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ABSTRACT

By using methods of nonstandard analysis given by Robinson, A.,
and axiomatized by Nelson, E., we try in this paper to establish the
generalized curvature of a plane curve g(t ) at regular points and at points

infinitely close to a singular point. It is known that the radius of curvature
of aplane curve g(t ) is the limit of the radius of a circle circumscribed to a

triangle ABC, where B and C are points of g infinitely close to A. Our goal

is to give a nonstandard proof of this fact. More precisdly, if A is a standard
point of a standard curve g and B, C are points of g defined by

B=g(t+a) and C=g(t+b)where a and b are infinitesmals, we

intend to calculate the quantitytanA in the cases where A is biregular,
BC

regular, singular or singular of order p.
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1.Introduction.

The radius of curvature is the limit of the radius of a circle
circumscribed to triangle ABC, where B and C are points of g infinitely
closeto A [8] [10]. There are many applications of curvature in geometrical
study of curves [5], [10] and [26], technology of computer vision and
computer graphics [19] and [24], didectric surfaces [1], chemical
interatomic surfaces [17], biological membranes [12], double babbles [18],
and other applications.

This study is different from the classical studies of curvature [2],
[15] and [19] which deals with the properties of curvesin a plane or on a
sphere [17], [22]. The following nonstandard definitions are needed
throughout this paper.

Every set or elements defined in the classical mathematics are called
standard. [11]

Any set or formula, which does not involve new predicates such as
“standard, infinitesmals, limited, unlimited...etc’, is cdled interna,
otherwiseit is called external. [14]

A redl number x is called unlimited if and only if |X| > r for all
positive standard real numbers r , otherwise it is called limited. [4], [3]

The set of all unlimited rea numbers is denoted byﬁ, and the set of
all limited real numbersis denoted by R [23]

A real number X is caled infinitesmal if and only if |x|<r for all

positive standard real numbersr .[9]

A real number X is called appreciable if it is neither unlimited nor
infinitesimal, and the set of al positive appreciable numbers is denoted by
A" [25

[ ]Two real numbers xand y are said to be infinitely close if and only
if X- y isinfinitesmal and denoted by X € y.[20]

If Xisalimited number in R, then it isinfinitely close to a unique
standard real number, this unique number is caled the standard part or
shadow of X and it is denoted by st(x)or °x .[21]

If f isarea valued function then: -

1- f is called continuous a X, if f and x,are standard and if X @x,,

whichimpliesthat f (x) @(x,) for al x.
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2-f is cdled s-continuous a X, ifX @x, which implies that

f (x) @(x,) foral x.
2.The Curvature at a Point Near a Study Point

Today nonstandard analysis rather than it is a branch of mathematics
it is atool used to survey other branches of mathematics and sciences [6],
[71, [9], [16].
Meziani [13], Veemorvic [26] and others, studied the curvature via
nonstandard analysis. In this paper, the nonstandard tools will be used to
present new and more developed forms of curvature.

Let Q and R be two points near to the point P on a curve g(t) ina

plane as shown in Fig. 2.1. Condder the triangle DQPR such that points Q
and R approach P, then the triangle DQPR is reduced to the triangle
D Q-PR-. By continuing the approach process of Q- and R+ to P, we get the
infinitesima triangle DQ+PR+ in which Q- and R« become infinitely close
to Pong(t).

Figure2.1

Lemma2.1
For some t,1 R let P=g(t,) beapoint on the

curveg, and let Q- and R+ be two points described before, such that
Q- =g(t, +a) and R-=g(t, +b) ,wherea €0, b €0. Then

Q CPC R.

The ratio of change of the segment Q_R with

respect to the arc length QR isinfinitely close

to the tangent of gat P.
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If the order of g is not less than the order

of C2, then any tangent at the point Q- or R« is
infinitely close to the tangent ofg at P, as
shownin Fig. 2.1
Proof:
1. LetP =9(t,) = x(t,)e, + y(t,)e, wheree, ,e, are basic unit coordinate
vectors, then
Q=9g(t, +a) = x(t, +a)e, + y(t, +a)e, and
R*:g(to + b) = X(to + b)el + y(to + b)eZ
P-Q =(x(t,) - X(t, +a))ey + (¥(t,) - ¥(t, +a))e;.
Since g is a differentiable parametric curve, therefore g is continuous, and
t, @, +a soweget x(t,) @x(t, +a)and y(t,) @y(t, +a).
Thus Q- €P, smilarly we can provethat PC R-.

