Raf. J. Of Comp. & Math’s., Val. 1, No. 2, 2004

On Upwind Galerkin Finite Element Method for
I ncompr essible Flow of Contamination, from Nuclear
Waste, in Porous Media

Abbas Al-Bayati Saad A.Manaa EkhlassS. Al-Rawi
Dept. of Mathematics
College of Computer Sciences & Mathematics
University of Mosul

Accepted on: 15/3/2003 Received on: 4/1/2003

Lanall
Ghlidl 8 dal cilalia Caas a0 AdaadU) Y alaal) 4 glaia d
Lasal) dabas Jal S 53S 38 h aladind o cabicaDU ALE e Al dalall
ialae Jad A ) pgiiall jualiall (e lo g8 Jantid 3aaa 208 aladiul &5 Gl
@aaadl Jall | 58 i) Adabeal Ay 80 Aagdll (e gl Undld) (ppediy @l 5 5 5l
dall Al Juasdl el aall sacl Bis, dgiiall jualiall alasiul
L (O.T, L (W) Jkmall pladindy

ABSTRACT

Anon-linear parabolic system is derived to describe
incompressible nuclear waste disposal contamination in porous
media. Galerkin method is applied for the pressure equation. For
the concentration, a kind of partial upwind finite element scheme
Is constructed. The finite element solution satisfies discrete
maximum principle and converges to the solution in norm

L¥(0,T,L*(W).
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1. Introduction

The proposed disposal of high-level nuclear waste in
underground repositories is an important environmental topic for
many countries. Decisions on the feasibility and safety of the
various sites and disposal methods will be based, in part, on
numerical models for describing the flow of contaminated brines
and groundwater through porous or fractured media under severe
thermal regimes caused by the radioactive contaminants.
A fully discrete formulation is given in some detail to present key
ideas that are essential in code development. The non-linear
couplings between the unknowns are important in modeling the
correct physics properties of flow.

In this model, we obtain a convection-diffusion equations
which represent a mathematical model for a case of diffusion
phenomena in  which underlying flow is present;
Dw and bNwcorrespond to the transport of w through the

diffusion process and the convection effects, respectively, where
N and D denoted respectively the gradient operater and the

Laplacian operator in the spatial coordinates.

In this paper we will consider the fluid flow in porous
media using a Galerkin method for the pressure equation and a
kind of partial upwind finite element scheme is constructed for
the convection dominated saturation (or concentration). For more
details of this subject see Douglas, 2002; Douglas, 2001 and
Huang, 2000.

2.Model Equations

The model for incompressible flow and transport of
contaminated brine in porous media can be described by a
differential system that can be put into the following form, (see
Douglas, 2002).
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Fluid:
@ RNu=-gq+R
(b) u=- @NPz—a(c)NP (1)
m(c)

Brine:

Tc - - R
f ﬁ+ uNc- N.(E.Nc) = g(c) (2)

Heat:

T ~ - -
d2ﬁ+cpu.NT - N.(E,NT) =Q(u,T,c, p) (3)
Radionuclide:
fK, 1]”% +uNc - N.(ENc) = f (c,c,,....C,) (4)

With the boundary conditions

(a) un=0 on C
(b) (E.Nc- cu)n=0 on G
() (ENc -cun=0 on G (5)
(d) (E,NT-c,Tu.n=0on G
(e) E=o . (x,)] G" (0,T]
fin
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And the initial conditions

@ p(x0) =p, (¥ ; xI'W
(b) c(x0)=¢c,(x) ; xI W
(© c(x0)=cu(x) ; xI W (6)
(d) T(x0) =T, Xl W

Where n is the unit outer norma to C
xI WI R?,tT (0,T] , u is the Darcy velocity, P the pressure,
f,=fc,,q=q(x,t)isaproduction term,
R.=R.(c)=[cfK_ f /(1+c)]@- c)is a sat dissolution term,
k(x) is the permeability of the rock, and mr(c) is the viscosity of

the fluid, is dependent upon ¢ , the concentration of the brine in

the flud , T is the temperature of the fluid,
d,=f ¢, +(-f)rc

~

E, =DCPW+Kr‘nI’K;n=km/rO’D=([)ij)
=(aT‘u‘dij +(aL - aT)uiuj /M),
and

pR?

