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ABSTRACT

The main objective of this paper is to develop and
construct numerical algorithms for solving stiff system of
ordinary differential equations (ODEs) which are suitable for
running on parallel computers (MIMD computers).Semi-parallel
implicit Runge-Kutta methods have been derived and parallel
predictor - corrector methods are developed.
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1- Arithmetic Mean and Geometric M ean Runge-K utta

M ethods:
The general form of an r-step arithmetic mean (AM) Runge-
Kutta method is:

i-1

Kl = f(yn), Ki = (yn +h1a thj
=1

and

yn+1:yn+é.\NiKi’ é.vvlz1

i=1 i=1

with appropriate values of the b’s and w’s . If instead of
the weighted arithmetic mean in eq. (1) we use the geometric
mean, then the geometric mean (GM) Runge-Kutta formula is

[2]:
yo.=y,+OKP, &P=1 (1d)
i=1

i=1
An example of the AM- Runge-Kutta formula is the 4™ -
order formula generated by the symbol matrix [2]

@ 0 0 0
gyzooog
& 0O 0 u
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And an example of the GM-Runge-Kutta formula is the
4™-order formula generated by the symbol matrix
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If, while maintaining the order of accuracy of the formula,
we can choose some of the w's , e.g. w, , to vanish and the
subsequent k's do not depend on k;, then an economical formula
is obtained. An example of such formula is the 4™-order formula
generated by the symbol matrix

O 0 0 0
é v
§%1 0 0 0y
€y ¥ 0 0U
€ u

d o o 0 |

g}é % 0 %SAM

We can get the formula:

ki =f (Xn,Yn), k2=f(Xn+h/2,Yn+h/2k1), k4=f(Xn+h, yn+hk1) (28.)
and

Y1 = Yn + 1/6h (kg + 4k; + ky) (2b)

In this formula, we notice that while it is effectively a 3-
stage formula generated by the symbol matrix.
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The quantity K, does not depend on k;
and thus alows us to compute k, and ki
simultaneously on a paralel computer. By
replacing h by - h in the formula (2) we obtain
the corresponding implicit formula as:

L1 =F(Xnet Yns),

L2=f(Xn+1-|/2h,yn+1-h/2 L]_),

La=f(Xnt1 - N, Yne- Dy Yy - Ly) (3)
And

y*n+1 =Y,+ h/6 (Ll + 4L, + L4)

Now we will try to find other RK formulas of the type
given by egs (2) and (3) and other forms:

2- Semi-Parallel Implicit 3-Stage AM -Runge-K utta M ethod:
The 3-stage AM-Runge-Kutta formula is of the form:

Ky=f(Xn, Yn) (43)
ko=f(X+ah,yntashky), (4b)
ks =f (Xn, + D, Yo+ ahky + aghky), (4c)
and

Ynil = Yn + 1 (Wiks + WoKo + Waks) (4d)

By setting & +a&= 1 and by comparing the r.h.s. of
equation (4d) with the Taylor series expansion for y(X,.1), the
following equations of conditions were obtained :

h? f.fy : WoB1 + W (& + 85) = %,
h® f2fyy : 1/2 W2ai2 + 1/2 W3 (a2 + a3)2 = 1/6 , (5)
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h® ff2y : wWaaag = 1/6

For the purpose of parallel computation we require that
as =0, therefore, by solving this system, for w, and w3
in terms of & and a, we get:

- 3a,+2

S R and W, =— 3,-2
6a1(a1' az)

o 6a21(a1 B az)

2

Since Wi+w2+W3=| and by setting a; = Vi, we find that
the solution is:
aq=12,=1,w=1/6,w,=2/3,wz==1/6

The resulting formulais thus;
k1= f(Xn,Yn),
ko=f(x,+%2h, yn+Y4hk)),
k3=f(xn+hsyn+hk1)
and
Yn+1=yn+l+]/ 6 h(kl+4k2+k3) (6)

which is a semi-parallel 3-stage AM-Runge-Kutta method,
because evaluations of k, and k4 are independent, so they can be
computed simultaneously, but sequentially to k; , so that the
formulais semiparallel explicit Runge-Kutta (SPERK) method .

