Al-Mustansiriyah Journal of Science
ISSN: 1814-635X (print), ISSN:2521-3520 (online)

Volume 34, Issue 1, 2023

DOI: http://doi.org/10.23851/mijs.v34i1.1235

Research Article

Open Access

Characterization of P-Semi Homogenous System of Difference
Equations

Abdul Samad Ibrahim Hussein®, Bassam Jabbar Al-Asadi

Department of mathematics, college of science, Mustansiriyah university, 10052 Baghdad, IRAQ.

*Correspondent contact: abdulsamadibrahimhussein@gmail.com

Article Info ABSTRACT

Received
02/10/2022

Accepted
08/01/2023

Published
30/03/2023

The primary aim of this paper is to define new concepts of systems of difference equations. For
A homogenous system x(n+ 1) = Ax(n) of difference equations we define P-semi
homogenous of order m, and adjoint. This definition is generalized to (2 x 2)-semi-
homogeneous system of difference equations of order m, where m is a positive integer number.
We study all special cases of this definition and give some examples. Also, we give some
characterizations of those definitions, the necessary and sufficient conditions for a homogenous
system of difference Equations to be P-semi homogenous of order one or greater than one is
given in theorems, as well as some examples and theorems.
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INTRODUCTION

Difference equations have been in existence since
ancient times. Two types of functions are basic.
First, the functions where the variable x can take
every possible value in a given interval. The
general form of the difference equation is given by
[1-4].

a(n+t) = f(a(n)) @)

where n, t are integer numbers.

In 2016, Al-Asadi [5] studied the properties of
difference systems in his paper “properties of
difference equations).” in Russian language. In
2021, Abed and Al-Asadi [6] introduced the
concept of a self-semi homogenous system of
difference equations, which they defined as
follows: A homogenous system of the difference
equations is called self-semi homogenous if there
exists a non-zero, nonidentity real matrix M such
that the following equation is held

f(Ma(n)) = M™f(a(n)) )
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where n, m are integer numbers.

This paper introduces new the definitions of a
homogeneous system that are generalized semi-
homogenous systems which is defined as in
follows: A homogenous system of difference
equations is called generalized semi homogenous if
there exists a non-zero, real matrix M such that the
following equation is hold

F(Mx(n)) = P*M™F(x(n)),

where P, k, and m are integer numbers.

There are some special cases discussed in this work

as well as the general case, and is given some

examples and characteristics for definitions and is

proved some theorems, which can be summarized

as follows:

1- If P =1, then this system is called semi-
homogenous of order m [5].

2- If P#1, k=1, then this system is called
P-semi-homogenous of order m.

3- If P#1, k+#1, then this system is called
P*-semi-homogenous of order m.

3)
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- If k =m, then equation (2) now becomes as
follows:
F(MX(n)) = (PM)*F(X(n))
and it is called P*-semi-homogenous of order k.

P-semi-homogenous of order m

This section consists of studying P-semi-
homogenous of order m, once m = 1 and another
onem > 1.

Consider the system
F(X(n)) = BX(n) 4)

Where

v=()

n € Z (integer numbers),F = (g)

o0=()0)=(3)-

x(n + 1)) (b11 b12> .
and B = , that is
(y(n + 12 b , blz)l b,,
_(x(n+ _ (P11 12) X
F(X)—(y(n + 1)> = (b21 by (y) then we
define P-semi homogenous as follows:
Definition 2.1.

System (4) is called P-semi homogenous of order
m if there exists a non-zero matrix A and integer
number m such that the following equation on
stopping sign.

F (A(c)x(m) = P(A(c)™F(x(n)) (9
where p is an integer number and c is a real
number.

Example 2.2. Consider the system F(x) = Bx

where B = B ;L] then there is a matrix A =
3 -1

7 7| with P = 3. Therefore, this system is p-
6 3

semi-homogenous of order one.

The following theorem shows a matrix A exists in
definition 2.1 and gives the general formula for
such matrix.

biay1 = Pay by + Pa12b21 that is 1() =
3 ( ) 1+3 ( ) 2=2
by1a1; + b1y = Pa11b12 + Paq,b,, that is

1(Z )+4_3()4+3( H)3=2

3(3) =3(3)1+3()2=3

bzzazz = Pa21b12 + Pazzbzz that is 3 (g) =

s(21+3()s-1
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Theorem 2.3.

