Raf. J. of Comp. & Math’s., Val. 4, No.1, 2007

On RingsWhose Principal Ideals are Generalized Pure ldeals

Husam Q. M ohammad
College of Computer sciences and Mathematics
University of Mosul

Received on: 23/4/2006 Accepted on: 16/8/2006

uedlal

e IS lgd oS Al @lilal) ) PIGP ¢ il (e cilalal) o seda anll 12a angy

Log i) lae) Gl Led Al (ol i) slae) 5 (GP Laalll (e 58 (e (o i
Aol Al g G gusie Adla (5S5 SIPIGP Adlall 248K 5 4y ) 5 jucal

ABSTRACT
This paper , introduces the notion of a right PIGP-ring (a ring in
which every principal idea of R is a GP-ideal ) with some of their basic
properties ; we also give necessary and sufficient conditions for PIGP-rings
to be adivison ring and aregular ring .

1-INTRODUCTION

Throughout this paper R denotes an associative ring with identity .
Recall that: (1) A right idea | of aring R is said to be right (left) pure ided
if for every a | , there exists bl | such that a=ab(a=ba) [4]. (2) A ring R is
said to be aright PIP-ring , if every principa right ideal is pure [1] . (3) A
ring R is called semi-prime ring if R has no non-zero nilpotent ideal. (4) A
ring R is called regular ring if for every ain R, there exists b in R such that
a=aba[2] . (5 A ring R is called uniform if every non-zero ideal of R is
essential .(6) For any a R, r(a), (I(a)) will denote the right (left) annihilator
of a. (7) Y(R), Z(R), Cent(R), N stand , respectively, for the right singular
ideal, left singular ideal, center of R and nil radical of R..

2-PIGP-RING

Following [4] , anideal | is said to be a right(left) generalized pure ided
(briefly GP-ideal) if for every a | , there exists bl | and a positive integer n
such that a'=a'b (a'= ba") .
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Definition 2.1:
A ring R is said to be aright PIGP-ring , if every principal right ideal
of Risa GP-ideal .

Example:
Thering Z;, of integers modulo 12 isa PIGP-ring .

Lemma 2.2:
Let R be PIGP-ring. Then Z(R) isnilideal .

Proof: Let zI Z(R) ,then there exists a positive integer n and wi zR such
that z"=zZ'w where w=zr for some rl R. Therefore z'=z"zr . We claim
RZ"CI(zr)=0 . Let xI RZ"CI(zr) , then x=yZz" and xzr=0 implies that yz"zr=0
and we get x=yz'=0. So RZz"Cl(zr)=0 .Since zl Z(R) ,then I(zr) is an
essential left ideal . Therefore Rz'=0 and we get z"=0 , therefore Z(R) is
nilideal .

Proposition 2.3:
Let R be PIGP-ring with non-zero divisor . Then R is a division

ring .

Proof: Let a be a non-zero element in R. Since R is PIGP-ring , then aR is
GP-ideal and hence there exists bl aR and a positive integer n such that
d'=d'b , where b=ar for some rl R. Therefore a'=d'ar, whence(1-ar)i r(d").
Now since r(a)=0 , then we get r(a")=0, which implies that ar=1 , and hence
aisright invertible . Therefore Risadivison ring .

Theorem 2.4:

Let R be a PIGP-ring. Then if vu=1 then uv=1 for dl uvi R.
Proof: Let uvl R such that vu=1, and since R is PIGP-ring ,then uR is GP-
ideal and there exists a positive integer n and rl R such that u"=u"ur .

Since vu=1 then vu"= v*"'u™!=1 and we get u™*=u™v""'u"* and
u™ = U™V U™ so U=u™ VMU and implies that u”=u™ v(viu)=u™y
Now uv=v"u"(uv)=v"(u™v)=v"u"=1

Clearly every PIP-rings is PIGP-ring, however the converse is not
true. We now consider a necessary and sufficient condition for PIGP-ring to
be PIP-ring.
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Theorem 2.5:

Let R be a PIGP-ring and r(a)i r(a) for every al R and a positive
integer n. Then R isaPIP-ring.
Proof: Assume that R is a PIGP-ring . Then for any principa idea | is GP-
ideal ,and for any Xl | there exists a positive integer n such that x"=x"y , for
some yi | , so x"(1-y)=0 implies that (1-y)I r(x") and since r(x") r(x) so
x=xy .Therefore | is pure consequently R is PIP-ring .

