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ABSTRACT
The purpose of this paper isto study a new class of rings R in which,
foreachal R,a"l a"Ra”'R, for some positive integer n. Such rings are
called sp-weakly regular rings and give some of their basic properties as
well as the relation between sp-weakly regular rings, strongly p-regular
rings and division rings.

1. Introduction

Throughout this paper, R is an associative ring with identity. A ring
R is said to be right (left) sweakly regular if for eachal R, al aRa’R (a
T Ra®Ra). This concept was introduced by V. Gupta [5] and W. B.
Vasantha Kandasamy [9]. Recall that:
(1) Anided | of aring Risaright pure, if for every al |, thereexistsb |
such that a = ab. (2) R is called reduced if R has no nonzero nilpotent
element. (3) For any element a in R, the right annihilator of a is
r@ = {x 1T R ax = 0} and likewise for the left annihilator £(a). (4)
According to Cohn [3], aring R iscalled reversible if ab = 0 implies ba= 0
fora b1 R. Itiseasy to seethat R is reversible if and only if right (left)
annihilator of ain R isatwo-sided ideal [3]. (5) Following [4], aring R isa
right (left) weakly p-regularif a"1 a"Ra"R(a"l Ra"Ra"), for every
al R and apositive integer n.
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2. p-Weakly Regular Rings

In this section we introduce a new generaization of sweakly
regular rings which is called sp-weakly regular, and is denoted by spWR-
rings. We give some of its basic properties, as well as a connection between
s-weskly regular rings and spWR-rings.

Definition 2.1:

An element b of aring R is said to be sp-weakly regular if there
exists apostiveinteger nand c,dT Rsuchthatb"=b"cb?"d.

A ring R is said to be right(left) sp-weakly regular, if for eachal R,
there exists a positive integer n, n = n(a), depending on such that

a"l a"Ra”R(a"l Ra*Ra").

A ring R is caled sp-weakly regular if it is both right and left sp-
weakly regular.

Remark:
From now on, spWR-rings mean right sp-weakly regular rings
unless other stated.

Example (1):

i 06 - U
Let R= iaea g:a,bIRand a,bt 0y ,whereR isthe
Tgo bg iﬁ

set of al real numbers. Then, R is pWR-rings, since for any positive
integer n

&Ll 0
g 0§ _am 0g'ad 0pam® 00
0 b5 &0 b5l %0 bp¢, 1
b*" 5

Obvioudly every s-weskly regular ring is spWR-rings, however the
converse is not true in genera as the following example shows.
Example (2):

Let Z4 be the ring of integers modulo 4. Then, Z, is SpWR-rings, but
it is not sweakly regular.

We now consider a necessary and sufficient condition for spWR-
ringsto be s-weakly regular.
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Theorem 2.2:

Let Rbearing. If r(@) I r(@) and @R = aR, for every al R and a
positive integer n. Then, every spWR-ringsis sweakly regular.
Proof:

Let R be spWR-ring. Then, for every al R, there exists a positive
integer n suchtha a"=a"b a*' ¢, for someb, c1 R. But,a*c=a" (a"c)
I @dR=zaRada"cl dR = aR. Therefore, a®"c = a*d, for somed 1 R.
Now, we obtain a"= a"b a®d. This implies that a"( 1-b a*d) = 0 and
hence 1-b a®d 1 r(@) I r(a). Therefore, 1-b a®d T r(a). Whence it follows
that a= ab a®d and hence R is s-weakly regular. ~

Theorem 2.3:

Let R be a right duo, spWR-ring, then for al al R, there exigts a
positive integer n such that the principa ideal a'R isidempotent.
Proof:

Assume that R is spWR-ring. Let | be aright ideal of R such that | =
dRwithal R, and a positive integer n, clearly 12 [ 1. On the other hand,
sncel =a"R, 11 Rand a"T 1. But RisspWR-ring, thena" = a"b a"c, for
someb, cT Rand Risaright duo ring, then b a*"=a*'x, for somex1 R,
soa"=a" a®"xc. If wesety =xc, thena"=a" a*"y. Now, a"l land a"=
a" ay=a"a"zl 1?(@"y=a" a"y=a" z). Therefore, | | 12. Hence
12=1. -

Proposition 2.4:

If Risaring in which a"= a*, for every al R, then R is SpWR-
ring.
Proof:

It is obvious; since R is aring with identity asfor every al Rand a
positiveinteger n, wehavea"l a"Ra*"R(a"=a"1a*"1). -

Theorem 2.5:

Let R bearing without divisorsof zero. Thering R is spWR-ring if
and only if a®=1orba”c=1o0ra™c=1,foreveryal R and apositive
integer n.

