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Abstract

In this paper, we show the results that can be obtained as four-sphere form Bloch
sphere by using four-electrons after the happening of the superposition between them,
showing the effect of Pauli gates on the superposition states. Each electron here
represents as a single qubit. The superposition here is represented by sixteen states based
on the base 2™ (n the number of electrons). We can select the specific state with one
electron from the four electrons, for which the gate will applied to it and show the outputs
as a four sphere forms from Bloch sphere. With the possibility of using be two gates and
two electrons for a specific case. We are able to use two different electrons or the same
electron twice then apply the two gates on them, and we can use the same gate twice.
When applying X gate on the any qubit from the superposition state, it will rotate the
qubit around the x-axis. The same way, when the Y gate is applied for any qubit from
the superposition state, it will rotate the specified qubit around the Y-axis but appearance
the Factor (i), which has no effect here because we focus on drawing the state not the
measurement. In case affecting the qubit by using the Y gate and for two consecutive
times will return the qubit to its original state, but to the opposite point, this is because of
the Negative signal. As for the Z gate, if affecting a particular qubit it will remain with no
change for the state|0), but the change in phase of state from |0) to —|1) i.e. the point of
state will be on the opposite point and the reason is the appearance of the negative signal
in front of the state. In case the Z gate is repeated for two consecutive times and on the
same qubit, with if the state|1), the qubit will return to the original state. All the results
here will appear as drawings with mentioning the gate used, together with mentioning the
former state and the final states after applying gates on them.

Keywords: Qubit states, Bloch sphere, superposition for four-qubit, Pauli gates,
Quantum Circuit.
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1. Introduction

The superposition principle is an important feature in the work of quantum
computers. Here we will look at the superposition and represent it as the Bloch sphere. The
superposition principle can provide n of the states (for n qubits, we can make calculations
2"parallel by quantum algorithms) and the impossibility of transcription for any case of
states. The quantum computer can be in several states at the same time, thus speed up
calculations because of the huge quantum parallelism. [1]

There are many physical systems that can provide the qubits, such as spin the electrons for
up or down, state for atoms ground or excited, a polarization of photons and other systems
that are subject to quantum mechanics laws.

The quantum bit representation provides the possibility of storing and downloading
information in large quantities, taking the advantage from the two important
characterization of superposition and the entanglement. Some companies tried to build a
quantum computer consisting of a small number of bits, which led to the acceleration in the
design of algorithms and control programs and quantum circuits dealing with these bits. In
this research, the researcher try to show the effect of Pauli gates on the superposition for
four-qubit in Bloch sphere which help to build a control system that serves as a miniature
model that paves the way for larger models that can built in the near future to use in
guantum computer device.

Figure 1 [Bloch sphere for single qubit].
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2. Theoretical Part

According to the Schrodinger equation (H|y) = ih|y)), the eigenstates of the system
Hamiltonian are state |0) and state|1) . [2]

We can represent the pure qubit according to the superposition as:

) = al0) + B[1) (1)
Where o and B are complex coefficients of eigenstates. The probability of eigenstates given
as:

lell? + 18117 =1 2)
, and we can represent the qubit as a two point in Bloch sphere as follows:
[Y) = cosg |0) + e® sing |1) 3

,where0 <8 <m,and 0 <@ < 2m . As shown in Figure 1. [3]

2.1  The superposition for n qubit
We can represent the quantum superposition by the tensor product of its counterpart
qubits, and consequently, for n qubit, the superposition according to the base rule (2"):
[n) = 25" a i) (4)
o Hal> =1 ©)

In matrix, the state |0) and the state |1) show as:

0= (1) = ()

So that we get sixteen states for four-qubit, each state consists of the tensor product for four-
qubit. We can describe the state |1100) as: [4]

11100) = |1)®[1)®]0)®|0) (6)
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2.2 The three Pauli gates

The Pauli gates is the simplest type of quantum gate fulfilling a unitary transformation
on single-qubit states, further important for quantum computation. When applying it on a
single-qubit, it rotates by m radians about the X, y, and z-axes respectively on the Bloch
sphere.

