

by o +Cy i +ey i +y i =d, i

|
................................................................................................... ]I: (3 12)
ay [, +by T tey ey Loy T =diy '

i
----------------------------------------------------------------------------------------------------- :I:
Ay s HONY (N2 FOLY s FELY TN F O T =0y
Ay N2 DY I+ N HEY T O i =dy |
with

.. * ... i o
di=Yi0- ¥y +(6+H))/i,j WY i Y Y2 s Y g

-y irjl,j +4 irjj -y irlr:Lj Ty irjl,j+l_ y ir,]j+l Ty irljl,j+l]

The systems (3.11),(3.12) can be expressed as a linear system of the
form A'X" =B’, where A" is a five diagona matrix of the coefficients
(a,b,c,e,q,). X" represents the vector of dependent variables, B’ is the
vector of constants which are known, this system can be written as follows:
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éc, ¢ g, O 0 O®¥x U éB U
é e.-u é_.u
g ¢ & g O 0 0 wexyg eBy
é. . ué
é e a é
é- - u_é -
é. ] L’é. L’J é . L’J ---(3-13)
é e ué
é . . . - @ -0 é .
: B U0 éx U
SO - 0 &y, bN—l Cn-1 &Nr gN-1£XN*.1L'J SBN*'lL'J
g0 O 0 a, by c X f EB,H

4- Five diagonal Algorithm:
The solution of the system (3.13) is exactly the same as linear

algebraic equation av, , +bv,, +cVv, +ev,, +gv,, =d, 1=012..,N
which can be expressed as

aVi., thvi; +CV, +evi,, + gV, =4, -(4.1)
aN-lVN-3 +bN-lVN-2 +CN-1VN-1 +eN-lVN + gN-lVN+l = dN-l (42)
aNVN-Z + bNVN-l + CNVN + eNVN+l + gNVN+2 = dN (43)

To solve the equations (4.1),(4.2) and (4.3) we consder the

following difference relation,
Vi =9 - bV, - @V, -.(4.5)
Now
Vii=0ii- biVi-ai iy
Vi, =0i,- bV -ayy,

=02~ bi,(@i- bV - @ Vi) -a,y,

=0i,- b8, +(bi b, -a v +b A, Vi,
eliminating v,_, and v,_, from (4.1) gives,
a(9i.,- b0+ (b b -a,)vi+bi @ vi,)+
+b (9., - bi,vi-a Vi) toy tHev,, gV, =d
Which gives:
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v = d+@b.,-R)g..-ag..  ab..a.,-ha. +g v
" g+(ab_,-b)b ,-aa,, c+(ab_,-h)b ,-aa, "
g
G +(aibi-2' h)bi—l_ aa,
comparing equation (4.5) with equation (4.6), we will get:

..(4.6)

i2

_d+(ab.,-h)g..-ag.,
G +(a1'bi-2' b.)bi-l' aa,_,
— aibi-zai-l' biai—l+e|
- ¢ +(aby.,-b)b.;-aa.,
a, = g
G +(ab.,-b)b.;-aa.,

g;

5- Resultsand conclusions:

The results indicate that we can reach a steady-state solution by
using ADI method after choosing appropriate time increment (Dt ) for the
both equations (2.1) and (3.3), it was found that (Dt =0.00125) for the
equation (2.1) and (Dt =0.00015) for the equation (3.3), respectively. It is
also clear from the figures (5.1)-(5.4) how to reach a steady-state after some
iterations for different nodal points asit is seen in the figures below:
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Figure (5.1)

Thisfigure shows how to reach the steady-state for the temperature
taken at the nodal point (7.4).
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This figure shows how to reach the steady-state for the temperature
taken at the nodal point (8.3).

Slresm Furetos al [B7)

Time
Figure (5.3)
This figure shows how to reach the steady-state for the stream
function taken at the noda point (8.2).
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This figure shows how to reach the steady-state for the stream
function taken at the noda point (3.4).
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