The necessary and sufficient condition for a
homogenous system of difference Equations (4) to
be P-semi homogenous of order one is that A

equal to An ] where
q PAmb Az
A1202q
Ay =7—""7""—
bll - Pbll
_ Pblzbll - b12b11
A12 -

bi; — Pbi; — P?by1 b1y — Pbyybyy + P2byy by,
Pby1by; — by1by,y

A, =
" b3, — Pb3, — P2byybyy — Pby1byy + P2by by,
_ Pay;byy
Ayy = 7———
by, — Pb,,
Proof:

Necessary condition:
Since F is homogenous of degree one, then there
exists a non-zero matrix (say A) such that Equation

(5) is hold with m = 1. that is,
a12) <f(x)>
22/ \g(¥)

F (A(c)x(n)) = PA(c)F(x(n))
A1 A1z (X\) _ , (%11
F <(a21 azz) (y)) =P (a21
<f(a11x + a123’)> _ (Pan Pa12) <f(x)>
g(anx +azy))  \Pay Pay/\g)

<b11 (a;1x +ay) + b123’>
by1x + byy (ay1x + ayyy)

_ <Pa11f(x) + Payg9(y) )
Pay, f (x) + Pay,g (y)
(b11a11x + byiaq.,y + b123’)
by1x + byyaz1x + byraz,y
_ <Pa11(b11x + b12y) + Pagp(byx + bzz)’))
Pay;(by1x + bypy) + Payy(byyx + byyy)
bi1ay1 = Payy1byy + Payybyy
bi1a43 + byy = Payybyy + Pagyby,
by1 + bypa31 = Payibiy + Pazyby,
by2055 = Payibyy + Payybsy,.

Aqq
It is easy to show the matrix A equal to

AlZ]
A21

Az
Sufficient condition:

Suppose that there is a matrix A equal to
All AlZ]
Ay Ay
To show that the system (4)

homogeneous that is
Q11 Qg2\ (X\) _ (%1 Qa2 f(x)
F <(a21 azz) <y)) =P (‘121 azz) (g(y)) ©)
By substituting the value of the matrix A in (6), we
have

is P-semi-
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F
<L421 Azz]
Therefore,
Pa;;by4 _
by, (1-P)
Pay;b,,(1 —P)
b, (1-P)
Pa,,b,;,(1—P
— Pb,, 1221 ( )
b, (1—-P)
+ Pay;by (1 - P)
P?ay3by1 + Payybyy (1 —P)

P2a12b21 + Pajyby — P2a12b21

A11

Pl al(

A f(X))

g)

Pay;byy

——————+ Pay,b
1y 1-pP) 12921

11

Pa;;by4
Pa;;byy
Pa;;byy
Also,

ay2b11 + byp =

Therefore,

b12
b+ —=
11 a12
bll

+

P2a43b12b21

+ Pa,,b,,.
b11—Pbyq 1222

P?by;byy

+ Pb
b11 - Pbll 22

b12

—b15(b1y — Pbyy)

b7, — Pbf; — P2?by1by15 — Pby1byy + P2by1by;y
_ P?by;byy

bi1 — Pbyy
That is,
bf, — Pb?,

— b2, + Pb?, +
— P?by1by,
= P%by b1y + Pby1 by,

— P?by1by,

P2by1b15 + Pbyybyy — P?byybyy = P?byi by, +

Pby1byy — P?byyby,.