Since we are solving stiff ODES[8], we require implicit
forms. By replacing h by- h (i.ebackward integration) in the
formula (6) we obtain the corresponding implicit formula as:

1 1
|—1=f (Xn+l’yn+1)’ Lz =f (Xn+1' Eh’ynﬂ - Ehl-l)v

L,=f(X,,,- Yy, -hL,) (7)
And

Y=y, +2(L1 +ah,+L,),
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In formula (7) we see that computing yn.; IS depending on
itself so that the method is Implicit Runge-Kutta (IRK). Also, we
note that L, does not depend on L,, so they can be computed in
parallel (i.e. simultaneously) using two different processors. But
simultaneous evaluation of L, and L, is sequential to evaluation
of Li, therefore, the method is a semi-paralel IRK (SPIRK)
method.

The parallel predictor-corrector form of (6) and (7) is:
C h C C C
y2+1=yn+E(K1+K2+K4) \
Voa=yot L+ L)
Where
KE=f(Xpya) LS =f (X Vi) > (8)
. 1, . h . h h
Kzzf(xn +§h7yn +§K1)7 Lp2 :f(xn+1 - E’ygﬂ - ELE
KE=f(x, +hyS +hKS), L5 =f(x,,- hyh, - hL

J
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The computation diagram is:

Compute k;

/ N\

Compute Ky Compute Ke

N\ /

p
Compute Ynn

A 4

Compute k?

v N\

L" L"
Compute -2 Compute -+

Computer
yr?+1

Fig. (1) The computation diagram of (8).
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3- Semi-Parallel Implicit Geometric M ean Runge-K utta
(SPIGM RK) Method:
Now we repeat the analysis of equations (4) with (4d)
replaced by
Yntl=yn+hK P  KEKY, 0<p, o<l (9)
to get a 2-stae SPIGMRK formula .
The Taylor seriesfor y(xnt+1) are:
h*ffy : pal + q(a+as) = 1/2 (10a)
h*ffyy: 112pa’ + 1/2q(ae + ag)” =1/6 (10b)
h¥f?y:Pgay (a, + as) + 1/2p(p - 1) &% + gay a
+1/20(q - 1)(az + ag)* = 1/6
By Putting as = 0, we get:

Pay+qa=1/2 (11a)
Pa,” +q a°=1/3 (11b)
Poaua, [/2P(P-1)a.” = 1/2q(g-1)a:” = 1/6

(11c)

Unlike the linear case, (10c) is not immediately violated
with the choice a; =0 Solving this system for p and g from (11a)
and (11b) in terms of & and & we have:
-3a,+2 3a,- 2
= and g=

6a, (a, - a,) 6a,(a, - a;)

(12)

Therefore with a; and & chosen to satisfy (11a) and (11b)
result in (11c) is not being satisfied. The resulting formula is thus
order 2. As an example of the solution, setting &, = 2/3 and a,= 1
we obtain p=3/4 and g=0. The resulting formulais given by:

Ki=f (Xn, Yn), Ko=f(Xn+2/3/h, y,+2/3hk,), ks=f (X, +h, y, + hky)
and
Yne1=Ynt hk, B Ko B

This is a paralel 2-stage formula since k3 dose not need to
be evaluated. The corresponding implicit formulais:
L1=f(Xn+1,Yn+1), Lo=F(Xn41-2/3N0,Yne1-2/30L 1), Ls=F(Xns1-N,Ynea-hLq)
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and
Yo = Yo T LS

4. Another semi—parallel implicit 2-stage GM-Runge-K utta
Formula:

Now, we try to find the solution to satisfy equations (11a)
and (11c) but not (11b), we have:
qa =" -pa
and substituting into (11c) we get :
Pay(1/2-pay)+1/2p(p-1)a;“+5(1/2-pay) (1/2-pay-ax)=1/6  (15)
Putting Pa, =0
-eg.n. (11a) becomes q a,=1/2, -egn (15) becomes a, =-1/6
an example of the solution is:
P=0, & =0, &=-1/6, g=-3
which leads to the following formula:
K, =f (x,+1/6h, y, — 1/6hk,)
And
Yn#1=Yn t I«|k14 k3-3 (16)
which is a semi-parallel 2-stage GM-Runge-K utta method. The
corresponding implicit formula for this method is:
L,=f(Xn,Yn), La=f(x,-1/6h, y,+1/6hL,),
And

y ., =y, +hLiL? (17)
Form (17) is considered as a parallel mode because the
calculation of L, is not needed.