2. Let 'I_:(to) be the tangent vector of g at P, then
— ¢
Ti)=%90] 9
ds |, [9(t,)
Now Dg:”Q_R and Ds:”éR” thenasDs € 0 weget QCP € Rand

conversel y

dg _g4t,)
@ = =T(t,)-
>Ds “ds la(t,)|
3. Let To :?(t ) be the tangent vector of g at P, then

g( D) g7 2890 _ 94 +a)
STt Tt 0 e 9%, +a))
therefore T, @T, . Similarly we can prove T, @I, , thus Ta @T, @T,.

sinceg( iscontinuous,

3- Generalized Curvature

The nonstandard principles are used for obtaining a generalized
curvature at points infinitely close to regular and singular points. The
problem of studying the behavior of curves by curvature at or near sngular
points cannot be obtained with classical differential geometry [8], [15],
while with nonstandard analysis this problem can be easily treated [26].

86



On the Generalized...

Let A be astandard point on the curve g, and let B and C be two
points infinitely close to the point A, that is DABC isinfinitesimal triangle
as shownin Fig. 3.1, then we have the following casesto the point A:

Ifg(t 0, g€t Oand g¢. g@* Othenthe point Aiscalled
biregular point.

If g¢* O then the point A is called regular point.

If g(* 0 and gC. g€=0 then the point A iscalled only
regular point.

If g{= 0 thenthe point is called singular point. In general if

gb=g=L =g"" =¢'® =0 but g**? 1 0 thepoint A is

called singular point of order p.

A

A

Figure3.1

Theorem 3.1
Let A be a standard point on the planar curveg, and let B and C be

two points infinitely close to the point A as shown in Fig. 3.1, then
L tanA _ AC” AB _AC" AB _BC™ AB

— || h——| 2 — |12 ——12 A —3 —3
o] eclgac] +|sef -[ec"2 e [ec]

2. BC =egt )|tqo+a

1
2
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3. AC =bgtt )|mo

4. AB =agt )|th
Assuming that the derivatives of ordersup to p of g at A exist:

Proof: -
1= 2528 e <[] 8] 26°C 78)
AC. AB
Since DABCis an infinitesma  triangle then the

quantitiesHA—(fH,Hﬁ?;H andHB—(fHare mutually infinitely close. Therefore

2 _ - .
BC| =BC.BC @AC. AB and

tanA _ AC” AB AC” AB _BC  AB.
BC_li' 2 —2 *.20@ —.3 aﬁfa
[ecfgfac] +[ag] - [sc|'S  |ec|  [ec]

2-Let A= g(to) = X(to)el + y(to)eZ '
B = g(to + a) = X(to + a)el + y(to + a)eZ’
C = g(to + b) = X(to + b)el + y(to + b)ez

Since A, B and C are not identicaly equal we may assumeb >a,
then b = a + € for someinfinitesma e, therefore

BC =X *a*e)- X, *a)g, | Bt *a+e)- vt *a)G, = eggt)
e e [2] e e
In the same way we can prove the results of 3 and 4.

t=tosa

Theorem 3.2
Let A be a standard biregular point on the curveg, and let B and C

be two points infinitely close to the point A, then the usual curvature of the
curvegat the point A is given by: &anA2

§lscl;
Proof:

From the previous theorem we haveBC = eg§t)|

t=tosn |

AC =bgtt)|,_, and AB =agtt)|__
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Since g is continuous

X(t0+a)' X(to) @X(t0+2a)' X(to)@azi(?((to +2a)' 2;(£t0+a)' X(to)gzazxqto)T
e a

D 2 " N R A~ 2
herefore AB @a g@p tanA _ AC” AB _bg¢ a’g® @ga: o®_

o] e et lof°
Thus tan A @9‘17 %@: K
BC| o
Remark:
If A is neither biregular nor regular point then the classical definition

of the curvature of gat the point A breaks down, and so the quantity tanA

[Bc]
plays a mean role for determining the behaviors of the curvature vector of
g a a point infinitely close to A. Also if A is the only regular point of the
curve g, then the quantity tan A is infinitesmal, but the order of largeness

=

of this infinitesimal with respect to HB—CH depends on the orders of the first

two vector derivatives of g not collinear. Therefore, we can go beyond to

the usua region of classical curvature and generalizing the notion of
curvature to include all possible cases given at the beginning of this section.

tan A

[Bl
curvature with respect to the orders of the first two vector derivatives of g

For this purpose, we start with the quantity for defining generalized

not collinear, and denoting it by K 5.