Q(u,T,C, p)z'{[NUo - CpNTo]u-"[Uo +Cp(T' To))+(p/r)]['q+R]}
-q - qH' Q-
E.=D+D_l,and g(c)=-c{[cfK_f /(1+c)]1-c)}- g, +R,

c, isthe trace concentration of thei-th radionuclide , and
f.(cc,c,,...cy)=c{qg- [cfK f /Q+c)]-C)}-qc - q, +q,

N
+akl Kfc -1 Kfc.
j=1

The reservoir Wwill be taken to be of unit thickness and
will be identified with a bounded domain in R*. We shall omit
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gravitational terms for simplicity of exposition, no significant
mathematical questions arises the lower order terms are included.
We define

L,(W) ={v|vis defined on Wand @/de p ¥}.

H* (W) = {VIL(VV) IL(VV)I— ....... n} .

and introduce the corr%pondl ng scalar products and norms

(vw) = gw dx, M, = (O )7,
(v, W) wi = (V2N T )2,

We also define HiwW) ={vi H'(W):v=0on G where T is the
boundary of Q and we equip H,;(W)with the same scalar product
and normas H'(W).

= Jvw+RNv.Nw] dx,,

HY (W)

H2 (W) ={vi L,W): “"K’u(vw._ ....... .

With norm = (v +|Nv” +[Dv[Tax)M2,

HZ(W)

Let W(W) be the Sobolev space on Q with norm

v s
e =8 o) )
with the usua modification for s = o.When s=2, let
M = Mige = My -
(see Johnson ,1987).
We assume that
(A1)

a(c), R.(¢), 9(0), f,(€,C,.....,€, ), QU TE, P)T Co(R)
f(x),K,,d,T H'W,ql L*(0,T;H"(W)
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0<c, £a(c),R(c),g(c).f (x),f,d,QEc ," ¢, T RxT W
D,>0,a,%a,>0

(A2) The solutions of the problem (1-6) are regular:
c(x,t)T L*(0,T;H?(W) I L¥(0,T;w, (W)
P(x,t)T L*(O,T;H"™™(W) , (r3 2
C,CysCy | LY(O,T;H* (W) ;p,, P, 1 L¥(O,T;L¥ (W)
(A3) Forany f T L*(W), the boundary values problem:
-0 +j =f , xI'W
/I . Xl G
fin A
There exists unique solution j I H?*(W) and a positive

constant M such that |j |, £ M|f |.(see Manaa, 2000).

3.Finite Element Spaces
Consider a regular family {T,} of triangulation defined over W,

where h is the longest diameter of a triangular element with the
triangular T, , we have a set of close triangles {e}(1£i £N_) and

a set of nodes {P}(LEIi£N,+M_ )where PAEIi£N,)are
interior nodes in W and P(N,,£ J£N,+M )are boundary
nodes on C. We put h, to be the maximum side length of

triangles and k to be minimum perpendicular length of triangles
foral el T,.

Definition 3.1: A family T, of triangulations is of weakly acute
type, if there exists a constant g, >0 independent of h such that,

the internal angle q of any triangle e T T, satisfiesq, £q £%.
Let f (p),(LEi £M),be the continuous function in Wst.
f.(p), is linear on each el T and f,(p,)=d; for any nodal
point p;.

112



On Upwind Galerkin Finite Element...

We denote M;, as the linear span of f ,(L1£i £M),i.e.,a finite
dimensional subspace of H*(W)

M, ={z, |z, T C(W);z, isalinear functionone," el T }.

And a subspace of H (W)

M, ={z 1z,1 M ;z(P)=0k=M +1....,K}.