5-semi-parallel implicit 3" order Runge-K utta method:
In similar way as described previously, we can obtain
another (SPIRK) of order three in the following form:
k1= f(Xn, Yn), ko= (Xn+1/4h, yn.1-1/4hL,) ,
L3=f (Xn+1'h, Yn+1'h|—1)
And
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Yo =Y, +1—hz(3Kl +4K, +5K,) (18)

The corresponding implicit formulais:
L1=(Xn+1,Yn+1), Lo=(Xn+1-1/40,Yn11-1/4N0L 1), La=(Xp+1-h,Yne1-hly),

And
VYo=Y, t 1—hz (3L, +4L,+5L,) (19)

6-Fourth order parallel predictor- corrector RK (PPCRK)
method:
The general form of fourth order Runge-kutta method is:
kl = f(an Yn),
k2 = f(Xn+C2h, yn+C2hk1),
Ks = f(XntCsh, ynth(asikot(Cz-as1)K1)),
kg = f(Xn+Csh, ynth(aukot askst+(Cs-aui-asr)Ky)),
Y+l = yn+ h(W1k1+W2k2+W3k3+W4k4)

By using series expansion , one obtains after rather
complicated calculations , the following system [35]

W1+ W+ W3+ Ws=1,  W3C8e1+Wa(Cz8uz + Crau1)=1/6,
W5C + W3CatWaCs = 1/2, W3Coag1+HWCa(Cadup + Crau1)=1/8,

W2C22 + W3C32"‘W4C42 =1/3, W3C22361+W4(032342 +
Coau)=1/12,
W2Cz3 + W3C33‘|'W4C43 =1/ 4, W4Corayo= 1 24,

We have eight equation in ten unknowns , and hence we
can choose two quantities arbitrarily. If we assume that c,=cs,
which seems rather natural, we find:

Co=C3=Y, C/=1 , Wi=W,=1/6 Wot+W3=2/3, ay;t+asr = 1, W3a5;=1/6

If we further choose w,=w3; and for the purpose of parallel
computation we require a4, = 0 we get:

88



Parallel Implicit Runge-Kutta...

Wo=Ws3=1/3, an = 1, +a5,=1/2

Thus we have the final formula:
ki = f(Xn, Yn),
ko, = f(x,+1/2h, y,+1/2hk,),
ks = f(x,+1/2h, y,+1/2hk>), (20)
k4 = f(Xyt+h, yn+hky),
Y1 = Yot N6 (K1 + 2K + 2Ks + Ka)

Thisis a (SPERK) method of order four:
From (20) we can get a semi-parallel implicit RK (SPIRK)
method of order four by backward integration process a follows:

Ll = f (Xn+11yn+1)1

1 1
L2 :f(xn+1 - Eh’yn+1 - Ehl—l)!
1 1
L3 :f(xn+1 - Eh’ynﬂ - Ehl—z)’
L, =f(X,,,- hy,., - hL)), (21)

Yo = Yna - %(Ll + 2L2+2L3+L4)1
Rearranging this formula we get:
yn+1 - yn +%(Ll + 2L2+2L3+L4)
In this implicit method Lz and L4 are independent and can be
computed in parallel. To get a paralel predictor-corrector RK

(PPCRK) mode of the methods (20) and (21) , we can write them
in the following form:

Yo =Yeu t % (K? +2K?% +2KE + K7), predictor from
Yo =Yn * % (L] +2L5 +2L% + L%) ,corrector from
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Where

KT =f (X Vi) LY = (Xpu0s Yiua):
1 1

KS =f(X,,, +E h,y°., +E hK?),

1 1
LY =f (X, - Eh,yﬁ+1 - EhLD’
1 1
Kg :f(xn+1+§h’yg+1+§th)1

1 1
Lp3 :f(xn+1 - Eh’ygﬂ - Ehl—p2)1

K% = (Xp + 0, yp, +hK3),
L =1 (X - hoyna - L),
Where y? is computed in advance

G * Computation Front
| e ;
1 — — P
P
’.’,"
f,»"
d
i r",f‘”f [ . = C
n - n+1 | n+2

Fig. (2): Information flow in the PPCRK scheme.

