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ABSTRACT
In this paper several new properties of singular ideals and non-
singular rings are obtained, a connection between a singular ideal and the
Jacobson radical is consdered , and a sufficient condition for a non-
singular ring to be reduced is given.

1. Introduction:

Throughout this work all rings are assumed to be associative rings
with identity. Recall that: 1- A ring R is said to be reduced if R contains no
non- zero nilpotent element ; 2- A ring R is said to be a duo- ring if every
right and left ideal is atwo-sided ideal; 3- J(R) and N will stand respectively
for the Jacobson radica ideal of R and the set of dl nilpotent elements; 4-
The right and left annihilators of a in R will be denoted by r(a) and I(a),
respectively ; 5- Anideal | is said to be a right (left) pure if , for every

al | thereexists BT | such that a=ab(ba).

2. The Singular ldeals:
In this section, new properties of singular ideals are given , and a
connection between singular idea's and the Jacobson radical is obtained .

Definition 2.1:

A non-zero elements a of R is said to be right singular if r(a) is an
essential right ideal of R . The set of al right singular elements of R is
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denoted by Y(R). The set of all left singular elements will be denoted by

Z(R).

Clearly Y(R) and Z(R) areidedsof R.

We shall begin this section with the following lemma .

Lemma 2.2
Ifal Y(R),then r(1-a) =0.

Proof: let abe anon- zero element in Y(R) , then r(a) is anon-zero essential
right ideal of R. Let xI r(8 Cr(1-a) , thena.x = 0 and (1-a8).x = 0, this
impliesthat x = 0 Therefore , r(@) Cr(1-a) = 0 ; sSnce r(a) is a non-zero

essential right ideal of R, thenr(1-a)=0.

Corollary 2.3: Let Rbearing and Y(R) =0, the only idempotent element

inY(R) is zero .
Proof: Let 0t al Y(R), anda=&", thisimpliesthat a(1-a8) = 0.
Henceal r (1-8). By [Lemma2.2] ; a=0.

Next, we give the following result .
Proposition 2.4 :

Let R be aring with every right non-zero element isinvertible, then
YR) I JR).

Proof: let 0t al Y(R). Then by Lemma2.2 r(1-a) = 0, and hence 1-ais
invertable. Whenceal JR) .

Recall the following result of Ferreno and Puczylowski in [1].

Lemma 2.5:

Let | beasem— primeidea of R, then:
1I-Y()=11 Y(R).
2-ZH)=11 Z(R).

In view of the above lemma, we have the following :

Proposition 2.6:
Let | and Jbe semi — primeidealsof R, then:
if11 J,thenY() 1 Y(J).

IF11 J,thenz() I ZQJ).
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Proof: Letl I J,andletal Y(I),thenby Lemma25. Y()=11Y(R),

thisimpliesthatal | andal Y(R), and henceal Jand Y(R) .
Whenceal JIY(R)=Y(J).

3. Non — Singular Rings:

This section is devoted to study non-singular rings , we give
condition for non-singular rings to be reduced , and we characterize non-
singular rings in terms of maximal pure ideals and essential right ideals of
R.

Definition 3.1:
A ringR issaid to be aright (left) non-singular if Y(R) =0,( Z(R) = 0).
A ring Rissaid to benon—singular if Y(R) =Z(R)=0.

Example:
Thering of integers module 6, Z, isanon-singular ring .

Recall the following result of Mingin [2].

Lemma 3.2:
If Y(R) * 0, thenthereexistsyl Y(R)suchthaty’*=0.

The following result characterizes non-singular rings in terms of
maximal pure ideals.

Theorem 3.3:
Let R be a ring,such that for every nilpotent element y of R , there
exists a maximal pure right ideal M such that r(y)! M . Then R is a right

non-singular ring.

Proof: Let Y(R) * O, thenby Lemma3.2., there exists a non-zero e ement
y in Y(R) such that y* = 0, then by the hypothesis there exists a maximal
pure right ideal M of R such that r(y)| M . Sincey?=0,theny | r(y) |
M, and since M isaright pure, there exisssm | M such that y=ym.