Theorem 3.3
Let gbe a standard curve of type at least thatC?, and let A be a
standard biregular point on it; and let B and C two points infinitely close to
° AlO
the point A. Then @an A|j@|xw> x®¢ _|g¢ g¢

3

BC| 5 ofxe+ye) Aot
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Proof:
Let  A=g(t,) = x(t,)e, + y(t,)e,,

B =g(t, +a) = x(t, +a)e, + y(t, +a)e,,
and  C=g(t, +b) = x(t, +b)e, + y(t, +b)e,

Expanding each of B and C by Taylor development of the second
order, we get

B =g(t, +a) = g(t,) +agkt,) + & g%t,) +d,a’,

ad  C=g(t, +b) = g(t,) + bgkt,) + 5 g%t,) +d,b2.
Then we have

1

Zuz

b+ O
2 yat,)+dyb-a)2 G *
T

2

b+a
2

o ,
||BC||: b- alekqt,)+ 2T xat,) +dy0- )2 +Far)+
& g €

where d,b?- d;a® =d,(b- a)®.Therefore to find |tan,&‘we have to find

the angular coefficient of each of the lines 1,and | ,as shown in the Fig.
3.2

The angular coefficient of

Y _ y&t,) + 5 y®kt,) +da
o xt,)+3x&t,)+d;a
and the angular coefficient of

dy b
I,= tan(PDAC) = d—At _ Y&to) +3 y&t, ) +d,b

o X&t,)+5 x&t,)+d,b

| ,=tan(DDAB) =

Then

_| tanDAC)- tan(DAB) |

|tan(2\)| _|1+tan(DDAC)tan(DDAB)|

_|(xers x@redia)yor b y@ed;b )- (x0r5 x@ed,b fyors yord,a)
((xe+2 x@+da)lye+2 yerd,b )+ (x+ 2 x@rd,b [yo+2 yerd,a))
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(C =gty +b)

Figure3.2

N - ftan A
Therefore after simplifying the ratio we get:
BC

‘tan,&‘ |b_2a||(x®<¢- xWO+i.g

- where
BC| |b- a|((x® +i.g)+(y& +is))(x+i.9)2 + (ye+i.s)?)

i.S represent different infinitesimals. Thus ‘tanA‘ @|X@/@' x®¢
3
BCl  ofxe+ye)
From the Theorem 3.3 we deduce that the usual curvature K (t)isinfinitely

. _tanA
close to twice that of the quantity ‘

BC

The following theorem gives the notion of curvature at a standard
only regular point.

Theorem 3.4

Let gbe a standard curve of order C"and A be a standard only

regular point on it, and let B and C be two pointsinfinitely close to the point

ge‘tanA 0 |x®(q’- x(q’y¢ |g¢ g(q>|
= () =

-1

p q!(xd?+y(1?)%1 afoq™

first vector derivative not collinear with g¢

where q is the order of the

91



Tahir H. Ismail and Ibrahim O. Hamad

Proof:
Expand the curve g using Taylor development up to the order q at

each of the pointsB = g(t, +a) andC = g(t, +b). Then

e - g u

& L. aa™m o

g;;xt(to)+ o)+ — 4 X +dy(b - )™t 4
SR 50
- q ;|

% aaq kbkl hd 3

)+ ) X g

+ U
g H
N 1

Thus HBC @b - a|(x¢2 +y¢2)5

——a-1 a-1
Therefore BCH @p - a|(x(1-2 + y(l?) 2.
Hence
e
—| 1=
z

B Bt e B '
b- d%@ga X +d1aq1 oy +dz|ocr19f§'°“"(k9 +dzbq1§ Y +qawi%€+yt’v‘fl
=1 =1

L (34.1)
Now since A is only regular, then g(* O; and since the first vector

derivative which is not collinear withg(is g(Q) ,then all the terms containing

g&¢ oG, g& @ on the numerator and denometor of the right hand
side of equation(3.4.1) vanish.
a o
-~ il 4 _ X@(q) _ X(q)y
Therefore |tanA| aga 2 4' ¢
|—' b q+1

q-1
a_]{ gl (x@ + ye) 2
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Sincea andb are arbitrarily chosen, so we may assume that b is
a

infinitesimal to get the required result.