We associate the index set
D, ={j*i:P isadjacent to P} .Let P, P; Py, be three vertices of

triangular elementeand | | .,  be

itk
barycentric coordinates.
We have the following definitions see (Hu & Tian(1992))

Definition 3.2: with each vertex P; belonging to triangle e, the
barycentric subdivision W is given by:

W ={P|PTe; Il (P23l (P, (P31 (P),"PI¢&,and
the barycentric domain W associated with vertex P; in Wis
givenby W =EW el T,.

Definition 3.3: with the characteristic function m (x) of
barycentric domain W, the mass lumping operator
U:wl CW® Wl L, (W)is defined by

Np+Mp

W(p)= a w(p,)m(p)

Using interpolation theory in Sobolev space (see Ciarlet,1978)
and inverse inequality, with step length h. we have the relation
between wand w from the following lemma

Lemma 3.1: There exists a constant C such that:

lw - W], £ Mh |w]| , "wl M, ,p31 (7)
w,|, £ Mh I M, (8)

W

w,| h
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Proof: (see Hu and Tian,1992)

L emma 3.2: There exists constants C, ,C, > 0such that:

C,[w, , £]W,, £C.|w,, , "wi M, (9).
Proof: (see Hu and Tian,1992)

Definition 3.4: Let {M, }be a family of finite dimensional
subspaces of C(W), which is a piecewise polynomial space of
degree less or equal to r with step length he and the following
property: for Pl [L¥], r3 2 ,there exists a constant M such

that for OEq£2 and f1 w,"(W):
nf I - X, £ MR

r+1,p

Similarly, we define{N,} as a family of finite-dimensiona
subspace of C(W)~ C(W), which is piecewise polynomial space
of degree less or equal to r-1 with the similar property as My, and
OE£qgfEr- 1.

We also assume that the families{M,}and{N, } satisfy inverse
inequalities:

[f{. £Mhf] INf
(see Manaa,2000).

CEMRENE| Tt fT M,

4.Error Estimates
Let t >0is atime step and N, =-%. We use a Galerkin

finite element method for the pressure and velocity and partial
upwind finite element scheme for brine, radionuclides, and heat
eguation.

Let C°T M, bea L°(W) - projectionof c® in M, :
(C°- ¢°,2)=0 "z M,
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Wecanget P°1 V, such that
Fax=0, (:(()?)Klj’,ﬁw)z(—q",v) +(R,v) , "Vl V. andU°TW fror
by C

U= gp =-aC)\P
ntC’)
If the approximate solution
{P"U",C",C"([i=22..N),T"} IV, W "M, M"' R
Is known, we want to find
{P™ U™,C™,C™([i=22...,N),T"H V. "W MM R
at t=t™" , with three steps . Let (.,.) denote the inner product in
L*(W)

Step 1. Find C™*for m=01Y4,N, - 1, such that

fDC".2)+(ERC™* R +RU".C™,2)=(8(C™).2) "z,1 M, (19
where D,C™" =(C™ - C")/t , C™2=(C™ +C™)/2and
RU™C™?z)=8zabl@

=1 jiLi

with z =z (P) , C™? =C™?(P),andb," = ) ".n, dG,here n;
Z| Zh i j j J
Gj

mC'm+1/2 +a mC m+1/2) (11)

ij i ji ~7j

is the unit outer normal to G . The partial upwind coefficients

should be required that (see hu & Tian(1992))
(a) a/+al =1

(b) max{ 1/21-r '} £a, £1,ifb, 3 O, (12)
max{ 1/21- r '} £a , £1,ifb, <0,

Step2 -Find P™* such that:

v(?Dm*lclxzo, (n(kc(:):*)*l) NP™,Rv) =(- g™ W) +(R,v) , "VI V. (13
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Step3 -Find U™ ! as

urt = KX gpma - a4

n,(Cm+1)

Lemma (4.1): Let pi V. be the dlliptic projection
of pI H*(W) into V, defined by
(a(c)Np,Nv) = (a(c)Np,Nv) , "vi V.  then there exists a
constant k, suchthat |p- p|+h, |Np- Np|£k,[p] , h;"
Proof: (see Quarteroni, 1997).
Some I mportant Remarks:
L.U™n=0 in G (15)
2.if u'- u|£Mh, (0O£1 £m)then [U™ - u™| £ Mh;.

and if U™ - u"| £ My, , then|NU ™| £ M, (16)
see (Manaa,2000).