So, y(1-m)=0. Thisimpliesthat -m1 r(y) | M, whichmeansthat 11 M,
acontradiction . Therefore, Y(R) = 0.

Next, we give another condition for R to be a non-singular ring.
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Proposition 3.4:
Let Y (R) be aleft pureideal , then R isaright non— singular ring.

Proof: Let Y(R) be a non- zero left pure ideal , and let a be a non — zero
element in Y(R) , then there exists bl Y(R) such that a = ba . Since
bl Y(R), then r(b) is essential right ideal of R .We claim that r(b) 1 aR = 0
.Let xI r(b) 1 aR, thenb.x =0 and x = ar for somer | R, hencebar =0
.But ba= a, then we have ar = x = 0. Now, since r(b) is an essential right
ideal of R, then aR=0 ; and hence a= 0. Therefore Y(R) =0.

It iswell-known that if R isareduced ring ,then R isa non-singular
ring. However, the converse is not true, as the following example shows:

Example:
Let R bethering of 2X2 upper triangular matrices with entriesinZ ,,

where Z , isthering of integers modulo 2 , thet is:

7 AN

é by
R={ a L'there:a,b,cl Z,}.
80 Ca

Then by direct calculation ,we observe that R is a non-singular ring but it
is not reduced.

The following result gives a sufficient condition for non-singular rings
to be reduced

Theorem 3.5:
Let R be aright non-singular ring with (&) | r(a) for everyal R.

ThenR isareduced ring .

Proof: Letal R, and let & = 0. We shall prove first that r(a) is an
essential right ideal of R ; if not , then there exists aright ideal | of R such
thatr(@ I 1=0.Sinceal I(a),theni.al I(afordlil I,whichimplies
thatl.al 1(@ 1 r(@.Sol.al | 1r(@=0;thisgives|l.a=0, thereforel
I 1(& I r(a) , and hence 1=0. Therefore r(a) is an essential right idea of
R. Thisimpliesthat al Y(R)=0. ThusR isreduced.

Recall that an element aiis said to be regular (in the sense of Von
Neumann) if al aRa.

Before closing this section, we present two additional results.
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Theorem 3.6:
Let R be duo right singular ring , then any nilpotent element of R is
regular .

froof: Letal R, suchthat a' = 0 for some positive integer n ,and let s= a"
1 0.

If aR is not an essential right ideal of R, then there exists a non-
trivial right ideal K of R such that aRA K is an essential right ideal of R
.Suppose that ais not aregular dement in R, thenaR A K t R.Observe
that sSK 1| K1 aR=0.

Thisimpliesthat K 1 r(9) .

Now, sinced"'=0, thensa=0, henceal r(s), thisgivesar |
r(s).This means that r(s) is an essential right idea of R . Whence it follows
that s1 Y(R) = 0. This is a contradicition. Therefore, a is a regular
element of R .

Theorem 3.7:
A ring Risright non-singular, if and only if L (I) = O for every
essential right ideal 1 of R.

Proof: Suppose that R isaright non-singular ring , then Y(R) = 0. Let | be
an essential right ideal of R, such that L(I) * 0, then there exists a non—
zero element ain L(l) .Thisimpliesthat al =0, and hencel 1 r(a) . Since
Y(R) = 0, then r(a) is not essential right ideal of R , and hence there exists a
non- trivia right ideal K of R, such that r(8) C K =0. Since Il r(a) and
Kol KClthenK.Ii KCIi KCr(@=0,whichmeansthat K Il =0,
acontradiction.

Conversely, assume that | is an essential right ideal of R, and let L(1)
= 0. Suppose that Y(R) * 0, and let a be a non — zero element in Y (R) ,
then r(a) is an essentia right ideal of R. Since L(l) = O, thenL (r(ad)) =0,
then for every yl r(a), ay. = 0, hence al L(y) = 0, a contradiction .
Therefore Y(R) = 0.
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