Proof:
Given R is aring with identity; which has no proper divisors of zero.

Now, let us assume that R is SpWR-ring; to prove a*"=1orba®c=1, for
every al R and a positive integer n. Given R is spWR-ring, hence a"l
a"Ra”™Rfor everyal R and apositive integer n. Thus, a"= a"b a*c, for
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every al R;if b = ¢ = 1, then we have a"= a*. This implies that
a"(1- a®) = 0, but R has no zero divisors, hence a®=1.If bt 1,c? 1;
then a"= a"b a®"c implies that a" (1- b a®"c) = 0, since R has no zero
divisors, thenb a*c=1.1f b=1and c? 1, then a"= a"a*" cimplies that
a"(1-a*"c)=0,thena®c=1.

Conversely, if a®"=1, for everyal R, then 1- a®" = 0 implies that
a"=a* and a"=a"1a* 1. Therefore, R is pWR-ring. Now, if 1-ba®*'c
=0ora”™c=1, wegetimmediately R to be spWR-ring using the fact that R
has no zero divisors. ~
Werecall the following result of [7].

Lemma 2.6:
Let R be areduced ring. Then, for every al R and a positive integer n,
(D) r@) =1t (@)
@ r@i r@
3 @i t@

Theorem 2.7:

Let R be areduced ring and let | = Ra”"R. Then, R is spWR-ring if
and only if r(d") isadirect summand for every al R and a positive integer n.
Proof:

Assume that R is spWR-ring, then for every a1 R, there exists
a positive integer n such that a"= a"t; a*'t,, for some t;, t» 1 R. So,
(1- t; a®"tp) T r(@"). Therefore, 1 = t; a™"t, + (1- t; a™"t,). Hence, R = R
a®R+r(a@). Now, let bT Ra*™"RC r(ad") impliesd'b=0and d'bt=0,
forallt T R,sobt] r@)=¢ (@) =10(@®). Then,bta* =0and bta®"c=
0 implies b (t a*"c) = b*= 0. Since R is reduced, then b = 0. Therefore,
Ra®R C r(@) = 0. Thus, r(a") isadirect summand.

Conversely, assume that r(d") is a direct summand for every al R and
positive integer n. Then, Ra*"R +r(d") = Rand 1=1t; a*"t,+ d, with t, t;
T Randd1 r(@) . Multiplying by &' we obtain, a"= a"t; a®"t, + a' d, so
a"=a"t; a*"t,. Whence Ris spWR-ring. ~

Lemma 2.8:

If Risasemi-prime reversible ring, then R is reduced.
Proof:

See[6, Lemma2.7]. ~

Proposition 2.9:
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If R isasemi-prime reversible ring and every maximal right ideal of
R isaright annihilator, then R is spWR-ring.
Proof:

Letal R, weshall provethat Ra*'R + r(d") = R, for some positive
integer n. If not, there exists a maximal right ideal M of R containing R
a®R +r(d). If M =r(b), forsome 0t b1 R, wehavebl £ (Ra*R +
r@)) I ¢ (a) [8]. Since R is semi-prime and reversible ring, then by
Lemma 2.8, R is reduced. Therefore, by Lemma 2.6(1), b T r(d"), which
impliesthat b1 M = r(b), then b?= 0 and hence b = 0, a contradiction.
Therefore, R a®"R + r(d") = R. In particular, ca®d + x = 1, for somec, d
T Randx1 r(@"), thend'=d"ca*d. Whence RisspWR-ring. ~

3. The Relation Between spWR-rings and Other Rings

In this section, we consder the connection between spWR-rings,
strongly p-regular rings and division rings.