0 1 0 —i 1 0

X=(1 0)'Y=(i 0),Z=(0 —1)
The Pauli-X known as a bit-flip, and Pauli-Z is sometimes called phase-flip. [5]

Pauli X Pauli Y Pauli Z

Figure 2 [Representation the effect Pauli gates on the three axes in Bloch sphere]. [6]
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2.3 Quantum Circuits

Quantum Circuits are a combination of gquantum gates that analyze and process
quantum information in quantum computers, where these gates manipulate with qubits. In
order to build the quantum circuits, two important limitations must be imposed: First,
feedback of a part of the circuit into another not allowed, i.e. the circuit is cyclic. Secondly,
it is not possible to copy the qubits. These circuits can contain one or more gates and there
are kinds of quantitative gates, which operate on one or two qubits such as the gates of Pauli
and Hadamard gates. In addition, we can operate the gates on three qubits such as Toffoli
and Fredkin gates. In this research, we will address the gates of Pauli only. This gate is
working to turn the state of the qubit into a new state. We can describe Quantum circuits
and gates by linear transformations. These linear transformations are represented by unitary
matrixes only. Denoted for the matrix that describe the state transformation a transfer
matrix. [7]

3. The practical part divided into three cases

3.1Case (1)
For four electrons, each electron considered a single qubit we can be representing as:

1) = a4110) + B1|1) (7)
;) = a,]0) + B,]1) (8)
lY3) = a3|0) + B3]1) 9)
[s) = ay4l0) + B4|1) (10)
To find the superposition for four-qubit we use the tensor product: [8]

|1p> = |¢1)®|¢2)®|¢3)®|¢4) (11)

[P} = (2110) + 1 [1)®(a2|0) + B2 11)®(a3]0) + B311) @ (4|0) + B4]1))
Where 6‘(1, aZl 6‘(3, 6‘(4_, :81' :82' :831 :B4 € (C
and (Jay|? + [B1*) (@ |? + 1B21*) (a5 |? + 18312 (laal® + 1B41?) = 1

The following matrix describes all states that we get from the equation (12).
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Each column of this matrix represents a state and is described as follows:

10101) = |0)®|1)®|0)®|1) = [(1)] ® [(1)] ® [(1)] ® [(1)]

10101)=[0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 ol

This is represents the state|0101).

Then we draw all states by using a program in Matlab, the figures 3 and 4 show some result

for this program. [9]

(12)

(13)

(14)

Bioch sphere (e1)

Bioch sphere (e3)

the state |0000)

Bloch sphere (e1)

f

Bioch sphere (e3)

the state |0010)

Bloch s

Bloch s

Bloch sphere

[ —

(e2)

sphere (e4)

Bloch sphere (e1)

Bloch sphere (e3)

the state |0001)

Bloch sphere (e1)

Bloch sphere (e3)

the state |0011)

Bioch s
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Bloch sphere (e

(eq)

Figure 3 [The states [0000), |0001),]0010) and [0011)].
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Figure 4 [The states [1000), |1001),|1010) and |1011)].

3.2 Case (2)

The effect of Pauli gate on different order of qubit from the four-qubits can be described by
these equations

(15, 16,17and 18), and the figure (6) appear effect X gate on the third qubit.

X11)®[0)®[1)®|0) = [0)®]0)®|1)®[0) = [0010) (15)
11)®Y]0)®|0)®[1) = [1)®i[1)®|0)®|1) = [1101) (16)
10)®I1)®Z|0)®(0) = [0)®|1)®|0)®|0) = [0100) (7)
10)RI1)®I1H®Z]1) = [0)®1)®|1)® — |1) = [0111) (18)
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Table 1 [shows the effect of Pauli gate on different order of qubit from the four-qubits].