The problem with this PPCRK mode is that: the predictor
formula always compute Y.+, depending on predicted values and
because we are solving stiff ODESs this means that the predictor
formula will be unstable Hence, we require a modification of the
PPCRK mode , so that the predictor formula depends on
corrected values ,we can develop a formula which repeats the
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correction twice: (y; , Y» and ys; can be computed first

sequentially).
First calculation stage:

Viw VS (L + 2L, +2LE + L)
Second calculation stage:

Cc h Cc Cc Cc Cc
y2+2 = yn+1 +6(K1 T 2K2 T 2K3 + K4)

VR =YE (L # 2L 2L L)

o e
R

n n+1 nt+2 n ot n+2

Fig.(3): Diagram of thefirst Fig.(4): Diagram of the
calculation stage. second calculation stage.

7-PPCRK Method for a system of first order ODEs:
Runge-Kutta method can be applied directly to differential
equations of higher order, taking , for example , the equation
y&=f(x,y,yd, we put y¢=z and obtain the following system of
first-order equation:
y&z, zG¢f(x,y,2)
Thisis a special case of:
y& F(x,y,2),
z¢ G(x,y,2),
(22)
which can be integrated (using method 6):
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K= F(Xn,Yn,Zn), L= G(Xn,yn,zn)

K, =F(x, + oy, + K, 7, +hL),
1 1 1
L,=G(x.+=h,y +-hK.,z +=hL,),
2 ( n 2 yn 2 1 n 2 1)
1 1 1
K,=FXx,+=hy, +=-hK,,z +=hL,),
( 2 yn 2 2 n 2 2)

1 1 1
L2 :G(Xn +Eh,yn +EhK2,Zn +Eh|_2),

I‘<4 - F(Xn +h’yn +hK2’Zn +hL2)’
I_4 :G(Xn +h’yn +hK2’Zn +hL2)’

yn+1 :yn +%(Kl +2K2 +2K3 +K4)1

Zn+1 = Zn +%(Ll +2L2 +2L3 + L4)1

The corresponding implicit formulais:
M1=F(Xn+1, Yne1, Znwa), Sl—G(Xn+1, Yn+1, Zn+1),

1
m, = F(x,, - Eh,yn+1 2hm Z —hSl),

1 1 1
S, =G - —h, +1'_hm1’Zn+1'_h J
2 (Xn+1 2 yn 2 2 Sl)
1 1 1
=F '_h1 +1__h v Enag —hS
m3 (Xn+1 2 yn 2 m2 2 )
1 1 1
S3 - C-:'(Xn+1 - E h1yn+1 - E hrnZ’ Zoy - E hSZ)’
1 1 1
m, = F(Xn+1 - E h’yn+1 - E hm2,2n+1 - E hSz)’
1 1 1

S4 = C-:'(Xn+1 - E h1yn+1 - E hrnZ’ n+l - 2 —hS )

92
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y:1+1 = yn +2(m1 + 2m2 + 2m3 + m4)’

Zun =2, (8 425,425, +8))

We can modify the algorithms (23) and (24) to parallel predictor-
corrector RK (PPCRK) version as follows:

We compute y; and z; by using (13) in advance, then

We compute the following in paralel:

h
Yoz = Yo +E(Kf +2K5 +2K5 +K3),

Zp

n+l

=zb +2(L'§ +2L°% +2L% + L),
Vo = V5 + 0 (ME +2m +2m3 +m), @9

n+1

=2+ (S + 25+ 25 +)),

Where p means using predicted values and ¢ denotes the using of
corrected values.

LULLUMLWD T e -

n ntl

n l‘H’l n+2

Fig. (5): Information flow in the PPCRK scheme (25).

Processor y° compute values of y*..», n=0,1,...

Processor z° compute values of z°.+,, n=0,1,...

Processor y° compute values of Y2, n=0,1,...