We start this section with the following definition.

Definition 3.1:

A ring R is called strongly p-regular [1] if for every al R, there
exists a positive integer n, depending on a and an element b T R such that
a = a™b. Or equivaently R is strongly p-regular if and only if
a'R=a” R[8]. It is easy to see that R is strongly p-regular if and only if
Ra'=Ra”™.

Recall that R is weakly right duo (briefly, WRD) [2] if for any al
R, there exists apositive integer nsuchthat &' R=R d'R.

Theorem 3.2:

Let R be WRD. Then, R is strongly p-regular if and only if R is
SPWR-ring.
Proof:

Assume that R is strongly p-regular, then for every a1 R, there
exists a positive integer nsuch that 8'R = a*" R. Now,
d'R=a’"R (Risstrongly p-regular)

=d'a'R

=d'(Ra'R) (RisWRD;d'R=Rd'R)

= d'Rd'R

= d&'R(@"R) (Risstrongly p-regular; @R =a’" R)
=d'Ra™R

Therefore, R is spWR-ring.
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Conversely, assume that R is spWR-ring. Then, a"R = a"R a®"R,
for some positive integer m. Sine R isWRD, thend' R = R @' R, for some
positive integer n. Now,
a”R=ddR

=d'Rd'R
=(Rd'R)dR
=Rdd'R
=Ra”™R
So, a""R = Ra""R, for some positiveinteger k. ...(1)
a®"R=a"a"R
=a" (@"Ra’"R) (RisspWR-ring)
- aZmR aZmR
In particular, a"R = a""R a""R ..(2)
Now,
a™Ra™R=a"(Ra™R)
=a™(@™MR)
=a’™R
am™Ra™R=a"R(@™MRa™R)
= a™Ra™@MR)
= a™Ra’™R
= a™R (RisspWR-ring)

Therefore, a®™R = a™R, set mn=1. Thus, a?R=a'R. So, R is

strongly p-regular.

Corollary 3.3:
Let R beaWRD and spWR-ring. Then, R is p-regular.

Theorem 3.4:

Let R be aWRD ring. If R is spWR-ring with r(d") = 0, for every a
T R and apositive integer n. Then, Risadivision ring.

Proof:

Let R be spWR-ring. Then, by Theorem 3.2, R is strongly p-regular.
Therefore, 'R = a*" R, for every al Rand a positive integer n. Then,
d'=a” b, forsomebl Randhencel-d'b1 r(d) =0impliesthat 1=4d'b
T & R Thus, & R = R (right invertible). Now, since &' x = 1, we have
a'x d' = &', whichimpliesthat (1- x @) T r(d) = 0. Therefore, 1- x a" = 0,
whencex a' =1, so Ra"= R. Whence Risadivisonring. ~

Proposition 3.5:
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Let R be a commutative ring. If x is not nilpotent and right sp-
weakly regular element, then x*"isinvertiblein R.

Proof:

Assume that x is a right sp-weakly regular element, there exists b, ¢
T R and apositive integer n such that x" =x" b x*"c. Then, x" (1- b x*"¢)
= 0. Since x is not nilpotent dement, then x"* 0. Therefore, 1- b x*"c=0
(x"1 0). So, 1 =bx*"cimpliesthat x*"isinvertible. "

Theorem 3.6:

Let R be areduced ring with every essential right idedl is pure. Then,
Ris spWR-ring.
Proof:

Letal Rand | = Ra”R + r(d"). We claim that | is an essential
right ideal of R. Suppose thisis not true, there exists a nonzero ideal K of R
suchthat | C K = (0). Then, (Ra*"R) K I IK 1 I C K =(0). Sincea®RI
Ra’ R, thena® R C K = (0). But, (@ R) K i a*"RC K =(0) impliesK =
(0).This contradiction proves that | is an essential right ideal, that is | is
pure. Since al |, there exists b T | such that a = ab. In particular, b =
ca®™d+h,forsomec,dl Randhi r(@"). Therefore, ' =a'b=a"'ca®d
+d h=4d"ca”d. Whence RisspWR-ring. ~
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