Type of the

Rank the electron
gate

[0101) On the third qubit |0111)

[1001) On the first qubit |0001)

[1100) On the fourth qubit |1100)

Figure 5 [Chart showing the X gate acting on the third qubit and change the state from|0111) to
state|0101)].
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Table 2 [shows the effect of different gates on one qubit from the four qubits].

Input

The order of the
electron

the changing in
state

Output

11010)

On the first qubit

1) - |0)

10010)

11001)

On the second qubit

10) - i]1)

|1101)

10100)

On the third qubit

|0) - |0)

10100)

10111)

On the fourth qubit

1) > —[1)

|0111)

I input output I

Bloch sphere (e1)

f

Bloch sphere (e3)

t

Bloch sphere (e2)

4

>

Biloch sphere (ed)

Bloch sphere (e1)

t

Bloch sphere (e3)

Bloch sphere (e2)

Bloch sphere (ed)

the state |0101)

the state |0111)

Figure 6 [The X gate acting on the third qubit and change the state from|0101) to

state|0111)].

41



Journal University of Kerbala , VVol. 18 Scientific 2020

3.3 Case (3)

We used a program in the Matlab, a control room that operates by two gates from the
gates of Pauli. These two gates can be different or similar and has an effect on two different
electrons in order or the same electron and alternately.

Figure 7 [The state]1000) not change by applied the first gate (Z-gate) on the second electron but it
changed to the state|1010) after applied the second gate (X-gate) on the third electron].

X10)®|0)®[0)®(0) = |1)®|0)®|0)®|0) = [1)®[0)®|0)®Y|0) = |1001) (19)
IDRIN®1)®X|0) = [1QINQI1[1) = |[HRY[1)QI1)®[1) = [1011) (20)
10)®Y[0)®[0)®|0) = [0)®i|1)®[0)®[0) = |0)®i|1)®Z|0)®|0) = |0100) (21)
10)®|0)QZ|1)®[1) = |0)®|0)® — X|1)®|1) = |0)®[0)®|0)®[1) = [0001) (22)
10)®0)RZ|1)®[1) = |0)R®0)® — Z|1)®|1) = |0)®|0)®|1)®|1) = |0011) (23)
10)®X[0)®|0)®[1) = [0)®@X|1)®|0)®[1) = [0)®[0)®|0)®[1) = |[0001) (24)
10)®]0)®]0)®Y[1) = [0)®]0)®|0)®Yi|0) = [0)®|0)®|0)® —[1) = [0001) (25)
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Equation (19) shows the qubit one acted by the X gate firstly, which change the state|0000)
to|1000) , and then applied the Y gate on the fourth qubit, which change the state |1000)
t0|1001).

The vector (i), which is observe by applying the Y gate, has no effect on the drawing of
the state. However, it indicates that the state is under the influence of rotation around the Y-
axis, which represents the complex part from the dimensions of the Bloch sphere as shown
from equation (21). When applying the Y gate it will return the state to where it was but
with a change in the phase as shown from equation (25). The negative sign that emerged
because of the application of the Z gate on the state |1) only, it indicates that the state |1) is
experiencing a change in phase as shown from equation (22). When applying the Z gate for
the second time on the state it will return the state to its initial state as shown from equation
(23).

We can use the same gate on the same qubit sequentially twice or with two different qubits.
Also we can use two different gates on the same qubit respectively or with two different
qubits.

Table 3 [shows the effect of two gates on two qubit from the four qubits].