Processor z° compute values of z%.,, n=0,1,...
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The message passing between the processors will be as

follows:
Processor y° computes values of y°.., , where the values of y’.1
and z°.., are ready at processor y° from last step, at the same time
processor z° computes the value of z°,., as the values of y’..; and
Z°+1 are ready from last step. At the same time, processor y°
computes the value of y.1, as the values of V%, , z% , Y"1 and
Z°1 ready from last step . At the same time, processor z°
computes values of z%., as the values of V<., z°% , Y1 and Y91
are known from last step , now ,

Processor y° sends the values of y°., to the
processors z° , y° and z° and they wait antil the message
will be received.

Processor z° sends the values of Zz°.., to the
processors y° , y© and z° and they wait antil the message
will be received.

Processor y° sends the values of y©..; to the other
processors and the process will wait for the receiving the
value.

Processor z° sends the values of z%.; to the other
Processors.

Now all processors y° , z° , y° and z° have the necessary
values to start the calculation of the next step.Since we are
dealing with only stiff ODEs , the predictor mode of the method
should depend on the corrector mode , hence the formula can be
adapted to the following form:

First stage calculation:

Vo = Y2 + £ (mE + 2m2 +2me + i)

=2 40 (8 425425 +S)

n+1

Where
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My = F(X, Y Zo),
S = G(X s Yneas Znaa)s

h h h

mg = |:(Xn+1 - E’ygﬂ - Ehmf’zgﬂ - E p)’
h h h

Sg = C-:'(Xn+1 - E’ygﬂ - E hmf,zﬁﬂ - ESE)),
h h h

Mg = F(X, - EA’EH - Ehmg’zgﬂ - 552),

h h h
Sg :G(Xn+1 - E’ygﬂ - Ehmgizgﬂ - E 2)’

mz = |:(Xn+1 - h1yE+1 - hhmg’ ZE+1 - Sg)’
SZ = C-:'(Xn+1 B h1yE+1 B hmg’ ZE+1 B hsg)’

Second stage calculation:
h C C C C
y2+2 - yg+1 +E(K1 + 2K2 + 2K3 + K4)
P =7+ % (L5 +2L5 +2L5 +1°)

Y, =Y+ o (m + 2ms +2mS + )

2 =20+ (S 425,425 +S)

Where

Ky = F(Xpas Yo Za)s L = G(X g5 Yisas Znaa)s
C - 1 C 1 C C 1 C
K5 =F(X,, - Eh’y”ﬂ - EhKl,z EhLl)’

n+l

c 1 1., 1
I—2 = C-:'(Xn+1 - Eh’ygﬂ - EhKl’Znﬂ - Eth%
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Cc 1 Cc 1 c 1 I
K2 = F(Xn+1 B E h1 Yo - E hK11 n+l 2 hL1)1
1 1, . 1
= C-:'(Xn+1 - §h1yg+1 2hK1’ n+l 2hLFi)1
C 1 C 1 C 1 C
K3 :F(Xn+1' Eh1yn+1 2hK21 n+l - 2h|—2)1
1 1, . 1
= C-:'(Xn+1 B E h, yE+1 2 hKZ’ n+l - thZ)!

K; =F(X..,- hYVy:.., - hK,z, - hL°2),
Lil = C-:'(Xn+1 B h1yn+1 hK(Z:’ n+l - thZ)’
mf = |:(Xn+1’y(r:1+1’ Zn+1)’ Sf - C-:'(Xn+1’y(r:1+1’ Z(r:1+1)’

. h h me 7 h
m2 = |:(Xn+1 1yn+1 E 1’Zn+1 - 585)1
h h o . _h
S(2: = C-:'(Xn+1 2 1yn+1 E my,Z..,- 585)1
c h me. 7€ h
m; = F(Xn+1 2’yn+1 E m;, 2z, - 582)1
h

h . h
QZG(Xnﬂ_ E’ynﬂ 2m1’Zn+1 582)1

mZ = |:(Xn+1 B h1y$1+1 hrnl’zn+1 hS;),

SZ - C-:'(Xn+1 - h! yf\+1 hml J Zn+1 hS;)’

In two processors computer, we can assign the calculations
of first stage as follows: y%..1 to first processor and z°.1 to second
processor, and the calculation of second stage as follows: Y2
and z%.» first processor and y*,+1 and z%,+1 to second processor.