3. We will make the inductive assumption that Iif
||U'||L¥ £k* (O£1£m), then U™ LEk* (17)

4. From (Quarteroni, 1997) if T, is regular triangulation of
weakly acute type we have

w,|, EVB/KW,| , " w, T M, (18)

Theorem (4.1): C satisfies discrete mass conservation law
19

t

Proof: In (10), let z, =1, then (EcNC™*? ,N1) =0 and
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M
m m+ L2 .0 meAm+l/2 _
RU™,.C™21)=§ 1§ byCl™2 =

i=1 jiL

M

a abjc?- bjcy?)=0

dT, p.ojlei<j

Then (19) holds.

Lemma (4.2): let

c:[0,t]® M, such that

(EcNc- ¢,Nz)- | (c-¢,2=0"zI M, ,
tT J and let c- €=V then
&

’ 1_|_t

M| £Mh, | H"%’H emn: ™ £,

1

Proof: see (Ciarlet, 1978).
Lemma (4.3): Foral z1 M, andv=c-¢ , x=C-C,
|((um.NCm+1/2)’Zh)_ R(Um’Crmllz’Zh)|£M(hC2+||Xm+1/2|2+|lvm»1/2||2+

2, [") +elRa|

20
o “

where e > 0is arbitrary small constant.

Proof: N
((um.NCmﬂ/Z), Z ) _ R(U m,Cm+1/2, Z )= ((um _ U m).NCm+1/2, 7 )
h h h
+ (U mN(Cmﬂ/Z _ Cm+1/2),Zh) + (U mNCmﬂ/Z, Zh _ 2h)
+[U™RNC™2,2)- RU™,C™'2,2)]=J1+J2+J3+J4

With (A1) and (A2) we have:
J1=(u" - UmNc™'?,z) EM|u™ - U"||z,|

EM(u™- U+,
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Using (A1),(17),(18) and (9) we have:
J2=(Um.KKCm+JJ2 _ CmﬂJZ),Zh) ENIHKKCWJJZ _ Cmﬂjzj‘ +”KK' (Cm+1/2 _ an]JZ)mNzh“
EW\W““H Rz

2 ﬁi

1/2

E'V[— 1+Ma]

EM™| +\F<””2H +z])

From (A2),(7),(8),(17) and (18) we have
33=(U"NC™? 7, - 2,)EM|U"|[RC™||z, - 2|

EM[Rx™ ]z, - 2,[+MIRV™ ]z, - 2]
+MIRC™(lz, - 2, =k +k, +k,
k, £M[h? +[x m*l’ZHZ] +¢|Nz,|°
k, EM[h’ +HI§IV‘“*”2H2 +thH2]
k, EM[N? +z,[’]
I, E MR + ™7+ [Rves] o+ [2] + el |

Using (9),(11),(16) and (17) implies

J4£

d28 gem- o e siem IRU 2

i=1  jiLig

Slnce C”m +1/ 2 _aI;nCim+1/2 +a ;ianerl/Z SO

J4£

a a (Zi _ Zj)de+1/2 _ Ci;n+1/2)U m.nij d% +

dT, R.ple

m+1/2 m1/2 =<m+l/2 m+1/2 m+1/2|(|| 5
M[C™ - gt g g o3|
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£M é he|N(Zh|e)| é d Cm+1/2 _ Ci;n+1/2 |dG

dT, Ff,PiTe,i<j,i<jG?