The
The first | The order of second |The order of

Input gate | theelectron | COUtPUt gate | the electron

On the second On the second

|1010) X-gate qubit |1110) Y-gate qubit [1010)

On the first On the fourth

11011) | X-gate qubit |0011) | X-gate qubit 10010)

On the third On the third

|1111) Z-gate qubit |1111) Z-gate qubit [1111)

On the fourth On the third
qubit [1011) X-gate qubit

|1010) Y-gate

11001)
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sphere (e1 ioa l sphere (e1 I sphere (e I

Bloch (e1) Bloch sphere (e2) Bloch re (e1) Bioch (e2)
Bioch sphere (®3) Bloch sphore (04) ' Bloch sphere (e3) Bioch sphere (e4)

I the state |1010) | | the state [1110)

&

| Input

I the state [1010) I

Figure 8 [the first gate (X-gate) applied on the second electron for the state1010), after that applied
(Y-gate) on the second electron for the result state1110) that change it to same state1010)].

Bioch sphere (e1) Bloch sphere (e2) Bloch sphere (e1) Bloch sphere (e2)
Bioch sphere (e3) Bloch sphere (e4) ' Bloch sphere (03) Bioch sphere (e4)

I the state [1011) | I the state |0011)

Bloch sphere (o1) Bioch sphere (e2)

Bloch sphere (¢3) Bloch sphere (e4)

’ the state |0010) I

Figure 9 [the first gate (X-gate) applied on the first electron for the state|1011), after that
applied (X-gate) on the fourth electron for the result state|0011) that change it to
state|0010)].
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4. Snapshot of Matlab codes
Figures 10 and 11 shows the snapshots of Matlab codes used in the present study.

set (subplotk, 'DatalspectRatio', [1 1

1], 'FPlotBoxhispectRatio', ...
[434 342.3 342.3]):

syms & G

j=input ('Please input j: '}:

e=input ('FPlease input e: '});

Figurel ('arrow',[0.3 0.3],...
[0.74 0.84],'Color',[1 O O], 'LineWidth',4,...
'"HeadStyle', 'chackl'):

disp(' X gate');

numer () =~numer (e) ;

if numer (1)==0

figure2, 'arrow',[0.3 0.3],...
[0.74 0.84],'Color',[1 0 0], 'LineWidch' , 4,...
'"HeadStvyle', 'chackl';

elseif numer (1}==1

figure2, 'arrow', [0.3 0.3],...
[0.74 0.65],'Color', [0 0.5 0], 'LineWidth',4,...
'HeadStyle', 'chackl';

elze
disp('no annctation'):

end

Figure 10

surf(=x,y,z, "Parent', subplotk, "FacelLighting®, "gc
' 1nelli E-'_-.'-El 1 .
*FaceColor', [
gridisubplotk, "on"):
set (subplotk, "Datafs
1], 'PlotBoxAspectRati
[4324 342.3 342.31):
Figurel{'arrow', [0.74 0.74], ...
[0.27 O0.37], "Color",[1 O O0],...
'LineWidth", 4, ...

pectRatio', [1 1

'
A

"HeadsStwvle k1"
title ("Bl h sphere (el)'"):
subplotk = subplot{2,2,k, "Parent "', figurel) ;
axis
hold (subplotk, "on');
surf (x,y, =, "Parent', subplotk, 'FaceLighting",
L 1", . .-

1gh 7' "flat', ...
ith',0.1; . .-
X [1 1T 11, ..-
"flat') ;

n"l:

. =
Fmom om

Figure 11
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5. Conclusion

In this research, we were able to use a control system or create a control room that can
be used to process quantum information by using the concept of Bloch sphere where some
states have symmetry on Bloch sphere and some have asymmetry, In other words, there are
states that did not suffer any change and other states that will suffer change. Therefore, the
possibility of showing the change in the state is identified by using the rotation on it. The
control system or the control room consists of Pauli gates, which are applied on the result
states from the superposition for four electrons. When these gates are applied to the state, it
makes change in the state to another state. This means a change in quantum information
stored in this state. The changing will be between the ground state|0) and the excited
state|1). All states that did not have any change when applying the gates will remain at their
original state, whether they are in the ground state|0) or excited state|1). This changing in
state depends on the type of gate used. This work is important for quantum processing in
quantum computing to solve the difficulties that cannot be solved by using the classical
computer.
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