96



Parallel Implicit Runge-Kutta...

Fig.(6): The mapping of the calculationsfor thetwo
processorsis given below:

P, Py
1™ stage calculations: 1™ stage calculations:
Calculates Calculates
I. mf _ _ 1. 80
sends m[ _, |receives m7
receive S} [ <= | sends SV
p p
2. mb 2. 85
sends mj | _, |receives m}
receive S} | < | sends S§
p p
3. mj 3. 53
sends m} | _, |receives m}
receive S} | <— |sends S}
P P
4. my 4. S§
sends m§ | _ | receives mf
receive S§ [ < | sends S§
[+ 143
5. Yo+t 3. Zny
< . L+
sends ¥4 _y |receives yyu.,
receive zg,, | <. |sends 2%,
2™ stage calculations: 2" stage calculations:
Calculates Calculates
C [ c c [+
I-‘ICI, 1’K23 2’K3’ — [+ c c [+) ]
c ¢ 1¢ <« My ;5,13 ,5, ,103,
3274074 ¢ ¢ @
3.My .Sy
cC cC
2. yhyo and z7,,, 2. Yny and Zgy
P P
sends y, ., and z ,, - e "
<« |sends y,,; and z;7,;
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8.PPCGMRK Method of Order Four:

A new fourth order GM-Runge-Kutta method is of the form [81]:
K1 =f(Xn, Yn)

Ky = f(Xn+C2h, yn+C2hk1),

Kz = f(Xnt+Csh, ynth(asiki+ ae:ky)),

Ka = f(Xn+Cah, ynth(auikit+ auko+ ausks)),

And

h
yn+1 = yn +§(\/klk2 +\/k2k3 +\/k3k4) (27)

We know that cz=ag;+as, and cs=ay+as+ays , in particular
by setting ag;+ag,=1/2, ay+as+ass=1 and by comparing the r.h.s.
of equation (27) with the Taylor series expansion for y(X+1) , the
following six equation of conditions were obtained:

h’ffy: -192c,+96=0 (283)
h3ff2y: -108-48aus- 24C,-96C,a4r-192C,a,+48¢,°=0 (28b)
h3ffy: 24-96¢,°=0 (28c)
h4ff3y2 18+12a43+3Co+24Coa4-96Ca0043
+6C,°-48C,%ag,-246C,°=0 (28d)
h*f2fyfyy:108-60a4s-6C,-96C,a5,-12C,°
-48c,%auy-96C,ag,+48c,°=0 (28e)
and

h'ffyyy: 4-32,°=0 (28f)

Now we shal combine equation (28) with the arithmetic
mean (AM) formula of the form:
Y1 = Ynth (Wy Ki+ Wa ko + Wz Kz + Wa Ka) (29)

where witwo+ws+w,=1 , which uses the similar function
evaluation k; (i = 1,2,3,4) as given by equation (26)

It can be established that the equation of condition for the
fourth order terms are given as follows:

h*ffy:w,c, +w,c, +w,c, =1/2 (30a)
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h*f?y:w.c,a, +w,(a,c, +a,c,)=1/6 (30b)
2 2 2
h3f 2yy: Wale 4 WaCs W;‘:‘* -1/6 (300)
3 3 3
hf fyyy 1 202 4 Wg% + WS 104 (300)
h*f°y:w,a,c,a, =1/24 (30€)
and
hffyfyy:
w,c’a w,a,,C’ N W,a,,C5

27732
2 + WBCZ aBZC3 +

2 6 (30f)
+W,C,(a,C, +a,C;) =1/6

In obtaining equations (28a) — (28f) we have previously set
ag1tag= Y4 and agtagtasz=1 , thus we still have one degree of
freedom for the nine unknown variables , if we choose equation
(30c) to be the ninth equation , then the resulting AM and GM
formulae will be of third order when applied to a general problem
of the form:
y&x)= f(x,y(x)) (31)

Thus, by substituting c;= 1/2 and c,=1 where appropriate,
the remaining seven equations of conditions for the AM and GM
formulae are given as follows:

AM:

h%ffy: /2w, + 1/2w3 + Wy = 1/2 (323)
hjffzy: 1/3Woag; + Wa(1/2a4, + 1/2845)= 1/6 (32b)
h*ff3y: 1/2wWaausas, = 1/24 (320)
and