+ M [”X m+1/2 +||\/m+1/2 + Cm+1/2 ]”Zh”
And in element e we have [C™* - C™?| £ 2N(C™?|g)|h,
Then
J4£3M 23 RN(z[e)|NCc™?e)

dT,

+ M [”X m+1/2 2+||\/m+1/2 2+ Cm+1/2 2+||Zh||2 ]

EM(h? + ™2 vz Qv [z, ) + ez, |

Hence J1+J2+J3+J4 Implies (20).

L emma (4.4): There exists a positive constant k, such that:

||NPm+1 _ Nﬁmﬂ £ k2||Cm+1 _ Cm+1 (21)
Proof:

We have that:
(a(Cm+1)NPm+1,NU) - (qm+1’v) + (R;(Cmﬂ)’v)’ (22)
(a(Cerl)Nﬁerl,NU) - (qm+1’v) + (R;;(Cmﬂ),v), (23)

Subtracting (23) from (22), we get
(a(Crml)N(Pmﬂ _ ﬁmﬂ),NU) +([a(Cm+1) _ a(Crml)]Nﬁmﬂ,Nu)
=(R(C™)- (R(€™).v)
Letu=P™ - P™1 V_, then:

||N(Pm+1 _ 5m+1) 2 £|(a(Cm+1)N(Pm+1 _ Emﬂ),N(Pmﬂ _ Emﬂ))
=|(fa(c™) - aC™)RP™.R(P™ - P™))+(R(C™)- RE™) P™- P™)|
Using (Al) we have
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MNP e - e NP - P
+||Cm+1 _ Cm+1|| ||Pm+1 _ Em+l||

with lemma (4.1) and (A2) if hp >0 is sufficiently small
INP™| £|NP™|+k|P| ,hi <M, sowe have (21).

Lemma (4.5): There exists a positive constant ks such that
U™ - u™| =k,(jCc™ - ™| +hi) (24)
Proof:

u™ - um|=ac™)RP™ - aEc™)RP™|

£l - )]+ a(C™) - ate™ )[R

From (A1) and (A2) we have

£c:onst.|||§|Pm+l - Np"‘”” +||Cm+l - c”‘”” ||Np”‘*1||L¥
we have [NP™ - Np™| £ [NP™ - Np™*|+|NP™ - Np™|
using lemma (4.2) and lemma (4.4) , we get
[NP™ - Np™| £ k,[C™ - c™| +k, [P™| _h;, from (A2), (24)
holds.

Theorem (4.2): Foral mEI£N, if t £t , then
|c™ - ¢"|£M(t +h, +h.), where M independent of t and h,.
Proof: Multiply eq.(2) by z, and integrating by parts we obtain
for
t=(m+1/2t. Letw,,, =W.(m+1/2t) and w"™? =(W"™ +w")/ 2 ther
(fD.c" z,)+(EdNC™?, Nz, ) +U™Nc™?,2,) =
(GE™2).2)+6 0" ) 2)+ (25)
+((E(NCW1/2 - Edchl/z)’mzh)-'- ( (UmNCmWZ -u vz Ncrmllz)!zh)
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Let e=c- C=(c-C)- (C-C)=V-x, and subtract (10) from
(25), we obtain:
(fD.&"2,)+(Ede™ Rg,) =(RU",C™",z,)

- (U™, 2))+(€D " 2)- fDC".2))

HOC™?).2,)- (& mnx4»+601€*{%wmx4>

+HERC™? - Edk,,,.,) Nz,) +(URe™? - u_ Re,,,.).2,)
Hence
(D.x™,2,) +(ERK ™2 Rz,) = (D, V", 2,) + (EV™2 z,) +
(U™Ne™2,2,)- RU™,C™2,2,))+((§(C™?),2,)- (9(c™?),2,))+
(6D,c" 2,)- (D,E".2,)) - (E (D,C"- “—Tr‘t:|w1,z),4)+ (26)
(ERC™2 - ERe,,,,,),Rz,) +(U"Ne™2 - u_ Re,.,).2,)
=11+12+13+14+15+16
In (26), let z, =x™"*T M,, and using (A1) the left — hand side