The third item is

P?byy b1y + Pbyp by,

2
Az1b22 + by = PbaZl_—l;l;bZl + Pa,, b,4, hence
Zb 22b 22
by, P*by;by4
byy + L= — 22 4 p)
2T az1  bay — Pby, T
b, )
+ 21
—by1(by; — Pbyy)
b3, — Pb3, — P2by b1, — Pby1byy + P2byiby,
P?bi;by4
= — 4+ Pb
biz — Py 1
b3, — Pb3, — b3, + Pb3, + P?by1byp + Pbyiby,
— P?by; by,
= P?by1 b3 + Pbyy by,
— P?by; by,
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P?byy by + Pbyybyy — P?byiby,
= P?by;by; + Pbyy by,
— P?by1 by
The fourth item is
Paj by, Pay; by,
by (1=P) " by(1-P)
Payiby; = P?az by, + Pay;bi,(1—P)
Payiby; = P?az b1, + Pay by — P?az by,
Payy by, = Paj by,
That is, the left hand is equal to the right hand, and
the system (4) is P-semi-homogeneous of order
one.

+ Pa21b12

Corollary 2.4. A homogenous system of difference
Equations (4) is P-semi homogenous of order one
if the following hold:

bi1ay1 = Pay1byy + Pagybyy

bi1a13 + biy = Pay1by; + Payy by,

by1 + b0y = Pazibyy + Payybyy

byya5; = Payiby; + Pay, by,

Proof: Direct from Theorem 2.3.

Example 2.5.

Consider the system F(x) =Bx where B =

1

-1 3 lwith
3 -1
P =2 We want to show this system is P-semi
homogenous of order one by applying Corollary
2.4.
b11a11 = Pallbll + Pa12b21, that |S 1(_1) =
2(-D1+2(3)1=-1
bi1a15 + b1y = Pay1by; + Pagz by

1 1 1 1 2
1P +5=20DQ+2(5)1=3
13) =2Q3)M) +2(-D() =
b22a22 = Pa21b12 + Pazzbzz that |S 1(_1) =

23)Q +2(-D(1) = -

Corollary 2.6. The special case 3

“P = 1, k # 1, then this system is called P*-semi-
homogenous of order m” is held immediately from
case 2 because P and k are integers so P¥is an
integer, as an example, we provide the following.

1
[1 El . then there is amatrix A = [
1 1

that is

@00
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Example 2.7 Considers the system F(x) = Bx

where
-1

12
-1

3

B = , then by Theorem 2.3, there is a

= Wik

1
4 lwith pk =22
3 -1
It is clear that this system is 22-semi-homogenous
or 4-semi-homogenous of order one.

matrix A = l

P-semi-homogenous of order greater than one.
This section studied P-semi-homogenous of order
greater than one first we need to state the general
formula for the power of a matrix and give an
example showing this case existed
Qi
azz)'

aqq

Theorem 3.1 [5]. If a matrix A = (a21

then

A =
n , (@f-aP)(aii—-a1) (af—a})(asz)
! + (a1-az) (a1—az)
(al-a})(az1) n (af—a)(az—aq)
(a1—az) ar + (a1—az)

where a;and a, are eigenvalues of the matrix A,
with a; # a,.
Example 3.2. Considers the system F(x) = Bx
where

1 —

- 1 . .
B = [ 1 1 ] then there exists a matrix

A= [;} Z and  f(4x(n)) = PA™f(x(n)),

suchthat P = 4, L = 3, and m = 3; that is,
3
f([;‘ ; x(n>) =4[y 3] Fm).

Therefore,
4 3 _[688 684

f([3 4]x(n))—[684 Cagl S (X))

and it is clear to show this system is 4-semi-

homogenous of order 3.

Theorem 3.3. The necessary and sufficient
conditions for a homogenous system of difference
Equations (4) to be P-semi-homogenous of order
greater than one is the matrix A equal to

B B
A =[ 1 12],Where:
BZl BZZ
— PAleZI
H a1 — PAg,
BlZ

A1207; — PAj,a4;

Ay — PAy; — PAj1ay; + P2A1 Ay — P2AA,
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By,
_ —0z1Q11 + PAj1ay

B ay; — PAy; — PAyyaq, + P?A11A5; — P2A15A5,

_ PAzibiz k_ [A11 Axz .
Bzz_azz—PAzz’ and A* = A, Azz] as in
Theorem 3.1

Proof:

The same proof of theorem 2. 3.