GM:

h*ffy: -192c, = 96 (32¢)
h°ff2y: 8ag, + 4aup + 4aus = 9 (32f)
and

h*ffy: 285, — 28y, - 28,3 + 8agaus = 3 (329)
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For the purpose pf parallel computation we shall assume that
ay3=0, So these equations are then solved simultaneuously, we
get:

C2=1/2, 331=-3/4, Az =5/4, a42=-1/4, a43=O,W1=1/11,
w,=17/33, w3=10/33, w,=1/11

Thus the method is given inits final form by:

k1 = f(Xn, Yn),

ko = f(xn+1/2h, y,+1/2hk;),

ks = f(xn+1/2h, yo+h(-3/4k; + 5/4k3)),

(33)

k4 = f(Xnth, yn+h(5/4k,-1/4k5)),

and

A +3£3 (3, +17k, +10k, +3K,) (AM-mode) (34)

*:

. h
Yy . =Y. +5 (VkK, +/kK, +./kK,)(GM-mode) (35)

Again k3 and k4 are independent tasks , hence they acan be
computed in parallel . Anyhow , evaluation of K4,K, and (parallel
evaluation of K3 and K4 ) are sequential processes which means
that speed-up factor S, of the solution will remain small (1<
Sp<2) we have called these type of methods as semi-parallel
explicit methods.

Since we are dealing with stiff differential equations, we
need that the integration method to be implicit , so we can conert
formula (34) and (35) to implicit forms by backward integration
(i.e. using —h,h>0).

Again we see in the implicit forms that K; and K, are
defined independently , so that they can be evaluated at the same
time using two different processors but their parallel evaluation
should be done sequentially with evaluation of K; and K, , which
means that the new implicit methods are semi-paralel. We can
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produce paralel versions of the methods by arranging them in
parallel PCRK forms.

9-Numerical Example:
Consider the second order stiff equation:

2
9Y —1001Y +1000y=0,  xi (0Y)
dx dx
(40)

The general solution of (40) is
Y (x) = Ae* + Be 0

If we impose the initial conditions Y(0) = 1, y’(0)=-1, the
exact solution is:
Y(x) ="

We now try to solve (40) with this initial condition using the
4™ order Runge-Kutta method. The ystem can be rewritten as a
first-order system[23]

dy,
—dy =y,, Y,(0)=1
X

‘jjyz = 1001y, - 1000y,, y,(0)=-1
X

(41)

Results of applications of the methods of section (2), (4),
(6) and (8) for the above problem are given intables (1), (2), (3)
and (4) respectively (h=0.1).
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Table (1) Results of method of section (2)

Corr.Y,

Corr.Y,

Exact Y,

Exact Y,

Error 1

Error 2

0.90502
26

-0.9050226

0.9048374

-0.9048374

1.852x107

-1.852x10"

081904
55

-08190455

0.8187308

-0.8187308

3.147x10"

-3.147x10"

0.74123
62

-0.7412362

0.74087182

-0.7408182

4.18x10°

-4.18x10"

0.67081
87

-0.6708187

0.6703200

-0.6703200

4.987x10"

-4,987x10"

0.60709
09

-0.6070909

0.6065307

-0.6005307

5.602x10™

-5.602x10"

0.54941
73

-0.5494173

0.4588116

-0.4588116

6.057x10"

-6.057x10"

0.49722
27

-0.4972227

0.4965853

-0.4965853

6.374x10"

-6.374x10"

0.44998
65

-0.4499865

0.4493290

-0.4493290

6.575<10"

-6.575x10"

0.40723
78

-0.4072378

0.4065697

-0.4065697

6.681x10™

-6.681x10"

0.36855
02

-0.3685502

0.3678794
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TABLE (2), Result of method of section (4)