Recall that a ring R is called that zero-commutative [3] if ab=0
implies that ba=0 for al abl R.

Theorem 2.6:

Let R be a zero-commutative PIGP-ring . Then there exists an
invertible ul R and idempotent element el R , such that a'=eu=ue and
a'=(1-e)+u for some positive integer n and a'u=u a"

Proof: Let 0t al R and since R is a PIGP-ring, then aR is GP-ideal , so there
exists a positive integer n and rl R such that a'= d'ar , and since R is zero-
commutative then (8- &)1 r(a)=I(a) implies that a'= a'ra and a'=d"arra
and so we get a'r" a'= a'ba’ ,wherer"=b.

Now , let e= a'b and €= d'bab= d'b=e . So eis idempotent and a'e=ed'=d".
Let u=1-e+ d" and v=1-e+eb

uv=(1-e+ a")(1-e+eb)=1-e+eb-e’b+ d'eb=1-et+e d'b=e+e’=1

and applying theorem 2.4 we have vu=1. Now eu=g(l-e+ a)=e d'=a".
Therefore a'=eu=ue and (1-e)+u=1-e+ a'+e-1= &' .Thus a'=(1-e)+u .

The following theorem gives a condition for PIGP-ring be a regular

ring.
Theorem 2.7:

Let R be a PIGP-ring and r(a")i r(a) for al a R. Then R isaregular
ring .

Proof: For any al R, we have to prove that aR+r(a)=R ,if not , then there
exists a maximal right ideal M such that aR+r(a)i M .Since R is a PIGP-
ring, then aR is GP-ideal and there exists a positive integer n and rl R such
that a'=a'ar . We get (1-ar)l r(a"). Since r(@")i r(a) then (1-ar)l r(a) | M
implies that 11 M which is a contradiction . So aR+r(8)=R , and a= aba for
somebl R. ThenRisaregular ring .
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Corollary 2.8:
Let R be aPIGP-ring , then any reduced ideal isregular .

Lemma 2.9:
If R is a semi-prime ring then r(a")=r(a) for any al Cent(R) .
Proof: See[5] .

Corollary 2.10:

Let R be asemi-prime PIGP-ring .Then Cent(R) isaregular ring .
Lemma 2.11:

Let R be azero-commutative ring , then Ni Y(R) .
Proof: See|[6] .

Our next result characterizes a uniform PIGP-ring in terms of
nilpotent and non-zero divisor

Theorem 2.12:

Let R a be zero-commutative uniform ring . Then R is a PIGP-ring if
and only if :
1- For every element of R is either non-zero divisor or nilpotent
2- Every non-zero divisor of R isaninvertible
3-Nisarightidea inR .
Proof: Let R be a zero-commutative uniform PIGP-ring .Let a be a non-
zero element in R . Then aR is a GP-ideal and hence there exists a positive
integer n and rl R such that &= d'ar . We claim that a'RCr(a)=0, let
xI &'RCr(a). Then x=d's and ax=0 for some sl R and ax=a(a's)=0 implies
that sd™'=0 [since R is a zero-commutative ] and we get sa™'r=0 implies
that sa'=0 and x=a's=0. So a'RCr(a)=0. Since R is a uniform ring , then
either r(a) is essential then a’R=0. This implies that a’=0 , so ais nilpotent ,
or d'R is essentia then r(a)=0. This implies that a is a non-zero divisor and
applying proposition 2.3 then any non-zero divisor is invertible and
applying lemma 2.2 and 2.11 , then N=Y(R), so N isaright ideal in R.
Conversely: For any al R . If ais anon-zero divisor ,then ais invertible and
aR=R which is a GP-ideal . On the other hand, if ais nilpotent then a"=0 for
some positive integer m and since N isaright ideal then aR is a GP-idedl.
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Theorem 2.13:
Let R be a commutative PIGP-ring .Then Rad(aR)=aR+N . for all

a R

Proof: Since aRi Rad(aR) and Ni Rad(aR) , then aR+Ni Rad(aR) . Now let
xI Rad(aR) , then there exists a positive integer m such that x™ aR and
since R is a PIGP-ring ,then there exists a positive integer n and bl aR such
that x™"=x""b and we get xX™(1-b)=0.

Then [x(1-b)] ™=x™(1-b)™=0 ,

s0 x(1-b)I N, and because bx] aR , we have

x=bx+x(1-b)] aR+N . Thus Rad(aR)=aR+N.
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