Example 3.3.
Consider the system F(x) =Bx where B =

[_11 _11],then by Theorem (3.2), there is a

matrix A = [i ;] with P = 2.

by1a:; = Pay1bi; + Pa,, by, thatis
-2)=2@)(-D)+2=-2

by;a,, + by, = Pa,,by, + Pay,b,, that is
-1+(-D=22)(-1)+2=-2

b,; + b,,a,; = Pa, b,y + Pay,b,, thatis
1+1=2(-1)+22)=2

b,,a,, = Pa, b;, + Pa,,b,, thatis
2=2(-1)+22)=2

Note: From the definition of P*¥-semi-homogenous
of order m, we define a new concept as follows
stopping sign.

Definition 3.4. System (4) is called adjoint if there
exist two non-zero matrices A and C such that the
following equation holds

F (A(c)x(n)) = CF(x(n)).
Theorem 3.5:

The necessary and sufficient condition for a
homogenous system of difference Equations (4) to

be adjoint is the matrix B equal to Bi1 By ]
21 D22
where:
B = Ci2b24
1=~
a1 — Ciy
B.. = A1205; — G204
12 =
Ay — Cyp — €103, + C11C3p — 1305
B.. = —0z1011 + (110
21 =
ag1 — Cyp — Cyaqq1 + €11 G — €105,
B.. = C21b1,
22 =~
Az — Cyy
Proof:

Necessary condition:
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Since F is homogenous of degree one, then there
exists a non-zero matrix (sayB) such that equation
(3) is hold. That is,

F(A(c)X(n)) = CF(X(n))

Ay Qg (X C;1 Cypy f(x)
d ((a21 azz) (y)) - (Cz1 sz) (g(y))
(f(anx + a123’)> _ (611 C12) (f(x))
g(azx + azy) Cor Co/ \g(y)
b1 (a11x + a2y ) + by
<b21x + byy (azx + azz)’))

_ < Ci1f () + C129(y) >
Corf (x) + Co29 ()

<b11a11x + bi1a42y + b123’>
by1x + byp031x + byraysy
_ (Cn(bnx + b1zy) + Ciz(byyx + bzzY))

Ca1(b11X + by3y) + Caa(bax + byyy)
bi1ay1 = Ci1by1 + Ciabyy
b11a12 + b12 = Cllb12 + CleZZ
by1 + b0z = Cy1byy + Copbyy
b22Q32 = Ca1b1z + Cazby;
It is easy to show that the matrix B equal to
Bll BlZ '
,321 BZZ
Sufficient condition:
Suppose that there is a matrix B equal to
B By, .10 show that the difference system is
,Bgl_ B;, ]
adjoint that is
F(A(0)X(n)) = CF(X(n))
That is to show
by1a11 = Ci1b11 + Ciabyy
biyaiz + byy = Ciybyy + Ciabyy
by1 + byaa31 = Ca1by1 + Cyabyy
by2az; = Cy1b1 + Cozbyy
By substituting the value of the matrix B in above
equations we have
a11b11 = Ci11b1y + Cizbyy

b
12021
a;; = Ci1 + b
Ciyb
12021
a;; = Ci1 + Cizboy
a1 — Ciq

a;; = €1 + a3 —Cpq

That is left hand equal to right

Also,

aq,b11 + biy = Ci1by, + Ci3by,. Therefore,
ClZ CZlbIZ

A12b11 + b1y = Ciybyp + 4 —C
22 22

aiz2b1s C12C21
——+1= C;; +——
b1 az22—Cz2

a12b14
A1205; — Cyaq,
Ay — Cyp — Cyq03, + C11Chp — €120
Gl
Az, — Cyy
bi;(az; — Cyp — Ci1ay, + C11Cop — C1C51) +
Ay — Cyp = C11Q9; — C11 0o + €150y
by = -1
C1102 = C11Co2 + G120y
= (11022 — C11Cap + (1205
The third item is
Az1b25 + by = Cyb,q + Cy1by1 , hence

+1

= Cll+

C12C1by4
Az1b; + by = Cypbyy + —C
a1 —Lqq
az1 by, 12021
—+4+1=0C,, +
b4 2 a;; — Cpy