Corr.Y;, Corr.Y, Exact Y, Exact Y, Error 1 Error 2

0.90483 | -0.9048387 | 0.9048374 | -0.9048374 | -1.3x10° 1.3x10°
0818722 -08187323 | 0.8187308 | -0.8187308 | -1.5x10° 1.5x10°
0.72082 -0.7408200 | 0.7408182 | -0.7408182 | -1.8x10° 1.8x10°
0.6(;(())32 -0.6703219 | 0.6703200 | -0.6703200 | -1.9x10° 1.9x10°
0.6%)%53 -0.6065327 | 0.6065307 | -0.6005307 -2x10° 2x10°
0.53;381 -0.5488137 | 0.5488116 | -0.4588116 | -2.1x10° 2.1x10°
0.43;358 -0.4965874 | 0.9465853 | -0.4965853 | -2.1x10° 2.1x10°
0.41233 -0.4493311 | 0.449390 | -0.4493290 | -2.1x10° 2.1x10°
0.4%31371 -0.465718 | 0.4065697 | -0.4065697 | -2.1x10° 2.1x10°
0.3§5788 -0.3678815 | 0.3678794 | -0.3678794 | -2.1x10° 2.1x10°
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TABLE (3) Results of method of section (6)

Corr.Y,

Corr.Y,

Exact Y,

Exact Y,

Error 1

Error 2

0.9048258

-0.9048258

0.9048374

-0.9048374

-1.16x10°

1.16x10°

08187165

-08187165

0.8187308

-0.8187308

-1.43x10°

1.43x10°

0.7408020

-0.7408020

0.74087182

-0.7408182

-1.62x10°

1.62x10°

0.6703023

-0.6703023

0.6703200

-0.6703200

-1.77x10°

1.77x10°

0.6065119

-0.6065119

0.6065307

-0.6005307

-1.88x10°

1.88x10°

0.5487922

-0.5487922

0.4588116

-0.4588116

-1.94x10°

1.94x10°

0.4965655

-0.4965655

0.4965853

-0.4965853

-1.98x10°

1.98x10°

0.4493090

-0.4493090

0.4493290

-0.4493290

-2x10°

2x10°

0.4065497

-0.4065497

0.4065697

-0.4065697

-2x10°

2x10°

0.3678598

-0.3678598

0.3678794

-0.3678794

-1.96x10°

Table (4) Results of method of section (8)

Corr.Y,

Corr.Y,

Exact Y,

Exact Y,

Error 1

1.96x10°

Error 2

0.9048123

-0.9048123

0.9048374

-0.9048374

-2.51x10°

2.51x10°

0.816941

-0.816941

0.8187308

-0.8187308

-3.67x10°

3.67x10°

0.7407724

-0.7407724

0.74087182

-0.7408182

-4.58x10°

4.58x107

0.6702671

-0.6702671

0.6703200

-0.6703200

-5.29x10°

5.29x10°

0.6064724

-0.6064724

0.6065307

-0.6005307

-5.83x10°

5.83x10°

0.5487496

-0.5487496

0.4588116

-0.4588116

-6.2x107°

6.2x10°

0.4965207

-0.4965207

0.4965853

-0.4965853

-6.46x10°

6.46x10°

0.4492628

-0.4492628

0.4493290

-0.4493290

-6.62x10°

6.62x10°

0.4065029

-0.4065029

0.4065697

-0.4065697

-6.68x10°

6.68x10°

0.3678127

-0.3678127

0.3678794

-0.3678794

-6.67x10°

6.67x10°

Corr. = Corrected, Error;= Corr. Y 1-Exact Y4,
Error,=Corr. Y-Exact Y,
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In each table, the first column gives values of the
independent variable X, the second and the third columns give the
corresponding corrected values of y; and y, respectively
computed by implicit mode of the method being used, the fourth
and the fifth columns give the corresponding values y; and vy,
computed from the exact solution of the problem, the sixth and
seventh columns give the corresponding errors of the numerical
solutions of y; and y, respectively. The two last columns of each
table make clear the effectiveness of the newly developed
methods in solving stiff ODES since we are using fixed large
stepsize and the integration method is of fixed order.

11- Conclusion

We have developed several semi-paralel explicit Rung-
Kutta method for solving ODEs using AM and GM
techniques. Then we converted these methods into SPIRK
methods by converting the direction of integration. SPIRK
methods are suitable for integrating stiff ODEs. Also we have
developed PPCRK methods by advancing the predictor mode
one-step, and we have modified the PPCRK methods for a
system of stiff ODEs.
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