IS
Fzmﬂ _ Fzm

A

f

2 2

3

~ 2
+ C0||NX m+1/2 |

2

From (A1), we have:
11=(D,V",2,) EM(|D, V"
Using (7) and (8), we have

[D.V"[£[D V7| + DV - DY £[D, V7 + Mh, D VT,

)Z m+1/ 2

Y

2
d

From (9) we have
’>2m+1/2 £M ”X m+1/2

ILEM(x™

EM (] + )
e o el
Using (A1), we have: | 2£ M |Nv™?

2 ~ 2
| + e”NX m+1/ 2 |
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From lemma (4.3)
3£ M(h2 + ’xmﬂ/zuz +”Vm+1/2H2 +

~ 2 2
NVm+1/2H + HU m _ um” )+e

NX m+1/2”2

_¢fc T°c ,
=t G Imeur2 +1/24Wﬁ2 ), using (A1),(A2) and

m+1 m
let q =f & t ¢

(Raviort,1979) we get
| 4£ Mh_(1+t %)z, + Mh,(1+t ?)|z,|

£Mn, 2] + MR |z,|, + MRt “]z, | + Mht *
£ M (hZ +ht *) +e|Rx ™[
SE M | ) e

Let 1I6=K1+K2+K3, so
KLEM (4 +[x ™ + [k "["), K2 £ Mt 2 + efx ™|

Z,),

2
’

KIEM (2 + "]+ )

Then we get

16 EM (t 2 +”X m+1H 2+”X mH 2) +GHNX m+1/2H
Equation (26) can be written now

fA’>2m+1 2 _ ’im 2
2
2
H[pove[ e
+ ”Vm+1/2H2 +‘Um ) umHZ +h2 +t 2)+eHNx m+1/2”2

Take the summation from O to |, where
mEIEN,,andC’ =t sox°=0

}ilﬂ

~ 2 2
#Golflx ™ €M (e e

2 i~ 2 ~ 2
DV + R Jfve]

A

f x|t +MDVPLA(LS) + M DV |

2 |gl
£EM. a
m=0

Lp(HY

um- um”zt

| 2 |
+M,a Mt +M, (R +t?)+M,§
m=0 m=0

w"[’t , using (7) and (A1), we get

N,
Where H\N”i&n =mé:.o
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”XI+1H £ +Mh_ %”x“m

f"H>2|+1

a1 141
K Ema
o

}*\Hl

3MO

" th‘x |+1‘1 £ H>;‘|+1

’>2|+1
2
et emAfun- oy fae Ry

Vg D@
From lemma (4.6) we have

un- umHZt EM(A
m=0

£ M”>2I+1

, SO

L5(H")

|
O

a PV e +hy) @9
Frgr(;] (27) and (28), we have

Hx'””z £ Mllg }meZt +M,(h? +t * +h?)

From Gronwer:l_l0 inequality , we get:

x| £ M (h, +t +h;)

itis [C'"*- ¢} EM(h, +t +h;)

Theorem 4.3 with the assumption (A1)~ (A3), if
h, =0O(h.).t =0O(h),

Then|C - ¢

Pr oof
We will prove first the inductive assumption (17) . We have

o, £l NP £k NP

But

NP £[NP - NP2+ NPT
£ Mh;}[NP™ - NP ™| +k, £ 2k,

When h, =o(h,) , t =o(h,) (r3 2), HNP”“*1HL¥ £k*,

+u-ul. . EME +h +h))

L¥ (12) L¥ (12)

Ly
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U™ - um £k, (C™ - c™+hy) , " m=04..,N, (29)
And from theorem (4.2)

|c™ - c™|£EM(h, +t +h) , " m=01..,N, (30)
Equations (29) and (30) implies

[cm - e™|+u™ - um™|EM(E +hl +h), " m=0L.,N,
Which is complete the proof.
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