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 الملخص
 التي هي أساسـا إحـدى    (ADI)بة  تم في هذا البحث تطوير طريقة الاتجاهات المتعاق       

 المستخدمة في إيجاد الحـل العـددي   (Finite Difference)تقنيات طريقة الفرو قات المنتهية 
لمعادلة لابلاس وهي معادلة تفاضلية جزئية من الرتبة الثانية، لقد طورت هذه الطريقـة لكـي                

 التي غالبا ما تظهر في (Biharmonic Equation)تستخدم في حل المعادلة من الرتبة الرابعة 
  .العلوم التطبيقية كحركة الموائع

 
ABSTRACT 

The Biharmonic equation is one of partial differential equations 
which arise from discussion of some applied sciences such as fluid 
dynamics. In this paper, we have adopted a numerical method to solve that 
equation, this method is developed basically from ADI (Alternating- 
Direction- Implicit) finite difference method which was used in the solution 
of Laplace equation. 
 
1-Introduction: 
 The ADI (Alternating- Direction-Implicit) method is one of the finite 
difference technique used in the solution of partial differential equations. A 
parabolic partial differential equation having two space coordinates, that is 
let ),,( tyxu =  and ),,( njiv = , where yjy ∆= . A simple example arising 
from unsteady-state heat conduction in a flat plate is 
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the explicit method leads to the difference equation 
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on the other hand, the implicit method leads to the difference equation 



Ahmed M. Jassim  
 

 

  86 

 1,,
2

1,,
2,,1,,

++
+ +=
∆

−
njiynjix

njinji vv
t

vv
δδ  

which, when written out in full to the simple case of square grid with 
yx ∆=∆ , has the form 

 njinjinjinjinjinji vvvvvv ,,1,,11,1,1,,1,1,1,,1 )41( =−−++−− ++++++−+− λλλλλ  

where  2)( x
t

∆
∆

=λ  

 Essentially, the alternating implicit direction method is to employ 
two difference equations are used in turn over successive time-steps each of 
duration 2

t∆ . The first equation is implicit only in x-direction and the 

second is implicit only in the y-direction. Thus, if ∗
jiv , is an intermediate 

value of the end of the first time-step, we have  
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followed by   
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written out in full and rearranged with yx ∆=∆ for simplicity, these 
equations become 

njinjinjijijiji vvvvvv ,1,,,,1,,1,,1 )11(2)11(2 +−
∗
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                ...(1.3)  
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2- Example .1 (solution of Laplace equation by using ADI ) 
       Consider for simplicity the following Laplace equation 02 =∇ T  
under the boundary conditions given by, 

tconsT tan=            along the sides                                 1=x  and  1=y  
0=

∂
∂

x
T   and 0=

∂
∂

y
T            along the sides                      0=x  and  0=y  

Now, by using ADI we have to solve the unsteady-state case instead 
of Laplace equation, that means we have to solve the following equation,[1] 
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 Using the formula (1.1),(1.2), equation (2.1) can be written as two 
difference equations, 
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Where T is the absolute temperature, ∗T is the intermediate 
temperature yxh ∆=∆= , space increments τ∆ , time increments each of 
equations (2.2),(2.3) represents a tridiagonal system, which can easily be 
solved by Gaussian elimination method, see [7, 9] for more details. 
 
3- Example .2 (solution of Biharmonic equation by using ADI ) 
 Consider the following Biharmonic equation 

04 =∇ ψ                                                                                                 ...(3.1) 
with the boundary conditions,  0=

∂
∂

=
∂
∂

=
yx
ψψ

ψ , on the rigid boundaries.  

 
 
Equation (3.1) can be written as, [5]    
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When we implement the ADI method into the solution of equation 
(3.2), we have to solve the following equation,  
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Equation (3.3) under the finite-difference ADI method convert into 
the following form 
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Where r is an arbitrary weight factor xδ , yδ  are the difference in 
x and y direction, respectively. Equations (3.4),(3.5) can easily be written as 
a linear system BAY = , where A is a five-diagonal coefficient matrix 
[3,8].The finite-difference equation in each time-step can be expressed as 
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the following linear algebraic equation of the form, 
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The boundary conditions related to this equation will take the 
following finite-difference form: 
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       Simplifying the equations (3.6) and (3.7) we get: 
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Where yxh ∆=∆=  and ∗ψψ ,  refer to stream function at the 

beginning and at the end of half time-step 2
τ∆ , equation (3.9) is applied to 
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points 1,...,2,1 −= ni  in the thj  column, with the boundary conditions (3.8), 
we then have the following five diagonal system for the thj column, 
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Similarly the equation (3.10) is applied to each point 1,..,2,1 −= nj  

in the thi  row, with the boundary conditions (3.8) which gives the following 
five diagonal system for the thi rows: 
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The systems (3.11),(3.12) can be expressed as a linear system of the 

form ∗∗∗ = BXA , where ∗A  is  a five diagonal matrix of the coefficients 
∗Xgecba iiiii ).,,,,(  represents the vector of dependent variables, ∗B  is the 

vector of constants which are known, this system can be written as follows: 
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4- Five diagonal Algorithm: 

The solution of the system (3.13) is exactly the same as linear 
algebraic equation Nidvgvevcvbva iiiiiiiiiii ,...,2,1,0,2112 ==++++ ++−−  
which can be expressed as  
: 

iiiiiiiiiii dvgvevcvbva =++++ ++−− 2112                                               ...(4.1) 
…………………………………………. 

1111112131 −+−−−−−−−− =++++ NNNNNNNNNNN dvgvevcvbva                        ...(4.2)            

NNNNNNNNNNN dvgvevcvbva =++++ ++−− 2112                                 ...(4.3) 
To solve the equations (4.1),(4.2) and (4.3) we consider the 

following difference relation, 
21 ++ −−= iiiiii vvv αβγ                                                                           ...(4.5) 

Now 
11111 +−−−− −−= iiiiii vvv αβγ  

iiiiii vvv 21222 −−−−− −−= αβγ  
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112212122 )( +−−−−−−−− +−+−= iiiiiiiiii vv αβαββγβγ  
eliminating 1−iv  and 2−iv  from (4.1) gives, 
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Which gives: 
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comparing equation (4.5) with equation (4.6), we will get: 
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5- Results and conclusions: 

The results indicate that we can reach a steady-state solution by 
using ADI method after choosing appropriate time increment ( τ∆ ) for the 
both equations (2.1) and (3.3), it was found that ( 00125.0=∆τ ) for the 
equation (2.1) and ( 00015.0=∆τ ) for the equation (3.3), respectively. It is 
also clear from the figures (5.1)-(5.4) how to reach a steady-state after some 
iterations for different nodal points as it is seen in the figures below: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (5.1) 
 

This figure shows how to reach the steady-state for the temperature 
taken at the nodal point (7.4). 
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Figure (5.2) 
 

This figure shows how to reach the steady-state for the temperature 
taken at the nodal point (8.3). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (5.3) 
This figure shows how to reach the steady-state for the stream 

function taken at the nodal point (8.2). 

 

 
  



An Extension Use Of… 
 

 

  93 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (5.4) 
This figure shows how to reach the steady-state for the stream 

function taken at the nodal point (3.4). 
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