+1
—ay,041 + (1105

a11 — C11 — Cy0aq1 + C11 055 — €130y
C12C5q
a;; — Cyy
—byy (a1 — Ciy — Cypa41 + C11Cyp — C13C1) +
a1 — €y = Cypaq1 — G110 + G120
b22 = 1
Cy2a11 — C11C + €120y = Cypa41 — €110y +
C2Cor.
The fourth item is

= (3 +

Az2bzp = Cy2byp + Coqbyy that is  az, =
Cz1b12 = Corbo
Cyy + T and Az, = Gy + Ca1b1p
az2—-Cz2

,therefore

Az, = Cyp + Ay — Cyy
Ay = Ay

Example 3.6. Considers the system F(x) = Bx

where B = [_11 _11

Az[i % and Cz[;zL :4] such that

F (A(c)x(n)) = CF(x(n))
byiay; = C11by1 + C12by; that is
-2)(-D+ (@) = -2
bi1a45 + by, = Ci1byy + Ci3by, thatis (—1)1 4+
D=CEDED+HEDA) = -2
b,y + byya,; = Cy1by; + Cyybyy that is 1+
1M =EFEDED+(-2)1=2
by,a,, = Cy1byy + Cypb,,  that s
DD+ (=29)1=2

], then there are two matrices

(-2 =

1(2) =

[©NoIel
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Remark 3.7.

1- Every P*-semi homogeneous system is an
adjoint system, but in general, the converse is not
true, Example 3.5 explains that.

2- In Definition 3.4, if the matrix C can be written
as PA, then the converse of 1 will be true.

CONCLUSIONS

In this paper, we present new concepts which are
generalized to the (2 X 2)-semi-homogeneous
system of difference equations of order m, where
m is positive integer numbers. We research some
of their unique cases. For the future work, we
intend to generalize our work to the (3 x 3)-semi-
homogeneous system of difference equations of
order m.

ACKNOWLEDGMENT

The authors thank the Mustansiriyah University for
their support; they also, thank the Department of
Mathematics at the College of Science for
providing a good environment to do this research.

Disclosure and conflict of interest: The authors
declare that they have no conflicts of interest.

REFERENCES

[1] Saber E. An Introduction to difference equations, third
edition, Springer ISBN 0-387-23059-9, 2000

[2] Goldberg S. Introduction to difference equations New
York: John Wiley & Sons, Inc.1958.

[3] David L. J. difference equations with applications to
queues, printed in the United States of America, 2002.

[4]1H. Deng, Y. He and J. Zhou, "Higher-order Difference
Equations Including p-Laplacian Possess Infinitely
Homoclinic Solutions,™" 2021 International Conference on
Electronic  Information  Technology and  Smart
Agriculture (ICEITSA), 2021, pp. 284-290.
https://doi.org/10.1109/ICEITSA54226.2021.00062

[5] Anb-Acamu B. [I.; O cBOMCTBaX pa3HOCTHOW CHCTEMBI.
yCHexu COBpeMeHHOW Hayku, no.3, Tom 2, ¢.105-107,
2016.

[6] Abed H. and Al-Asadi B. J. Characterization of
homogeneous system of difference equations, Al-
Mustansiriyah Journal of Science Al-Mustansiriyah
Journal of Science, Volume 32, Issue 1, 2021.
https://doi.org/10.23851/mjs.v32i1.931

[7] Dbenauesa B. A.; 06 Oganoit CucteMe pPa3sHOCTHBIX
ypaBHEHH BhICIIMX MOPSIKOB. DY U UX npuiokeHus,
BbL.4, ¢ 92-94, 2002.

[8] Lungelo K. N.; Difference Equations and Their
Symmetries, A Dissertation Submitted to the Faculty of
Science, University of the Witwatersrand, Johannesburg,
in fulfillment of the requirements for the degree of Master
of Science. September 26, 2014.

How to Cite

A. S. I. Hussein and B. J. . Al-Asadi, “Characterization of P-Semi Homogenous System of Difference
Equations”, Al-Mustansiriyah Journal of Science, vol. 34, no. 1, pp. 71-76, Mar. 2023.



https://doi.org/10.1109/ICEITSA54226.2021.00062
https://doi.org/10.23851/mjs.v32i1.931