Corollary 3.5
The generalized curvature obtained in the previous theorem is

|tanA 9

to.s)

limited and g
—

s

=1

.
2
Proof:
Expand the curve g using Taylor development up to the order q at
each point B = g(t, +a) andC = g(t, +b), and use the coordinate form of
the tangent vector and norm vector to get

o(t, +a) = g(t,) + alg€t, )T + 2 kN +O(a?),
ad  g(t, +b) = g(t,) +b|g&t,)T + % kN +O(b?).

Then using the definition of big O we find that there exists M T N
such that

ott, +2) = git,) +alg¥t, )T + % kN|
| a’ |

K

That is > < M ; therefore the curvature k of gis bounded and

<M

so[tan A is also bounded. Now we prove that |tanA| is limited.
= =

Since |tanA = |tanA __ K , then we have the
el [eefpe]™ [ocf"”

following two cases.

——|Q- 2
If HBCH is not infinitesimal, then the result is obtained a once.
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——|q-2
If HBCHq is infinitesmal, use Archimedean property to get

k
that ———— islimited.

—d
=
The proof of O?;e\tan& 91 . is by contradiction. Since the only
| S———
HES I
A tan A
standard infinitesimal is zero, then E]ﬁl =Qor |_—qA‘l @0
EC.

Thus either O(tan A): Oor H?CH is unlimited. In the first case, we

get that AB and AC are collinear which is a contradiction. The second case
isimpossible.

Theorem 3.6

Let gbe a standard curve of order C"and A be a standard singular
point of order p-1 on g; and let B and C be two points internaly close to the
point A, then

Oge L (D) (@ _ (@ (P) - @
¢ tan A +=(p!)p|x RARES yp|:(p!)p|g i gq|, where q is the order

L L

of the first vector derivative of gnot collinear with g .
Proof:

Expanding the curve g using Taylor development up to the order q
at pointsB = g(t, +a) andC = g(t, +b), we get
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o |

N

: & 0
é%{ éqaq-kb k-1 9 L;I
gé t, )+ xd(t )+ x@ +dy(b-a)® +H
=
-l :
263 éqaq-kbk-l 9 H
é9x<1(t0)+ xd(t Y+ x@+d (b - a)q'lj a
& ! MY
= u
g u
Since A is a singular point of order p-1 we get g¢=g¢=1L =g =0
—y |oP-ar 1
and g‘® 1 Othen "BC" (x“’)z + y(p)2)2
p!
q
o1 pr-afe’ wp
Therefore "BC"F’ (x& + y&) 2
Thus
kl k) k-1, (k) k-1, (k) k-1, fK)
=1 =1 =1 =1
HB# ‘bp agak 149 Ko bk 1yk) 0 6 ad by Ko klyk) 1 5 Aty
+d1 at +dpT it +d2bq +da% P +Yp) 2p
o B BN SR e @ L e
Therefore
P LD\ 5% Yy Py (@ fP) o 1y - Ly (D) (O P 1y 1y (@) (P) ¢
abx()l ab )/+S__§aabx()/ ab )/H.;
tard i id 5% pd dd -
p_ p . v o p
HBC# ‘b a aambq lx(p)x(p)+i.sg+§aplbq 1 ))}p)+i.£+3x(p)z+yp)z)7p
pp g & Ap )

L(36.1)
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‘e 0 . b 6" 1 ]
g ‘tan A‘ = (p)» § ga p (p!)3|x”’)y(‘” - x(‘”y”’)|_
Slac %’1: at @Beh 8" ﬁ%’ iy (M2 4 (m? q2+pp
& BC o ¢ O 4= g \Xx y
S6a s

L (36.2)

Since a and b are arbitrarily chosen, so we may assume that 9 is

infinitesimal to get the required result.
Now, since A is only regular, then g(* 0 and since the first vector

a

derivative which is not collinear withgtis g'?, then we find that all the

terms containing g@® g K, g&* ¥ on the numerator and denometor of
the right hand side of equation(3.6.1) vanish.

Therefore

‘tan A‘ _ ggl - J“X@/(Q) - X(q)y¢ |
=

b ]r'lq! (x€ + ye)>

Similarly, from equation(3.6.2) , we get:

[o]

2 .0 . .
g ‘tan A‘ T (p)3[xPy@ - x@y®| (p)slg® g

a4
p

¢ L L
HES

g+p
1y (m?2 (m?]2p
g\x" +y
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